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PREFACE TO THE EIGHTH EDITION 


4 The objective of this book has been to provide a coverage on 
Optics as such and to use the interaction of light with matter as @ 
mother source for atomic physics and related theories. In the past two 
decades this combine has been found exciting to the students and has 
been adopted in several Universities. This book has served the stude- 
nts and teachers well in that direction. 


In this Edition we have added a full Chapter on Visual Photome~ 
try, primarily because we find that the terminology used here has not 
been absorbed well in most available text books. We would suggest 
that numerical problems be solved in depth to have an understanding 
of the inter-relations of the different quantities used. 


ag TD book has been evolving with successive Editions to keep pace 
with the developments in the field. We introduced the complex repre- 
sentation of oscillations and waves in the last edition. We have now 
taken it farther to introduce Fourier Transforms in some more details, 
with a few applications. The relevant mathematics is done at the 
corresponding level by the student, and this technique is firding incre- 
asing use in applied Optics. 


With lasers, we now add Non-linear Optics. It is time we tell 
the student that superposition of waves is a limited concept, and 
nonlinear responses lead to entirely new results and also useful applica- 
tions. We have introduced one full article on this. 

Obviously, to keep the total volume within reasonable size, we 
have cut down details here and there. But the emphasis on solved 
examples on a wide range, critical discussion of the assumptions and 
results, and numerical estimates of what a theory means, has been 
reatained. The inherent assumption is that a teacher is conducting 
w course with the students, and there is no need to include avoidable 

etails. 


The author will welcome suggestions from the acdemic com: 
munity for further improvement of the book. 


Kanpur D.P. Khandelwal 
December 6, 1988 
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PREFACE TO THE FIRST EDITION 


This book covers the course in Geometrical and Physical Optics: 
for most of the Universities in India. Elements of quantum theory 
are also introduced from the experiment approach—the photo-electric 
effect, Compton effect and the series relations in atomic spectra. 
Special care has been taken to discount the idea of a ‘medium’ like 
ether and to say that light waves are made up of oscillating electric 
and magnetic vectors. However, electro-magnetic theory and relativity 
as such have not been introduced. 


_ The language of the book has been kept as simple as could be 
consistent with precision and brevity. 


The mathematical steps in the text have on purpose been kept 
fast, partly to reduce the volume of the book, and partly to allow for 
different approaches by the individual students. Further, the emphasis 
must be on the physical assumptions underlying a procedure, rather 
than the mathematical procedures of integration, summation, etc. 


Similarly, detailed descriptions of experiments are also not 
given. Textbooks in practical physics are available for the purpose- 
Essential features only are described. There are several instruments 
in applied optics—geometrical as well as wave-optics. The tempta- 
tion to include some of them was great. But it was necessary to 
keep the volume handy and within reasonably low cost. Once the 
basic instruments are understood well, it should be easy for any 
teacher to introduce the other instruments. This explains the exclusion 
of a larger variety of applied instruments. The emphasis has been on 
basic phenomena and treatment of fewer phenomena in depth and 
multiple ways. 


The inherent harmony in the theory of co-axial image-forming 
systems is not realised in many texts. In the present text, special 
care has been taken to emphasise this. For example, the thick lens 
can be treated as made up of two thin lenses separated by a medium. 
Again, repeated references have been made to certain universal rela- 
tions by proving them in several particular cases also. Nothing is 
better than facing a result repeatedly and then appreciating that it 
may be of universal application. 


In the theory of interference and diffraction, cross-references 
for proofs have been avoided. It is good to go through the drill 
repeatedly. Where alternative but equally powerful procedures are 
available, they have been given separately. 


It has been extensively recognised that without a proper 
appreciation of ‘magnitudes’, all physics goes flat with the students- 
The orders of magnitude of dispersion, chromatic aberration, astig+ 
matic images etc., or the orders of magnitude of diffraction spreading, 


Bey 
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‘the zone plate, the half-period zones, the fringe-width, the intensity 
variation etc., must all be calculated in order that the phenomena 
are properly appreciated. This approach has been uniformly adopted 
in this text, and is further encouraged through the problems. A close 
approximation to intensity distribution in Fresnel fringes due to a 
straight edge is given probably for the first time in this text book. 


The problems form an integral part of the text. It is now the 
standard recognised practice in all advanced teaching methods that 
the problems must not be limited to reproduction of some parts of the 
text, but must lead to projection of the student’s mind beyond the 
subject-matter of the text. Recent examination trends are also in that 
direction. Therefore, we have not simply reproduced examination 
questions from different universities, but have built up a structure of 
problems which have a great teaching value in themselves. 


__It is sincerely hoped that fellow teachers will find this text book 
exciting and the students will find it interesting and useful. 


Agra College, Agra 
May 4, 1967 D. P. Khandelwal 
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Fermat’s Principle and Ray Optics 


Propagation of light in the early classes is treated with the 
concept of rays. But if you try a tight definition of ‘ray’ you get 
into trouble. We shall examine this aspect. Fermat gave a very 
great generalization, which not only gives all the laws of geometrical 
optics, but puts the ‘ray’ in the correct perspective : no ray can be 
considered in isolation. The law has a parallel in mechanics, which 
is outside our scope. But we will use some exercises to emphasize 
the crucial features. 


i1. A Close Examination of the Concept of Rays of Light. 
Among the simplest laws concerning the travel of light which we 
will examine are the following : 

(a) Law of mutual independence of rays of light passing through 
a given medium. 

(E) Law of reversibility of the path of light. 


If several beams of light are passing through a given medium 
simultaneously in different directions, then the path of any beam is 
the same as it would be if all other beams were absent. That is the 
mutual independence referred to in law (a). The law of reversibility 
of paths means that if a ray AB follows a course ABCDE, then if 
we start with a ray ED, it must follow the EDCBA. 


All such laws are good and valid ordinarily. The basic assump- 


are that light energy travels 
along a well defined path, 
which we calla ray. But when 
we take a closer look at these 
assumptions we face problems. 
In Fig. 1°1 consider a beam of 
light starting from O, spread- 
ing to width PQ, and then 
passing to the second medium Fig. 1°1. 

on the right. In the figure we Spreading of a beam as it travels. 
divide this beam into 5 parts, which are numbered 1°2...5. You may 
imagine the beam divided into 5000 parts in this way, or even 
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5 x 10°° parts if you like to get to your ‘ray’. But you cannot ignore 
the fact that the beam spreads as it travels. 


a sail ts ibility? 
If this is the situation, what happens to the law of reversibi i 

At best it will have the sense shown in Fig. 1°2. The madle io 

(shown by dashes) in the left and right diagrams would match, bu 


Si AA A K 
Wee NY fe 
mereri Krr VAVA 
Fig. 1:2, 


A close look at ‘reversibility’ of path of light. 


the spreadswould not match. The spread speaks of the time 


sequence A to £ for the first diagram and E to A for the second 
diagram. 


Let us now have a look at the law of mutual independence of 
rays. In Fig. 1°3 let the beam be divided into, say, 100 parts. Then 
the path follwed by any one 
beam (say beam 50) when it is 
alone is not the same as the 
path when neighbouring beams 
are also present. 


This is an experimental 


Fig. 1:3. 
fact. Fig. 1°3 schematically Course of ‘ray number 50° in the pre- 
shows the result. If ray num- sence of other neighbouring rays (left 
ber 50 alone is allowed to go figure), and in the absence of other 
ahead it spreads out, over rays (right figure). 

and above the spread which occurred earlier. Thus neighbouring 
rays do have influence on the course which any given ray is to 


follow; the influence is of reducing any increase in the spread. 


We shall examine such matters in quantitative details in later 
chapters. So long as the apertures of the beams are not too narrow, 
these effects are not serious, and we continue to treat the simple 
laws as applicable. We may define Geometrical ‘Optics’ as : that 
branch of optics in which the geometrical laws of rectilinear propaga- 
tion, reflection and refraction are good enough approximations to 
Physical reality, 

In the rest of this chapter we shall discuss a principle of very 
wide-ranging importance in so far as it unifies in itself all the laws 
of geometrical Optics, and at the same time also builds a bridge bet- 
ween geometrical and physical optics. This is Fermat’s principle. 


y 12. Fermat's Principle. As stated by Fermat in the year 
1658 the principle is as follows : 


Fermat’s Principle and Ray Optics 3 

A ray of light travelling from one point to another will follow 
a path such that, compared with neighbouring paths, the time require 
is the minimum. 

This is called Fermat’s Principle of Least Time. However, it is 
found that there are cases where the actual path is of maximum time 
among neighbouring paths. The principle is therefore modified to 
the following : 


A ray of light travelling from one point to another will follow a 
path such that, compared with neighbouring paths, the time required in 
that path is a minimum, or maximum, or stationary . 


In Fig. 1°4 P and Q are two points in different media. Let PAQ 
be areal path of light. Then 
time taken by light in reach- Pai : 
ing from P to Q along this 
path is given by ya 

PA , AQ JE ; 

Teo aN v (11) ete 
where zı and vx are the speeds sso sere tee 
of light in the two media. P 

A neighbouring path is 1 i i 
PBO, and this may be expres- Showing a neighbouring path for 
sed in terms of a parameter pplication of Fermat’s principle. 
s, which could be either the lateral distance AB, or angle APB, oT 
anything which shows a lateral shift of path. Fermat’s principle 
now says that 


Fig. 1°4. 


dt 
TET -+(1 2) 


Actually, in three-dimensional space a lateral shift of path can alw- 
ays be expressed in terms of two independent parameters sı and Sz. 
Therefore, Eq. (1°2) is equivalent to two independent conditions : 


at at ) : 
— j= — j= Pe GF) 
(#4 J 0 and (= a (1°3) 


In a medium of refractive index n the speed of light is given 
by v=c/n, where c is the speed in vacuum. Therefore, Eq. (1:1) may 
be expressed as 


1=1(n,PA+m,.AQ) (14) 


The quantity m.PA + n:.4Q is often called the optical path. If we 
repre-ent it by p, then since c is constant, eq. (1'2) is equivalent to 


dp $ 
Fie PREIS) 
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This states Fermat’s principle in terms of the optical path length p, 
instead of time t. The optical path in general is Xn;l; where n; is the 
refractive index of the medium for the i'* part of the path of length li 

Example 1:1, Let A and B be two point in a plane as shown in the Fig. 1'5, 
P is a variable point defined by CP=s, and AP+ PB is a variable path length p 
dependent ons. Take s=0, 10, 20,... 70 units, compute p each time, and draw 


a graph for p versus s. Find if there isa path which is maximum or minimum 
amongst neighbouring paths. 


Solution. From geometry of the figure 
P=[30?+-s?]*/2-+ [50?+-(70—s)*]}1/ 
Straight computation gives the following À 


s= 0 10 20 30 40 50 60 70 
P= 1161 109:7 106°8 106:4 108°3 1121 118:1 126% 
8 The graph between p and s may 


A 

a situation of example 1:1, let 70 messengers 
j 50 start simultaneously from A to reach B 
30 through paths with s=1, 2,...70. Ifthe 
s S708 speeds of all are equal, being 10 speed 
C P D units, deduce from the plot of ¢ versus s 
r: how many of the messengers reach within 
Fig. 1°5. 0-1 time unit of the arrival of the messen- 

The geometry for example 1°]. ger reaching earliest. 


Solution. Converting p/speed=time z, the data from solution of Example. 
1:1 become the following : 


s= 0 10 20 30 40 50 60 70 
t=11°61 10°97 10°68 10°64 10°83 11°21 11°81 12°62 


The graph (not shown) gives minimum time=10'62 units (for messenger 
number 26). Within 0-1 unit of time 18 other messengers reach B (messenger 
numbers 17 to 35). [Note that in the next 0'1 unit time interval only 5 or 6 
messengers would reach.] 


now he drawn. We get a minimum p at. 
WA 5=26, © 
| Example 1:2, Reverting to the 

| 


Example 1:3. In Example 1.2, suppose the messengers have to pick some 
load from positions s so that speed over distance PB is reduced to half, i.e.,5 
speed units, Which messenger now will have the shortest timing ? 


Solution. Now t= totter B4 + [50?+-(70—s)*]1/2 


Proceeding as for Example 1:1 shows that the messenger with least time among 
neighbours is now number 47 (from graph) with timing 16°59 units, 


The purpose of the sequence of examples given above is to 
Show the meaning of Fermat's principle in depth. The ‘messengers’ 
of examples 1'2 and 1'3 are the light signals starting out from A. The 
real signals reaching B are those which have crowding of neighbour- 
ing signals in time. This condition is satisfied at dt/ds=0. One 
may check also that in Example 1'1 for s—26 the angles which AP 
and PB make with the normal to CD are equal, and in Example 1°3 


for s=47 the ratio of sines of these angles is 2, equal to the ratio 
of the speeds. 


————— 


Fermat’s Principle and Ray Optics 5 


Fermat’s principle in effect tells us that no ray is to be con- 
sidered in isolation. It specifically asks us to extend our examination 
to the neighbourhood of the considered path (or ray), to check if 
timings for those paths would crowd together around that for the 
path under considertion. If we can establish the answer as ‘yes’ then 
alone the path considered becomes a real path. 

In the wave theory of light, as you will see later, the equivalent question 
is whether contributions from the neighbouring parts of the wavefront reach B 
in agreement of phase. 

13. Laws of Reflection from Fermat’s Principle. In Fig. 1°6 
let JKLM be a plane reflecting surface and A and B two points 
outside this plane. Rays from A falling over various points on 
JKLM go in various different directions, and we wish to enquire 
which one of these rays would in practice pass through B. 


Draw normals AQ and BO’ on the reflector. Take the origin 
of coordinates at O and let OO’ and OA be the x and y axes. The z 
axis is then perpendicular to OO’ and lies in the plane of the 
reflector. 

If OA=a, O'B=b and OO’=c, then our choice of axes gives 
the coordinates of A as (0, a, 0) and of Bas (c, b, 0). 


Now imagine any general point Pon the reflector. The y- 
coordinate for it will be 0, and x and z coordinates will be vari- 
able. So P has general co-ordinates (x, 0, z). 


B(c,b,o) 


Fig. 1°6. 
. Various paths from A to B via surface JKLM. 

APB is now a most geenral conceivable path from A to B via 
the reflector. If we set AP-+-PB=p, and speed of light in the 
medium is v, we get 

p=l(x—0)?+ 0-a} +0} P *-+1—0)*+ 0—b)*+ GOP PB 
t=-2 = 4 (x2 +a +z) Liwet +-(1°6) 


u 
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where ¢ is the time taken over the path. 


We now apply Fermat’s principle to get the real path. The 
path can be varied by varying z and x, which are the free coordi- 
nates for P. Hence the conditions for real path are 


ot ot ) 0 ; 

EN, 2h, BCLS = sh 
( 0z K pes ( ox JZ (17) 
Deducing (@t/0Z). from Eq. (1'6) and setting this equal to zero 


gives at once 
z=0 Ber (es :)) 
This means that P must liein the plane AOO’B, which is. 
normal to the reflector. If Q is such a position for P, then incident 
tay AQ, the normal QN and the reflected ray QB all lie in the same 
plane. Thus, Eq. (1°8) gives the first part in the law of reflection. 


Now, substituting z=0 in Eq. (1°6), deducing (07/dx)z, and set- 
ting this equal to zero (see Eq. 1°7) gives 
C—X x 
lee) oe Ega 
If we look at Fig. 1°6 the two sides of Eq. (1'9) are simply 


equal to sin r and sin 7, where i and r are the angles of incidence and 
of reflection respectively. Thus 


... (1'9) 


sin i=sin r, or. i=r (110) 


This is the second part of the law of teflection. Thus Fermat’s 
principle leads to both parts of the law of reflection. 


1'4. Laws of Refraction from Fermat’s Principle. Consider 
a plane surface JKLM (Fig. 1°7) Separating two media. In the upper 


Fig. 1°7. 
The most general path from A to Bis APB. 
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meag the speco of light isv, and in the lower one v. If A 
an are points lying in the two different media, what is 1 
path of a ray from Ato B? leila eS 


Proceeding exactly as for Eq. (1°6), the travel times fi 
a path AP+PB via a general point (x, 0, z}is now given by % 


APPR S EA > Sis aL in 
SREE + in TG +a +z?) 
1 2 2 
ak [ek + B+2 7" (1°11) 


Now we apply Fermat’s principle that varying the iti 
should not vary ¢ in the neighbourhood of the actual cath oon k 


KABEN N 
( dz ), Ojand ( ox ),=0 
The first of these, applied to Equation (1°11) gives us z= 0, 


which is the first part of the law of refraction. Then the second 
condition gives us 


wales SUN nO aia, 2 
Gta? (ex ter? v »(1'12) 


A look at Fig. 1°7 at once shows that Eq. (1°12) actually states 
the Snell’s law of refraction, viz. 
sini 2i constant . 
sinr 2 a +-(1°13) 
This equation further tells us that the constant, which we call 
the refractive index and designate mz, is equal to the ratio of the 
speed of light in the first medium to that in the second one, i.e., 
TINKANI ; 
ig ana .(1°14) 
Note that this information (1°14) is not contained in Snell’s 
Law ; Fermat’s principle gives it as a bonus. 


1'5. Extremum Path; not Least Path. We have already 
stated that Fermat’s principle is not the principle of least time (or 
least optical path) only, but one of least or greatest or stationary 
time among the times for neighbouring paths. We shall now show 
expressly the conditions under which a path may be least or greatest 
among neighbouring paths. We shall take up the case of reflection, 
leaving that of refraction for the reader to try out. 


In Fig. 1°8(a) consider A and B as two points and LMN a 
curved mirror. Let AMB be the actual path of a ray from A reach- 
ing B after reflection at this mirror. Is this path a maximum or a 


Á 
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minimum among neighbouring paths? This can be settled as 
follows: 


(a) Fig. 1°8. (b) 
Showing Fermat’s law of extremum path for case 
of reflection, 


Draw an ellipse passing through M and having A and B as its 
focii. Rotate this ellipse about AB as axis. We get an ellipsoid. By 


property ofan ellipse, 4M+-MB=constant for all positions of M 
on this ellipse. For example, 


AM+MB=AM'+M'B. 

Now consider the actual mirror LMN, which in Fig. 1°8(a) 
falls outside the ellipsoid just drawn. A path neighbouring to AMB 
is ANB. 

We note that difference of path is 

ANB—AMB=(AM'+ M'N+NB)—(AM+MB) 
=(AM’'+ M'N-+-NB)—(AM'+-M’B) 
=M'N-+-NB—M’B. 


This is always positive, since M'N, NB are two sides of a triangle of 
which M'B is the third side. Thus any neighbouring path (ANB) is 
longer than the actual path (AMB) for this case, 


Now consider Fig. 18(5), in which the given mirror surface 


falls inside the ellipsoid passing through M and having A, B as focii. 
Here 


ANB—AMB=(AM'—M'N+NB)—(AM-+ MB) 
=(AM'—M'N+NB)—(AM' +M'B) 
=—(M'N+M'B—NB) 


This is always negative. Hence in this case, an 
(ANB) is shorter than the actual path (AMB). 


Thus, the actual 
the reflecting surface t 
outside, and it is max 


y neighbouring path 


pathis minimum among the neighbours if 
touches the locus surface (the ellipsoid) from 
imum among the neighbours if the reflecting 
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surface touches the locus surface from inside, and it is stationary 
among the neighbours if the reflecting surface coincides with the 
locus surface AM+MB=constant. 

Example 1-4. In Fig. 19 P is a point source distant 06 r from the 
centre C of a spherical reflecting surface of A 
radius r. From Fermat’s Law show that if 
ray PA is reflected to Q, the angle 9 is given 
by cos? 6/2=2/3. 


Solution. In general, let 
PC=a.r. Then p=PA+AQ 


=r(1-+-a*—2a cos 6)!/? +2r cos (6/2) 
Applying Fermat’s law @p/26=0 
leads to two solutions 
sin 6/2=0 : 
2a cos 6/2=(1-+-a*—2a cos 6)*/? 


Fig, 1:9. 
The geometry for Example 1'4. 


The first gives one possible incident ray as PQ’, which after reflection 
passes through Q. The second one leads to . 


cos (0/2)=-+7" . (1°15) 
In the given case a=0°6. 


[Note : if a<1/3, the only ray from P which can reach Q is PQ’.] © 


Example 1:5. In Fig. 1:10, C is the centre of a refracting sphere of 
radius r, refractive index n=1'50, A parallel beam is incident in the direction 
OC. Find out that ray which after 
refraction passes through a point Q i eRe eg ae cl RR Abe ar 
distant CO=12 r. AA ST Re eNe lis 

Solution. For all incident ifii te 3 
rays the path up to the dotted line ; 

OA’ is common. So the variable 
path is p=A’A-+n. AQ. The i 
parameter convenient to` take is 
ZOCA=6. 
p=A’A+nAQ=r(1—cos 6) 
--nr (1+-a?+2a cos 6)!/? 


l 
i 
i 
1 
i 


Applying Fermat’s law əplað ` ri 
=0 leads to two solutions : Fig. 1:10. 
Either sin 0=0 The geometry for Example 1°7. 
or (1+a?+2a cos 6)!/?=na 


This first solution gives the ray incident along OC, which passes through all 
positions of Q on line OC. The second gives 
_ @#=I)a*—1 j 
cos 0= F S 16Y 
In the present case n=1'50, a=1°2 


1 A 
KA cosd= = (check it) © | 
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1'6. Case of a Virtual Point on the Path. A case may arise 
where a ray starting from a given point A after suffering a series of 
reflections, refractions, etc., may not pass through another point B, 
but the latter point may be on the final path produced backwards, 
In such cases the part of the path which is obtained by backward 
projection is to be considered with negative sign in applying 
Fermat’s principle. 


We shall explain this by using a concrete example, which has 
other special interests and has important practical applications too. 


Example 1:6. Ina sphere of radius r and refractive index n surrounded: 
by air, consider points A and B situated at distance r/n and rb respectively 
from the centre along a given radial line. Deduce that ray from A which, after 
refraction, appears to come from B. 


Solution. In Fig. 1-11, OA=r/n and OB=rb, Now’ consider a point 
P on the sphere specified by parameter 6, We join AP, and join BP,and produce, 


Fig) Tell. 
Would APB be a real path for any position 
of B given by OB=br ? 


it to B’. Then APB’ is one conceivable path between A and B, with part PB 
negative. Whether APB’ is an actual path, only Fermat’s Principle will tell us. 
So we proceed to compute the optical path APB=p 


p=nAP—PB* 
r? 2r2 1/2 . 1/2 
=[ 5 +r? + pes o] [ereas cos o] +(1°17) 


_.. If APB’ is an actual path, Fermat's law demands dp/do=0, since is the 
variable parameter here. That leads to one condition sin 6=0, which is trivial. 
The other condition, on simplification, comes to 


1 2 1 2 
pat [pcos 8 = pr + 4 -cos 6 ++(1°18) 


Now, for a general value of b this condition is not satisfied for any value 
of 6. This is a new situation. No ray from A, whatever its point of incidence P 
at the sphere, can pass through the point specified by OB=rb, 


If, however, the point B is specified by OB=nr (i.e., we have b=n). then 
Eq. (1°18) is satisfied. But again there isa new situation. Eq. (1°18) is now 


*The virtual path is taken as traversed in the second medium (here air), 
although in the figure a part of the dotted line BP appears in the first medium. 


Fermat’s Principle and Ray Optics 11 


satisfied for all values of 0. Henee, not only a particular ray but all the rays from 
A will after refraction have B on their backward projection. 

3 This result is used in making aplanatic lenses and in oil immersion objec- 
tives of microscopes. (Chapter 5) © 


PROBLEMS 


1'1. Laws of geometrical optics are said to be applicable when 
width.of the beam is large. ‘Large’ compared to what ? Discuss. 
(See Fig. 1°3 right). 

1'2. State Fermat’s principle and explain the significance of 
the neighbouring paths in this law. (see end part of §1°2, and 
discussion with Fig. 1°5). 

1'3. Deduce the conditions of geometary which decide whe- 
ther the actual path of a rayisa maximum or minimum path 
among neighbouring paths ($ 1°5) 

1'4. Using the theorem in geometry that sum of two sides of 
a triangle is greater than the third side, give a formal proof of recti- 
linear propagation of light, based on Fermat’s principle. 

1'5. Establish the condition of total internal reflection using 
Fermat’s principle directly. (Prove absence of refracted ray if v> vı 
and sin i>2,/v2 in Fig. 1°7. 

1°6. Consider a situation in the atmosphere when the refrac- 
tive index increases quite rapidly as we go up. Discuss in terms of 
Fermat’s principle the ‘wo possible paths of rays from a low point 
at one place to a high point at large horizontal distance. [Hint : 
One path is of refraction, other for total reflection.] 

1'7. In the diagram below, AQ is a spherical surface of radius 
r separating media of refractive indices nı and nə. Pı and Pe are 
points on the principal axis at distances a, and a, from pole O. 
Show that (i) the path P,OP is always an actual path of rays, and 
that among neighbouring paths this path P,OP, is (ii) a maximum 


for r>r° and (iii) minimum for r<ro, where ro is given by 


1 1 nı , Ne 
Samer S, 
r na — nı a, ag 


[Hint : Deduce expression for the path in terms of parameter 
6, and then examine the first two derivatives. | 
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1'8. Show that eq. (1°16) leads to a—>(n—1)- and (m?—1)-12 
-as 00° and 90° respectively. Interpret the first result. 


t11. In Example 1°4 (Fig. 1°9) show that the path defined by 
‘cos 0/2=2/3 is a minimum among neighbouring paths, 
112. Using Fermat’s law deduce the focal length of a convex 


mirror. [Hint ; Use Fig. 1°10 with path AQ taken negative and a as 
variable. Result | f | =r(—# sec 0)). 


2 


Cardinal Points of an Optical System 


í In this chapter we shall deal with another great generalisation 
in the laws of optics. This relates to image formation by any com- 
plex optical system, and the generalization was given by Gauss. If 
we have a succession of reflecting or refracting surfaces 1, 2, 3pej. 
each one of which forms an image under well defined rules, then 
applying j relations in succession to find the position and size of the 
final image would be tedious and complex. Is it possible to represent 
the action of all these j surfaces taken together with the help of a 
very few parameters, which in a single step give us the final image 
of the object ? Gauss answered this question in the affirmative. That 
was a great step indeed—great saving of labour. 


But there is something more in Gauss’s work. It leads to 
certain very general results which do not depend on the system 
chosen. These are something like the laws of thermodynamics, which 
are valid for all systems. 


We shall try to give only a rapid scan of the great generaliza- 
tion, dropping out some finer details of rigour. From time to time 
we shall take examples from real simple systems, but the beauty of 
the theory is in its universal validity. 

21. Convention of Signs. In dealing with the theory of image 
formation, a definite convention regarding signs is needed. The 
convention we adopt in this book is as follows : 


(i) Axes. The principal axis is chosen as x-axis. The y-axis 
is perpendicular to this in the plane of the drawing. (Due to axial 
symmetry, z-axis need not be defined unless we consider aber- 
rations.) 


(ii) Longitudinal Distances. Object distanecs measured (from 

a suitably chosen origin) in the direction of the incident rays are 

taken as positive. Similarly, image distances measured (from a 

suitably chosen origin*) in the direction of the reflected/refracted ray 
are taken positive. 
Glan eet ead Pac 

*This origin will in general be different from the origin for measuring object 

distances. 
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(iii) Radius of Curvature of a surface is taken positive if it is 
convex towards the incident rays. 


(iv) Lateral Distances. These are measured always from the 
X-axis, and taken positive upward and negative downward, 


(v) Angles with the axes. Slope angles of rays with the axes 
are measured between the Positive directions of the axis and the ray, 
and are considered positive if the axis needs an anticlockwise turn 
to bring it in line with the ray 


(vi) Angles of incidence, reflection an 
positie if the normal at the poi 


with the positive direction of the ray 
acute angle with 
e purpose. 

Fig. 2'1 explains the convention of signs. Let H and H’ be the 


origins for object and image spaces respectively. PP’ is the object, 
and QQ’ the image, 


Fig. 2:1. 
Explaining the convention of signs, 


___, Convention (ii) makes H to P negative (opposite to ray direc- 
tion) and H’ to Q positive. 


negative, 
Q' negative, 
2 negative, 


© com ken as x-axis. Due to Symmetry about thls, 
AXIS, it is enough to deal with any one plane through the X-axis, andi 
transverse distances give y. 

With arbitrary choice of origins for the o 
Space, let (x,y) be the coordinates of an object p 
those for its image. Then the Conditions of ideal 


> 


| 
] 
1 
| 
bject and image l 
oint and (x’, y’) | 
image formation | 
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are satisfied if 
» axthyrd 
ax-+-by+d 
, @ax+b:y +d: 3 
pe i s.. 1 
ax+by+d an) 
We state this without a rigorous mathematical proof. We can see 


that out of the nine constants involved, five are redundant. If y 
changes sign, x’ should remain unaffected. This makes b=b,=0. 


Again, if y changes sign, y’ should only change in sign, not in 
magnitude, This makes a:=d:=0. Finally, dividing all coefficients 
by a, and expressing the new values by the corresponding capital 
letters, we get 


Axe Diy, By -+(2°2) 


Thus we reach the very important conclusion that in any co-axial 
symmetrical system forming ideal images the co-ordinates x', y' of an 
image point corresponding to the object point x, y are uniquely 
determined by four and onty four independent constants, however 
complex the system may be. 

In actual practice, two of these constants are used to specify 
the origins for object space and image space on the X-axis for 
measurement of distances. Then only two other constants specify 
the object to image conjugate relations uniquely. There are several 
alternative ways of choosing the origins, and we shall discuss two of 
them in the following sections. 

23. Conjugate Relationships. By definition, the first focal 
point of the system is at that value of x which makes x'=œ. Hence 
from Eq. (2'2), we get 


first focus at x=—D win(2'3) 
Similarly, putting x=% in Eq. (2'2), we get 
second focus at x’=Aj ++(2°4) 


We now transfer the origins for measurement of x and x’ to 
these corresponding focal points. Using suffix o for the new coordi- 
nates, the transformations are 

Xo- xD i) f 
, , r Ay 2 5 
Xo =x — A, Yo =Y (9) 
Substituting in Eq: (2'2) and writing D,—A,D as anew constant A 
we get 


Xp ey Se | 
Vo _ Br 5 (2'6) 
Yo Xo 
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i i between — 
Now only two constants A and B, specify the Telations 
Conjugate object points and image points of the given system. _ The 
orgins are now not arbitrary, but are fixed at the two focal points. 


Principal Planes ; Focal Lengths. Principal (or unit) planes 
are that pair of conjugate planes for which the lateral magnification 
m=y,/y, is unity. The points where these planes meet the axis are 
called the Principal (or unit) points. Eqs. (2°6), with y,’/y,=1, 
tell us that the principal points (H and H’) are located at 

Xo (for m=1)=B, (distance F to H) } 
Xo (for m=1)=4/B, (distance F’ to H’) 
The distance from the first principal point H to the first focus F (i.e., 
—B») is called the focal length of object space f. Similarly, the dis- 
tance from the second principal point H’ to the second focus F’ (i,e, 
—4A/B}) is called the focal length of image space f’. 


Substitutions f=— B, and f’=— A/B; in Eq. (2'6) lead to 


++(2°7) 


[ri] --(2'8a} 
Yo if Xo" . 
FE EN fo Bas 


The notable fact is that we did not use any particular system to deduce 

the results. We only used the assumption that ideal image formation is possible. 
hen the system, however complex, must have a pair of focal points (F\F’) and 
a pair of focal lengths (Af). With Xo and x9’ measured from F and F’ res- 
pectively, Eqs. (2:8) give the conjugate relationship and lateral magnification 


Example 21. Ina co-axial optical system using an arbitrary origin for 
expressing distances, the Conjugate relations were found to be 
_ 20x+288 ORE 
Amr o y= x45 
Deduce the positions of F, F’, H, H’ and values of f, f’. 


Solution, Setting x’=o9 gives position of F x=—15 
Setting x= gives position of F? w= 20 
Setting y'=y gives position of H x= 12 
Setting x=—12 gives position of H’. w= 16 
f =distance H to F=x(F)—x(H)=—3 
f’=distance H’ to F’=x'(F)\—x'(H)=4 


[Note that x and x’ values are from arbitrary origins. But Jand f’ values, bein 
differences, are unique for the system. ] x i j 


Example 22. Ina co-axial optical System the focal Points are located 
by an experiment, Then for x»=—6cm we find xo’=12 em and Yo’ /y=—3/2. 
educe f and Sf’. Also Predict x)’ and magnification m for *=—10 cm. 


Solution. Use of Equation (2:8b) gives 


=—9 cm. fim ; 
a f cm. f'=48 cm 


* This is called Newton’s formula. For most 


¢ ; Practical cases f’=—f. 
Hence, dropping subscript 0, we get the form xx’= —f*, ‘ 
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For the case x= —10 cm, straight substitution gives 
xe=+7-2em. m=—0'9. © 
Relationships with Principal Points as Origins. Let us now 


decide to measure object and image distances from the respective 


principal points. If these distances are called u and v, the trans- 
formations are 


u=xotf Y=Yo } 


v=X +f" y'=Yo Ne 
Equation (2°8) now give* 
Big a : 
ls Rint =1 | (.-.2°10a) 
SF cai : 
a F ...(2'10b) 


Example 2'3. In a co-axial system of lenses, the first and secone 
focal points fall at 10°0 and 22:7 cm. and the principal points at 17:7 and 
15:0 cm. respectively, all measured from a common origin. Deduce (i) thd 
focal lengths of object space and image space, (ii) the position of the imagə 
of an object placed at position —2-7 cm. 


Solution. The locations are 
F(10°0), H(17‘7), F’(22°7) and H’ (15-0 cm). 
f=distance from H to F=10°0—17°7=—7°7 cm. 
f’=distance from H’ to F’=22-7—15:°0=7°7 cm. 
x=distance from F to—2°7=—2-7—10:0=—12°7 cm. 
x! =f’ |x=(—7-7) x T-7(—12:7)= +47 cm. 

Since this is the distance of image from the second focus, the position of 
image is 22-7+4'7=27-4 cm. 

2'4. Cardinal Points of an Optical System. In any system of 
lenses or mirrors or both, which forms ideal images of objects, the 
focal points (F,F’) and the principal points (H,H’) taken together 
are called the cardinal points of the system.** If these are given, 
then the image point Q corresponding to any object point P can be 


determined either from eqs. (2°8) or (2'10), or from geometrical 
drawing. 


Fig. 2°2 explains the latter procedure. From P draw a ray 
PF passing through F, and project it till it meets the first principal 
plane at C. Now we note that the conjugate of point C must lie in 


the second principal plane such that H’C’=HC. This gives us the 


*Note the symmetry in eq, (2°10a). With f=—f’, it gives the form 

1 ath But that is not the universally applicable form. 

v 

**The nodal points are two additional cardinal points often useful . The nodal 
points are defined as that pair of conjugate points in object and image space. 
which correspond to +1 angular magnification. However, we shall not 
discuss them further. 


M 
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point C’. We also know that since ray PFC passes through the first ” 
focus F, its conjugate must be parallel to the principal axis. So from 


Fig, 2:2. 


Geometrical Deduction of Image 
C’ we draw C’P’ parallel to the principal axis. 


Next, from P we draw PD parallel to the principal axis, meet- 
ing the first principal plane at D. The conjugate of D is D’, obtai- 
ned by the rule that it must be in the second principal plane, with 
H'D'=HD. Further, since ray PD is parallel to the principle axis, its 
conjugate must pass through F’. So from D’ we draw a ray passing 
through F’ and produce it till it meets the first ray at P’. 


Corresponding to the two incident rays PC and PD, the emer- 
gent rays meet at P’. Since the system is assumed to give ideal 
images, all rays starting from P must on emergence pass through P’. 
Thus P’ is the conjugate of object point P. It may be noted that this 
tracing required all the four points F,F’, H,H', ; less will not do and 
more information is not needed .* 


However, before we do that it will be useful to examine some 
familiar simple cases like those of single refraction and a thin lens 
to discover if they indicate some simple relationships. 


(a) Refraction at a Spherical Surface, In Fi g. 23, OA 
represents the spherical.surface of Separation of two media of re- 
fractive indices n, and n». C is the centre of the Surface, P is an 
object point, PC meets the spherical surface at O, which gives the 
pole. For a ray PA, the normal is CAN, and the refracted ray is AQ. 


'* We may Use Fig. 2:2 to’ deduce Bae, 


exerise for the reader, (8 and (210). “This is ‘Tett'as an 
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Using Snell’s law m sin i1=7 sin rẹ (with first order approxi- 
mation nıi1™Mrs) and the geometry of Fig. 2'3 one deduces* 


n, ZAPO—n,Z AQO=(m—nz) LACO 


Ng nı na—nı 
or a TSN i a wee z. 
= i R (2'11) 
— 
En +VEAXISFORU 
ae VAA ASWELLASV 
l 


Fig. 2.3 
One example of f'|f=—ne/m 


Now, if we put v= œ, the corresponding u is, by definition, the 
focal length of object space f. If we put u= œ, the corresponding v 
is by definition the focal length of image space f’. We thus get 


cio WAR py _ ys Ma ; 
J AG fist oh 22:12) 
We note that f and f’ are related by 
Pe No 


(2'13) 


TE 

Relations (2°12) give f and f’ for the particular system in terms 
of nvalues and R. But Eq. (2°13) may have a more general 
validity.** = 

(b) Thin Lens in Any Medium. Consider a thin lens of radii 
of curvature Ri, Rə and refractive index n. For generality, let the 
initial and final media have refractiye indices nı and na respectively, 
Then applying Eq. (2°11) in two steps, one gets 

m_m L-g) (2-B)=¢ 2 ; 

F rA =n (x R + Rs R G ( y), (2 uh 
where G is a constant of the system having the dimensions of length. 
On applying the definition «=f when v= 0, and v=f' when u=o,. 
we get i 
only the geometry comes ; in the second step the 


+. t st p r 
*Note that in the first step and u are used. That practice is to be used all 


algebraic signs for 61, 02, v 
, along. 3 piga 
**Note that the essential element introduced in the deduction is Snell’s_ law, . 
all the rest is pure geometry. `. Mii i ; i 
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f=—mG and f'=+mG +++(2°15) 
so that again 
ee (2! 
F m (2'16) 


A general proof of this will be given in § 2'7. 


2°6. Lagrange’s and Helmholtz’s Laws, In Fig. 2.4 the image 
of an axial point P is formed at Q by the refracting surface OA. 
Also, the image of P’ is formed at Q’. We have in this diagram 


OP=—xu, O0O=-+2, PS 00'=—y, 


The transverse distance 
PP’ is always small enough to 
allow us to consider angles ¢, 
and ¢2 small, so that, using 
Snell’s law, weget 


M _ sings 

O i Eig, 2.4. 

P re AAT merge A For deduction of Lagrange’s 
a (=u) = Jı v law of magnification 


«(2 1) 


tan ® AO AO’ “ith a ADB 
tam 05) E Fata eye a alg "18 


Eliminating v/u between Eqs. (2'17) and (2'18) we get ) 
my; tan 0;=nzy, tan 0, +++(2°19) 
This is known as Lagrange’s equation Jor magnification, 


Eq. (2°19) is of very general application. 
distances are not involved and only the slopes 
applied to a succession of coaxial surfaces ir 
separations. Let m, n2-.-Ny be refractive indices 


Since longitudinal 
come in, it can be 


heights of the object and en we may appl 
Eq. (2'19) in succession to get me BT 


my: tan h=n,y, tan 0, (2°20) 
This is the Lagrange-Helmholtz Law of Magnification, 
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2°7. Relationship between f any f’ for any Optical System. 
Eq. (2°13), proved again as Eq. (2.16), has a general character. This 
can be proved by combining the Lagrange-Helmholtz law with Eqs. 
(2°10)—both these being general laws. 


As Fig. 2'5 shows, 


EOOH am 


Eqs. (2'10a) and (2°10b) give (using m=y'/y), 


fox oh is (2°22) 


Comparing with Eq. (2°21) we find that Gauss’ general theory 
gives : 


‘vine Ost Clay's Fe ...(2'23) 
fan 0 ies f 
But Lagrange-Helmholtz law requires that 
tan @ Jy ..(224) 
tan ® ny 


Comparison directly yields the result 
n 


f = (2:25) 
TE n 


as a universal truth. Since n and n' are always positive, ye ig can 
f’ and f must always have opposite signs. _ In the commo 4 
where the initial and final media are identical (being air) we g 
simple result 


E | ...(2'26) 
2'8. Relation between Lateral, Axial and Angular Magnifica- 


i j i j ints. At A we 
tions. In Fig. 2’6 let A, A’ be a pair 3f conjugate point A 
sane a seutiveres line of short length AP, an axial line of sho 
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length AB and a ray AD of slope angle 0. The conjugates of these 
“are lines A’P’, A'B’ and ray D'A’ of slope 6’. By definition, 


m=lateral magnification =~ 


: Fito que Se AD 
™Me=axial magnification = Ae Au 


TA AN 6’ 
y=angular magnification= p 
Differentiating Eq. (2°8a) we ‘obtain 
x. Ax’ + Ax.x’=0 


MAA A 
A e Aan E | 
P D 
Y y 
A(B F H f 

ax y 

c 

Fig. 2:6. 


Showing the relations between the three magnifications M, Me., Y. 


Substituting for x’ and x from Eq. (2°8b), putting y'ly=m, 
—mf’ fe 


- But f’/f=—n'/n, where n and n' are refractive indices of initial and 


» 


final media. Hence we get 


eeu ; 
Mm=m?. a +++(2'27) 


For small angles we get from Helmholtz law 
angular magnification mye == I + 
= 


or 


n ; 
jiggen ++-(2°28) 
Finally, from Egs. (2°27), and (2'28) 
Mey | 


— =] 


m 


.::(2°29) 


These relations hold for any co-axial optical system. 
For the commonest case of n'=n, we find that 
Me=m" es -(2°30) 
Ym=1 ++(2°31) 
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Eq. (2°30) says that the longitudinal magnification me is proportional 
to the square of the lateral magnification. This is a matter of some 
concern. Consider a three-dimensional frame 5 mm X 5 mm transver- 
sely and 1 mm (one-fifth) longitudinally. If its image is formed with 
lateral magnification (say) 6, then the image would be 30 mm X 30 
mm transversely and 36 mm (1'2 times) longitudinally. But no 
amount of ingenuity can improve the situation because Eq. (2°30) has 
general validity. 


Again Eq. (2°31) tells that angular magnification and lateral 
magnifications have reciprocal relationship always. There can be no 
device for increasing both of them. 

Example 2'4. From a given object point A on the axis of an image form- 


ing system, the path of a ray making 20° angle with axis was traced. The 
emergent ray came out with slope angle —4°. If n=1°62 and n =1-00, deduce the 


magnification of the image of an object placed at A. 
Solution. Lagrange Helmholtz law (Eq. 2°20) gives 
1-00 x y x tan (—4°)=1°62 x yx tan 20° 
y’ _1°62x "3640_ _ 8-4 
[Note that immersing the object in a medium of high! n increases the 
magnification. Oil immersion objective (§ 5:4) is one example.] 
Example 2°5. For a co-axial image forming system the initial and final 
ly. Fora given object the lateral 


media are water (n=1'33) and air respective 
magnification is —2'0. Calculate (i) the axial magnification, and (ii) angular 


magnification. 
Solution. Given n/n’ =1°33, m=—2'0 
mam © A= 3-0 
pas E EA © 
mi —2 
PROBLEMS 


cannot be imaged in true 
y. Discuss. 


holds for large ray inclina- 
he surfaces in- 


2'1. A three dimensional object 
proportions except at magnification unit: 

2:2. The Lagrange-Helmholtz law fc 
tion (0, 0’), but requires that radii of curvature “of t 
volved are large. Comment critically. 

2:3. Ina given optical system, with identical media on both 
sides, the focal points F and F’ are located at 20°7 cm and 48°3 cm 
respectively from an arbitrary origin. Also, for an object placed at 
12'7 cm the image is formed at location 772 cm. Deduce : 


(i) the locations of H and Ha. 
Gi) transverse magnification m. 
Gii) axial magnification me- 
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j 2'4. In a given optical system the initial and final media have . 


cm forms an image at 68°2 cm, deduc 
H and H’. 


2'5. Ìn a system of co-axial spherical surfaces the paths of 
0’ from a given axial 
€rgent rays meet the axis at 
s Making angles —1° 9’, —2° 18", 
ject 1°00 mm tall is placed at P, and 
Tespectively, deduce what Helmh 
image for rays in the three specified angular zones ? 

i 

f 

! 


26. A convergent lens, which has focal length 15°0 cm in air 
and whose material hasrefractive index n= 1°54, is wholly immersed 
in a liquid of n=1°67. Show that it will behave as a divergent lens 
of focal length 104 cm. 


3 


Thick Lens and Lens Combinations 


In this chapter we shall derive the focal lengths f , f ' and 
positions of cardinal points H, H '; F, F' for some optical systems. 
‘Thick Lens’ and ‘two thin lenses at a distance’ give us cases where 
the system can be treated as made of two ‘thin’ units. Later we 
shall also consider a case of combining any two units, which can be 
extended to deal with cases of any number of units. 


31. Thick lens in air*. In Fg. 31, OB and O'C represent 
two spherical surfaces of radii of curvature Rı, Re, separated by di- 
stance OO’=t and enclosing a medium of refractive index n. 
This is called a ‘thick lens’ if ¢ is not negligible in proportion to 
Ry, Ro. 


To obtain the focal length and positions of cardinal points, 
consider an incident ray AB parallel to the principal axis. In two 


Fig. 3°1. 

refractions it bends as BC, CF’ meeting the axis at F’. By defin- 
tion, F’ is the focal point of image space. If we produce AB anid 
CF’ they meet at P. This is where the emergent ray has the same 
height A as the incident ray. Hence PH’: gives us the principal 
plane of image space. H'F'=f' is the focal length of image 
space. 

Our purpose is to deduce an expression for (i) the focal length 
f', and (ii) the distance O’'F’ (or OH’). These two results are 


*For sign convention, see § 2*1. 
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enough to locate F’ and H ‘. Then we can write the expressions for 
J, OF and OH (not shown in Fig. 3'1) by symmetry, That will give 
the locations of F and A. 


The deduction is based on four fundamental relations of the 
Case, which are as follows p 


(1) For refraction at the first surfacc, using Eq. (2'11), 
n 1 n=] nRı 


oD o m 7 OD= a Oe 
(2) From Consideration of the lens thickness, 
0O'D=0D—t (3'2) 
(3) From refraction at the second surface* 
An 1 _(1/m)-1 ...(3°3) 


OFE O'D Rs 
(4) From pairs of similar A* PH’F’, CO'F' and BOD, CO'D 


oF at =o2 (3°) 


(A) Expression for focal length f ` 
The four equations (3°1) to (3°4) lead to 


ie DRI gore <a 
fg e+ Ta 
Eio ania nidi r], 


derivation of which is left as an exercise to the reader, 


(B) Expressions for distances O'F’ and O'H’ 


We shall express distance O' to F' by symbol 8’. Eqs. (3°4), 
(3°2) and (3°1) lead to 


rar Br 155) — 


OD ~- OD 
Zp i RE UAT) ..3'6a) 
=| 1 SD ( 
If distance O' to H’ is denoted by «’, we get 
t (n—1) r 
"B aaa pur AL) +..(3°6b) 
Ot" ef fle mR, ( 


(C) Expressions for f, Canda 


To get expressions for these one may consider the incident 
beam travelling from right to left in Fig. 3°1 and then reverse all 
signs, apart from interchanging R, and Rə. This leads to 

*In this we presume the final medium to be the same as the initial one. 


Eqs. (3:5) etc. are not valid if media on two sides of the lens are different, as 
in Problem 3°10, 


>» 
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-Ex nD- ) uma’ t _1 By 


(i Rı Re + R,Re n wah 
az tm]. 5g pe pt 
pat EY]; eres G8 


_ If may be noted that in the expression for æ (which refers to 
object space distance O to H) we have Re, not Ri. Similarly, in the 
expression for «' we have Ri, not Re. Thus it is the curvature of the 
‘other’ end face which determines how far the principal plane would 
be from a given face of the lens. 


\ The most convenient procedure for plotting the cardinal points. 
is to deduce « and 2’, which give us the principal points, and then 
to use f and f’ values to get the focal points. 


Example 3:1. Deduce the positions of cardinal points for a plano con- 
vex lens of refractive index 1'6, the radius of curvature of the curved surface 


being 6 cm., and thickness 2:0 cm. 


Solution. Let light enter from the curved surface. We then have 
Ri=-+6 cm, t=2 cm, R= =. Whence from Eqs. (3°5), (3°6) and (3°8) 


REIA 1\. Ni lad i 
pat 61) (3): > f'g +100 cm. 
(n—1)t_ 10 06x2 


aae T ER XTgx6 em 


(n—1) t 


Wom. (e R= «) 


a=—f’ 

Fig. 3:2 depicts the results. First, «’=—1°25 cm, gives H’ to the left of 

O’. Next use f’=+10-0 cm, which gives F’ at 10°0cm, to the right of H’. 
Since ¢=0, the point H falls on the ye 

curved surface. Finally, we have 

'=—f'’=—10'0 cm. So F lies 10:0 cm 
to the left of H. 


Check that ihe same results 
come if light enters from the right so 
far as the positions are concerned. 
Only Symbols F, H and F’, H’ ee 


interchanged. 
Example 3'2. A convex meniscus lens has radii of curvature 3:0 and 
deduce the positions of cardinal points. 


2 em. and thickness 1:0 cm. If n=1'50, 


Solution. A ‘meniscus’ lens is 
one which has both surfaces curved in 
the same direction. If the face on 
the concave side is _ less curved 
(larger R) then the lens is convex. 

Fig. 3'3 shows the lens. With 


light travelling left to right, Rı=—3, 
Ry=—2, t=1 (all in cm.). From 


Eq. (3'5) we have, with n=1'5. 
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1 i 1 1 (0°5)? x1 
#709 ([—)+ 5 C33 
f’=+9:0 cm, (check), =—9'0 cm. 


From Eq. (3-6) 


E VAINO EI KEA p 
a’ =—9'0 x T5x¢—3y “+10 om. 


From Eq. (3*8) 


PANI (l'5—1) x 1 DAIR 
a=--9'0 x tsx 223 = +15 cm. 


‘side. (Check if it is a general truth about meniscus lenses), (0) 


„m 32. Combination of two thin lenses. In Fig. 3°4, OB and 
O'C represent two “thin” lenses Placed coaxially at a distance t in 


-and the labellings of Fig. 3'1 and 3:4 are identical. The four 
undamental equations are as follows : 


Fig. 3:4 
Combination of two thin lenses 


__ From refraction at the first lens 
o- i= > OD=f/, »«(3°9) 
From lens thickness 
O'D=OD—1=f,'—t -+»(3°10) 
From refraction at the second lens 
me ea p Se 
OF OF fer 
TE eye ee (3°11) 
OF if’ 
And from pairs of Similar A ° PH'F',CO'F' and BOD, CO'D 


>» 


SD Sai -(3°1) 
1 
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Eqs. (3°11) and (3°12) lead to 


--+(3°13) 


where we have introduced A defined by 
Asfi'+h'—t (3°14) 
Also, in Eq. (3°12), O’F’=(', whence 


(3°15) 


Similarly, we may deduce 


a al nica 
lets i ..-(3°16) 


{It may be noted that replacing (n—1)/Ri, (n—1)/Rz_and t by fy’, fa’ and 
t/m respectively leads from Eqs. (3'5) and (3:6) to Eqs. (3:13) and (3°15) respec- 
tively. See why it is so.] 

Example 3'3. Two convergent lenses of focal lengths 20 and 10 cm are 
placed 25 cm apart in air. Find and plot the positions of H, H’, F and F’. 
find the position and magnification of the image of an object pl 10 Fog 
front of the first lens. jaced 

Solution. A=fi—fe-—t=20+10—25=5 cm 


M ORE oia : 
i era 5 40 cm ; 


f=—f’=—40 cm 


bliss A =—50 cm Fig. 3'5. 


a=f’ on =100 cm. 
The cardinal points are plotted in Fig. 3-5 using these results. 0 10 0’==25 em ; 
o t H=a=100 cm ; O’ to H=«'=—50 cm; H to F=f=—40 cm ; H’ to F=f" 


=40 cm. 
Given O to object P=—10 cm, we get u=H to P=—110 cm. Now 


Ltd > fomaem 
a ee 
That locates P’, 13 cm to the right of O’. Finally 


40 1 4 A 
AIE eee Beta 


m=—-= 
pans 
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One could also use Newton’s method (Egs. 2°8) : 
x=F to P=—70 cm; Jain ad =23 cm=F’ to P’, 
f —40 4 


m= Hi. 
X —70 T 
[Note that H and H’ fall far from the lenses O and OQ’ in this case. H 
falling far to the tight makes u=—110 cm, though O to P=—10 cm only, 
Repeat the exercise with t=35 cm to get further insight.] 


3'3. Some Special Cases of Lens Combinations. Although 
there is a very large variety of Combinations of lenses in optical 
instruments, we shall discuss only two cases along with typical 


numerical examples. (Eyepieces will be discussed in Chapter 6). 
(A) Case of a Telescopic Combination 


In this case the Spacing (t) between the lenses is made equal 
tof! tfa. As a result A becomes zero, so that f'=© and the 
cardinal points H, H’ lie at infinity. It is useful to see what 
happens as ¢ passes from below f1’ +f,’ to above that value. 


Example 3'4. Two thin lenses of focal lengths 100 cm and —10 cm form 
a telescope. * Discuss the variations of the range of focussing as the separation 
ofenses is changed about that for viewing objects at infinite distance with the 
relaxed eye, ` 


Solution. The separation ‘t, for focussing objects at o with relaxed eye 
needs f’= oœ, whence A=0, and '=h'+f’=90 cm. Let the actual separation 
B erage fo 88 to 92 fem in steps of 1 cm. We shall only give the results 
«check them) : f 


tiem: 88 89 90 91 92 
Alem: 2 1 0 —1 —2 
f'lom: —500 —1000 œ% +1000 +500 
a’/eom: 440 890 oo —910 —460 
p’/com : —60 —110 oo 90 40 

alcem: 4400 8900 œ% —9800 —4600 

g/cm: 4900 9900 co —10100 —5100 


The focal plane-F of object space is that for whi i i d 

1 ich the image is formed 
vatse'and is therefore seen by the relaxed eye. The position of this we respect 
to the objective is given by 8. For t=8§ cm this plane is 49 metres behind the 
observer ; as ¢ approaches 90 cm, F recedes to — oo; asz just crosses 90 cm, F 
Peo a a eater et arian the front side, reaching 51 m as £ 
reaches w INCE real objects on y infront can e seen SUSS= 
‘ing is. to 5] m if ¢ is varied from 90 cm to 92 cm Pathe renee of foes 


(B) Case of the Telephoto Lens 


For distant objects a Single lens camera of manageable length 
produces otographs which are quite reduced in size, Ta ‘alephato 
lens combination aims at obtaining Photographs of distant objects 
reduced by a much Smaller factor than what May be had from a 
single lens camera, This is done by using a convex lens of focal length 
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fi’ backed by a larger power concave lens of focal length f,’, the 
separation being kept somewhat greater than f,'+-/2'. The function 


isjbest explained with a concrete example. 


Example 3:5. A camera objective has a positive lens of focal length 30°0 
cm backed by a negative lens of focal length 6'0 cm at 25:0 cm distance. Deduce 
the position of the photographic plate, total length of the camera, and magni- 
fication of the}image for an object 200 m in front. 


3150 cm 
„4 #180 cm 


Fig. 3°6, 


A telephoto lens combination has H" far towards the object 
to keep O'P’ small though v (H' P’) is large. 
Solution. f;’=30°0 cm, f? =—6:0 cm, fr +f =240 cm 
t=25'0.cm > A=—1'0 cm. 
These lead to 
f'=180 cm, «=—150cm, p’=30. cm 
vhich locate F’ (0'F'=30 cm) and H’ (O’H’=—150 cm). Similarly, 
f=—180 cm, «=—750 cm, B=—930 cm 
which locates H(OH=—750 cm), F being not shown in the figure. © 
Now, given P (not shown) at 200 m to the left of O, we get 
u=HP=—200 m—(—7°5 m)=—192'5 m 


i i G 
= =1'82 heck it 
= ft m (check it) 
v 1°82 Hs 
ye Irs Hs 100 


Since v=H’P’=1°82 m, and H’O'=—«a’=1°50 m, we get 
O'P’=32 cm 


That gives length\of the camera=OP’=57cm. P . © 


the arrangement ‘‘throws” H and H’ far out towards the 
object Note S while the focal length f” is as large as 180 cm, the second 
focus F’ is only 30 cm behind O’. “A:single lens of focal length f’=180 cm would 
give about the same magnification (+=1/100), but the camera would have to be 
about 2 metres long. On the other hand, a camera of length 57 cm using a single- 
lens will need’a lens of f’=55 cm, and its magnification would be~55/20000~— 


1/360, smaller by a factor of 36. 
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34. General Combination of two Optical Systems or of two 
Thiek Lenses. We now consider the combination of any two coaxial 
optical systems. 


Fig. 3:7. 
General combination of any two optical systems 


On Fig. 3°7, the first system is represented by principal planes Hy, 
Hi,’ and the second focal point F,’ (F; not needed). A ray AB parallel 


to the axis at height h meets H} plane at B. Its conjugate ray must 
meet H,’ plane at the same height A (that gives B’) and must pass 


through F,’. That gives B’F,' as the Tay emergent from the first 
system. 


The second system is represented by principal planes Hy, Ho’. 
The distance H,’ to H, is defined as the separation ¢ of the two 
systems*. For this system F,' is the object point, if the conjugate 


image point is F’, then that is the second focal point of the com- 
bined system. 


Ray B’ F,’ meets the plane H, at C, which has height h’. The 
conjugate emergent ray must meet H,' plane at the same height h’ 
and pass through F’. That gives us the final emergent ray C’F’. 

If both AB and C’F’ are produced, they meet at P’, which 
gives us plane P’H’, the Principal plane of image space for the 
combined system. H’F’=f" is the focal length of image space for 
the combined system. 


We have to locate H’ (by deducing Hi,’ H'=«') and deduce f’ 
(so as to locate F’). 


Now, from pairs of similar A* B'F,'Ay', CF,'H, and P'F'H', 
C'F'H,’, we get 


Li As ee š 
URET F Pa pean 
For refraction at the second lens, with H,'F’ as vand HF,’ 
as u 
E SRE roe 
f' +a’ fi’ —t NT Fid (3 18) 


—— 
*Notice that £ defined this way alone leads to simp] 
negative if Hy occurs earlier than Hy’ on the path of igh a hy 
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Eliminating «’ between these gives 


fap file he ...(3"19) 
and solving for «’ gives 

Waal’ =f! .--(3°20) 
Similarly, one can deduce 

f=-f' and «=f aah a 3°21) 


It is to be noted that the formulae are exactly the same as for a combina- 
tion of two thin separated lenses. It means that we can combine any number of 
co-axial systems intoa single equivalent system and deduce its H, H’, f, f’ if 
those for the components are known, along with the separations. This is what 
was proved in a more general way by Gauss (see Chapter 2). 


3'5. Deviation Method for Locating the Cardinal Points. 
We have so far dealt primarily in terms of the axial distances. But 
the business of a lens is to cause angular deviation in the rays 
falling on it. Weshall now see how through computation of 
deviations we can get to the same results as before. Of course, some 
additional insight is also obtained in the process. 


In Fig. 3°8 we consider an incident ray PA and its conjugate 
ray A’P’. There is a deviation 5, and it is given (assuming small 


, angles) by 
| oS d 3=ZAPP'+ ZA'P'P 
alee a fishy ht. 


Fig. 3'8, E EROF Saale 
Deviation in a ray is h/f” if 
jor any system 


This is a remarkably simple result. The lens causes a deviation 
which is independent of u, and it is proportional to the height where 
the ray meets the lens (or the principal plane) and inversely propor- 
tional to f’. is taken as +ve when the deviation is towards the 
axis. 

Now consider Fig. 3°9 which corresponds to Fig. 3°7. | With 
incident ray parallel to the axis, the first system gives deviation 


S=Alh’, 
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the second system gives deviation 
=h fr’, 


Fig. 3:9. 
For a combination of two systems the deviations add together 
and the whole system gives deviation 
snip", 


where f1’, f,’ and f’ are focal lengths of the first system, the second 
system and the combination. Then 


h hh 
b=- =, 4+38,——— =r «+6(3°23 
ibe TRE Ca 


From similar A* in Fig. 3'9, the relation between h and h' 
may be obtained. Then Eq. (3°23) leads to relations (3°13) and 
(3°15). The exercise is left for the reader. 


PROBLEMS 


3'1. Show that for a plano-spherical lens of any thickness 
one principal plane always lies on the plane face. 


3'2. Show that for a meniscu: 


s lens the princi lways 
fall outside the lens th; Mace laner alway 


ickness and on the same side. 


_. 33. Show that in a combination of two coaxial lenses the 
distance between the two principal planes is given by t?/A. 


__ 34. Show that in a combination of two thin lenses L, and Ly, 
with the usual notation, 


oi): eee 
LR h 

which for a thick lens (with faces marked 01, O,) gives 
OH Ri 


OUG +R, 
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3'5. For a thick lens with Rx=+10°0 cm, R,=—6'0 cm, 
n=1°50 deduce the focal length f” as the Separation ¢ changes from 
nearly 0 to 32 cm in steps of 8 cm. 


3°6. Examine whether a combination of two concave lenses 
can behave as a convex lens. (The reverse is known to be true.) 


3'7. The numerical radii of curvature of a thick double con- 
vex lens are r; and rẹ} Show that the lens becomes concave if 
t(n—1)>n(ry+rz), where t is lens thickness and n is refractive index 
of the lens material. 


3'8. A cylinder of transparent medium wlth radius Rand 
refractive index n focusses Tays in a section perpendicular to the 
axis. Deduce an expression for its focal length. What will the 
form of image be if a point source is used ? 


3'9. Deduce the focal length and positions of cardinal points 
for a glass sphere (n=1°60) of radius 2'0 cm placed in air. (Assume 
the rays being limited to the paraxial region.) 


3°10. Deduce the positions of cardinal points for a hemisphere 
of glass (n=1'5 ) of radius 2°0 em placed with the plane face in 
contact with water (n=1°30). 

3'11. A double convex lens of refractive index 1°50 has radii 
of curvature 10°0 cm and 15°0 cm and thickness 5'0 cm. Deduce and 
plot the positions of the cardinal points. 


3°12. A convex meniscus lens of refractive index 1°50 has radii 
of curvature 10°0cm and 15'0cm and thickness 2'0 cm. Deduce 
the positions of the cardinal points. 


3°13. A thin convex lens of focal length 20 cm and a thin 
concave lens of focal length 10 cm are separated by a distance 8 cm. 
Deduce the positions of the principal and focal points of the 
system. 

3'14. For the data of Problem 3°13 deduce the magnific ation 
if the object is placed 50 cm in front of the second lens, 


3'15. Design a combination of two thin lenses for which H 
and H’ coincide with lenses L, and L, respectively, and f’=6 cm. 


x 4 5. For the case of refrac- 
16. Use Eq. (3'22) to define f” as h/ l 
tion a a single dherai surface deduce an expression for 5 and 
hence for f’. 
Two convex meniscus lenses are set coaxially with their 
concen RETER aud at distance 7'0 cm. The radii of curva- 
tures are 4'0 and 5'0 for the first lens and 6'0 and 8'0 cm for the 
second, The thickness is 2°0 cm for each lens, and the material for 
both has n=1'60. Deduce the focal length of the combination. 
[Note that t comes out —26cm, since Hp falls to the left of H, 


with rays taken incident from the left.] 


Dispersion of Light and Chromatic 
Aberration 


a 


41. Dispersion. The variation of refract ive index n ofa 
given medium with wavelength A is called dispersion. If varies 
rapidly with wavelength, the medium is said to be highly dispersive. 
In this sense, flint glass is more dispersive than crown glass. 


: 
4 


Fig. 41. 
Dispersion curve for crown glass 


Quantitative definitions for dis 
ously. In wave theory it is defined as 


persive power are given vati- 


dispersive power== eee dn (41) 
For light it is always a ne 
decreases as increases. Furth 


O Onstant over a wide range of ^ 
Fig. 4°1 shows the general nature of the dispersion curve (n vs. A). It 
creases as A increases. 


In geometrical optics a more useful quantity is defined thus : 


dispersive power, om tam | (42) 
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where ną and m are the refractive indices for two suitably chosen 
colours and n that for a mean colour between 1 and 2. There is no 
universal choice about colours 1 and 2 chosen for defining © by 
Eq. (4'2). Reason: the choice depends upon the range of colours 
within which one has to work, For vision in day-light the range 
blue to red is most useful, while for usual photography the range 
violet to green is most useful. Obviously, the optician and photogra- 
pig use different colour limits to define © of the materials of their 
enses. 


The optician’s precise definition of dispersive power is 


A LETT ..(4'3) 


np—1 
in which the suffixes refer to light of definite wavelengths* : 
C(A=6563 A°, red) æ line of H spectrum 
D(A=5893 A°, yellow) yellow line of Na spectrum 
F(A=4861 4°, blue) @ line of H spectrum 


‘ In Table 4'1 we give no, nv, nr and © values of some of the 
important glasses. It will be noted that flint is one-and-a-half times 
dispersive compared to crown, while DEDF is more than two-fold 
dispersive. 

TABLE 4'1 


n and œ values of some standard optical glasses 


Name no np ny ny 
4=6563 A° | 1=5893 A° | 4=4861 A° | 1=4047 A® 
Hard Crown | 1°5164 1:5190 1:5249 15334 0:0166 
Flint 1:5744 1:5786 1:5885 1:6035 0:0243 
EDF* 1:6936 1°7003 1:7168 1:7427 0:0330 
DEDF** 1:7407 1:7484 1:7675 17981 0:0360 
*Extra dense flint. **Double extra dense flint. 


4'2. Longitudinal Chromatic Aberration of an Optical System. 
For a reflecting system the focal length depends on purely geometri- 
cal factors and hence for a given object point rays of all colours get 
focussed at the same point. But in a refracting system rays of 


*Designations A, B, C, D,...F... were given by Fraunhofer in the absorption 
lines seen in the solar spectrum, starting from the long wavelength end. 
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different colours from a given object Point give different image points, 
This ‘defect’ is called chromatic aberration. 

In Fig. 4'2 the action of a convex and a Concave lens ona 
parallel beam of white light is shown. In each case, the violet rays 
come to focus nearer to the lens than the red ones. 


WHITE 


Fig. 4:2. 
Longitudinal chromatic aberration 


The quantity f'o—f ‘r=Af" is defined as the longitudinal chro- 
Matic aberration of an optical system, where C 


and F refer to Fraun- 
hofer lines 6563 4° (red region) and 4861 4° (blue region) respec- 
tively.* | 
To deduce the aberration Af’ we write the focal length equa- 
tion for a thin lens as 
1 ; 
==(n—1) G +(4°4) 
7 (n—1) 
where G is the geometrical factor (1/Ri)—(1 /Rz). Now differentiat- 
ing with Tespect to colour gives 
po TANA ra (4'5) 
a( ) G.An= li Pee oh ae ( 
Hence, | Af’ | Sof” «++(4'6) 


One may choose the appropriate colours to specify © and use 
focal length of the mean colour as f” here, 


For a point source at finite distance, the longitudinal aberra- 
tion is 


Av=vc— vr, 


Since uh 90 aba 


i mip We get 
me ee 


*This choice suits visual observations, The 
ines, 


fer the 
choice of F (4861 4°) and G (iaag A) lings PhtoBtapher would prefe 


A 
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Ao= oho ies 
“Fr | Af’! -+-(4'7) 


It will be noted from Fig. 4°2 (left) that if a screen is placed at 
V, the image has a violet centre with other colours surrounding it, 
while if the screen is placed at R the image has a red centre with 
violet outermost. The best compromise image is obtained in some 
intermediate position of the screen. 

Example 4:1. A lens made of crown glass has focal length 50 cm. Cal- 
culate the longitudinal chromatic aberration given, n)=1'5164, ny =1°5249. 


Solution. np being not given, we use mean n=1°5206 for it. 
__ 1:5249—1°5164 _ "0085 =0:0164 


CET inks S206 = "+5206 
Longitudinal chromatic aberration x=f’ w=50 x ‘0164=8'82 cm. © 


5 Example 4:2. The lens of Example 4'1 is used to form the image of a 
point source placed 70 cm in front. Deduce the longitudinal focussing difference 
for C and F light. 

Solution. One can easily get v=175cm. Then using Eq. (4°7), and o= 
“0164 obtained previously, 
75} 


Av='0164 x39 - =10°0 cm. 


l _ [Notice the largeness of the error. In daylight we do not have much 
intensity in F region. So the observed aberration is between C and D light, which 
is smaller.] © 


__ 43, Lateral Chromatic Aberration. In Fig. 4°3 an object of 
height y is shown imaged by a lens for rays of different colours cor- 
responding to C aud F lines of Fraunhofer. We see that the images 


Fig, 43. 
Lateral chromatic aberration 


Ar’, Ac’ not only fallin different planes, but also fall at different 
heights yx’, yo' from the axis. The difference of magnification 
Am=(yo'ly)—(y'x/y) is defined as the lateral chromatic aberration. 
However, it may be more appropriate to define the ratio (Am)/m 
as the lateral chromatic aberration. It can be shown that 


MIETE Am _ u 9 
Am=Af ware = =e > .(4°8) 


40 Optics and Atomic Physies 


44. Achromatic Combination of Thin Lenses in Contact. We 
may choose and arrange the components of an optical system in 
such a way that for rays of two different colours a given object point 
gives a single image point. The system is then called achromatic (Le, 
free from chromatic aberration) for the chosen pair of colours. We 
Shall consider the case of two thin lenses in contact. Let the lenses 
have constants mo, na, G, and M20, Naw, Gz. Then for Fraunhofer 

`C line the focal length of the combination in contact is given by 


1 
Ferme) Git (nyo—1) G} +(4°9) 
and similarly for Fraunhofer F line 
1 
Fae nl) Gi+ (nr —1) G, (.--4°10) 
For achtomatism f "c=f'v, Hence 
ear bosn d EE ga a 
(mr—no) Giı+(nar—nz0) G=0 e (41 


‘(f'c=f"r), from which Se deuas the geometric factors for the com- 


} Some freedom is still available, since witha gi 

mi fre given G we can choose the 
„Tadii R and R in many ways. The usual practice isto keep one face dhane and 
Gi radii of curvature of the contacting faces of the two lenses equal, ‘ 


Often Eq. (4°11) is put in a different f, i 
Fraunhofer D line (yellow), orm. Using suffix D for 


we 1 1 

aa ee OA a ee 
fw (nyp—1) ‘ Gs Sa'd(ngv— 1) 

Then Eq. (4°11) becomes 


Gy 


BoC al 12) 
Kid fan ja, (4 
aaah totii 
where ©, and ® are dispersive i 
a powers of materials of . 
„F o, © and J’ of the combination are given, Eq. Gi ene vata 


LI Sh 
hid fio fils -».(4°13) 


D 
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enables us to ‘design’ an achromatic doublet. It is achromatic for 
colours in the neighbourhood of D.* 


Example 4'3. Dispersive powers of Crown and Flint glasses are 0163 and 
-0243 respectively. Design an achromatic contact doublet of focal length 50 cm, 


Solution. Straight substitution in Eqs. (4°12) and (4°13) gives 
1 


0163 0243 9. E ioe Gane A 
eee ot tn D 
Solving, we get f= ~~ =16°5 cm. (crown) 


1, 4000 _. 94. 
fil= gq =—24'5 cm. (flint) © 


_ Example 4:4. A contact achromat of power +1 is to be made using crown 
and flint glass lenses. For crown zo =1°51645, ny=1'52492. For flint no=1'57446, 


Ny=1°58854. Calculate the focal lengths of the component lenses. 
Solution, Nature of data desire using Eqs. (4'11) and (4°9). Now, 
Using suffixes 1 and 2 for crown and flint respectively, we have 
My—M1g=0'00847, np—nıo=001408 
For achromatism, Eq. (4°11) gives 
0:00847 G,+0°01408 G:=0 
For the combination power +1, f’=100 cm. Hence from Eq. (4°9). 


1 
0:5164 G, +0:5745 G:= To 
We have to solve these two equations for G, and Ga. This gives 
G,=0°0585. Ga=0:0352 (check it) 

Finally, 

-L =0:5164 G=0°5164x 0:0585 

f'o 

fi o=33:1 cm (crown) 
Similarly, 


f'so=—494 cm. (flint) © 


Example 4'5. In the:doublet of Ex. 4°4 if the contact faces are both plane, 
complete the ‘design’ of the doublet. 


Solution. R’=R2=«. Hence 
1 1 
Rae sag Tame 
Using the values of G, and Gz deduced above, we get 
Ri=17'1 cm, Re’ =28°4 cm. © 


4'5. Achromatic Combination of Two Separated Lenses. For 
a combination of two coaxial thin lenses separated in air by dis- 
tance t, Eq. 3°13 gives 


1 1 1 t 
debe ee a wpa RE A (4°14 
Fo he AR a) 


*This procedure is used if œ values are given. If #o and ny values are given, 
one must use Eas. (4°11) and (49). 
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If we differentiate this with respect to colour and express the 
differences by A, then for achromatism (A f’=0) we need 


Alas) Gi Fiala aral) 
Now, «(4°15 


1 ) Am 1 %1 s 
=r |= .G. = Tr =? se (4 16) 
aly a AA 
Where «, is dispersive Power of the material of the first lens and G 
is the geometric factor (1/Ri—1/R,). Using a similar expression for 
A (1/f,') and substituting in Eq. (4°15) we get for achromatism 


Se eee lc A IL E 


Oy Wo t ` 
= loto) (4-17 
| DA Ada Tals M1 “a 


If the lenses are of identical Materials (©;—w,), the condition 
for achromatism reduces to 


ith ---(4°18): 


Thus an achromatic combination of two thin lenses of the same 


material is achieved if separation between them is e ual to half the sum 
of their focal lengths, i 4 


It is interesting to recognize that since f,’ and 2’ depend on A 

We can satisfy Equation (4°18) for one particular laat Ay only. 
1s means that in the neighbourhood of this wavelength the focal 
length does not change with A. This o may be chosen at sodium 
yellow (5893 4°) for visual instruments, Then f'o and f’r will be 


The contact achromat is widely used 
Scopes, collimators and cameras. But in 
€ns achromat js Widely used (see Chap, 6), 


in objectives of tele- 
€yepieces the Separated. 


, t 
to = © Eat and ay’ = fp! bat 
1 


fix’ 
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Now in achromatism we make fo'=fs', but fic’ is not equal 
to fır’. Hence the combination does not have its principal planes 
Ho' and Hy’ in coincidence. 
The focal points lie at 
distance fc’=fe’ from the 
respective principal planes. 
Hence the focal points also 
do not coincide. Fig. 4°4 
shows the principal and Y : 
focal planes of the image Fig. 4-4. 
space (those for object 
space not shown). For a white incident ray the emergent rays for C 
and F colours are as shown. They make equal angles with the axis 
but do not meet the axis at the same point. 


An optician does not mind this, because vision depends upon 
angles subtended. But a photographer will reject the combination. 
A hard fact is that no combination of lenses of the same material can 


achieve achromatism of both position and magnification of the image. We shall 
not proceed to give a formal proof of this. 


{PROBLEMS 


4'1. Dispersive power of a material is sometimes defined as 
(Noiotee—Nrea)|(Myetiaw—1). Discuss the need for a more precise defi- 
nition. Explain also why an optician and a photographer require 
different reference ‘colours’ for defining dispersive power. 

4'2. Using values of Table 4°1, calculate the longitudinal chro- 
matic aberration for a convergent lens of crown glass of focal length 
1'0 metre, object being considered (i) at infinity, (ii) at 2 metres in 
front of the lens. 

4'3. Spectacle lenses are generally made of crown glass, while 
spectrometer prisms are made of flint glass. Explain. 

4'4. Chromatic ‘error’ of a lens does not depend on the aper- 
ture. But if the aperture of a lens is reduced, the chromatic defect 
in the image on a screen is also reduced. Explain. 


4'5. An achromatic contact doublet of focal length 40°0 cm is 
to be made using hard crown and flint glasses. Calculate the focal 
lengths of the components from the following data : 


Hard crown nvo=1°5190 nr—no=0°00852 
Flint nvo=1'5786 nr—no=0'0141 


Calculate also the geometric factors [G=(1/R—1/R’)] for the two 
lenses. 
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46. From the data in Table 4'1, design contact doublets of 
f'=100 cm using Hard Crown and EDF glasses and achromatic fro 
(i) C and D, (ii) F and H, 


47. An achromatic contact doublet of f’=80'0 cm is to be 
made, with contacting faces giving perfect fit, and keeping the posi- 
tive component equi-convex, Design the doublet (i.e., deduce the 
radii of curvature of the components), given the following data : 


for crown glass : no=1°51642, ny=1°52494 
for flint glass : no=1'57443, nv=1°58852 


4'8. Show that for an achromatic combination of two separa- 
ted lenses of the same material 


role) 


two thin lenses Placed at a distance apart, and specifically answer 
whether this combination is Suitable for (i) a camera Objective, (ii) 


. 410. From the data in Table 4'1, deduce the angular separa- 
tion of c and F lines by a 60° prism in minimum deviation position, 
if the prism is made of (i) hard crown glass, (ii) DED Flint glass. 


. 411. A single lens Magnifier has focal length 5'0 cm for D 
line, and is used as aX5 magnifier for that colour. If dispersion 


from C to F js 0°017, deduce the lateral chromatic aberration 
mc—my |, 


5 


Monochromatic Aberrations of Images 


In this chapter we shall consider aberrations present in images 
formed with monochromatic light. These aberrations occur if (a) 
the optical system has large aperture, or (b) the rays make large 
angles with the principal axis, or (c) the object has large size perpen- 
dicular to the axis. 

In the ideal theory of image formation we always use the 
approximation sin 0=9. This is not true if the angles involved are 
large. We may geta first estimate of the errors if we take sin 0= 


3 
(= AA The theory developed is then called the ‘third order’ 


theory. For even greater accuracy 6° term may also be considered 
(fifth order theory). We shall not give these theories, but only refer 
to the results and indicate the steps needed to avoid or minimise 
the aberrations. 

5'1. General Description of Different Aberrations 


(i) Spherical Aberration. If we consider a lens with spherical 
surfaces, and an object point P on the axis, then the rays near the 


MAR, 

Gi 

| j NAL Ray 
PAR, 

at ap Lee —ABAXIAL RAY 


<a 


— 


Fig. 5'1. 
Longitudinal spherical aberration for object at finite distance 


axis (paraxial rays) and the rays near the margin of the lens (margi- 
nal rays) form images at different points Pa and Pm [Fig. 5°1]. The: 
distance P,Pm is called longitudinal spherical aberration. In a 
transverse plane at the paraxial image point P, the image is not a 
point, but is a circle of some radius. This radius gives the transverse 
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Spherical aberration. Spherical aberration is due to large aperture of 
the lens* and concerns the image of an axial object point. 


(ii) Astigmatism. In Fig. 52, P is a point object far aside 
from the axis of the lens. The plane passing through P and the 
Principal axis is called the fangential or meridianal section. The 
plane perpendicular to this and Passing through the principal axis is 
called the Sagittal section. Now we consider only a small aperture 
ABCD of the lens near the centre. Even then, due to large inclina- 


tays from P does not meet at one point after refraction. Rays PA, 
PB which are in one tangential (or meridianal) Section meet at T. 


Fig. 5-2, 


Showing astigmatic line images TT’, Ss’ Sor object point P 


to 7”. Thus TT" is a line image. Similarly Ss’ js ; 


lengths are perpendicular to the tangential g i 
respectively, The error is called astigmati qa me, ines 


(iii) Coma. In Fig. 5'3, let the | 

Spherical aberration, Which i ae 
zones of the lens form image at Q’ o i i 
off-axis object Dait W, consider a slightly 
i PA je ae Der and a narrow Outer zone of the lens shown 


s 


aa a E be Ponsiderea telative to the focal length. Thus 
5.cm diameter and F200 rays =5 cm has ‘larger’ aperture, than a lens of 
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P JA TANGENTIAL SECTION 
eas NA 
ny ar 
Peers Segre 


\8 chee 
|e Lge 


Steno eee --7-3-l- 


Fig. 53 
Showing how rays through a given zone produce a comatic circle 


The pair of rays PA, PA’ (in tangential section) meet at a. The 
rays PB, PB’ (BB’ at 45° from tangential section) meet at b ; the 
rays PC, PC’ (sagittal section) meet at c, the rays PD, PD’ (where 


IMAGE 
PLANE 


| 
| 


IMAGE BY AN 
OUTER ZONE 


IMAGE BY AN 
INNER ZONE 


IMAGE BY AN 
INNER ZONE 


IMAGE BY AN, 
OUTER ZONE 


(a) Fig. 5°4. (6) 
Negative coma—tail towards the Positive coma—tail outwards 
principal axis from the principal axis 


DD’ is at 45° from sagittal section) meet at d. The result is that for 
P we get a circular image abcd ; the circle abcd is called the comatic 
circle. As the zone on the lens is taken more and more outwards, 
the comatic circle increases in radius. Not only this, the magni- 
fication m=y'/y and hence height y’ of the image (Fig. 5°3) also 
changes as we take different zones. These two facts combined give 
for the whole lens a coma-like image of Pas shown in Fig. 5'4. 
This error is called coma, and is particularly serious in microscopes, 


(iv) Curvature of the field and (y) Distortion. Let us consider 
a system free from spherical aberration, coma and astigmatism. 


48 Optics and Atomic Physics 


This means that for each object point P (near or far from the axis) 
there will be one and only one sharp image point P for all zones 
ofthe lens. Now there are two possibilities of trouble still left. In 
Fig. 5'5 we show two cases of formation of images of five equidis- 
tant object points in one transverse plane. In case (a) the five image 
points are equidistant but do not lie in one transverse plane. 


OBJECT IMAGE 
1 As 
2 4 
3 3 na 
4 (a) 2 
5 1 
1 i5 
: 4 
a e a E 3- 
4 (b) 3 
F 1 
Fig. 5'5. 


(a) Curvature of the field (b) Distortion 


This aberration is called curvature of the field. (The curvature 
could be the other way too). In case (b), the five image 
points are in one transverse plane, but are not equidistant. 
The aberration is called distortion. One may have pin-cushion 
distortion (outer regions more magnified) or barrel distortion (outer 


regions less magnified). This error is particularly serious in photo- 
graphic cameras. ; 


52. Formulae for sphercial aberration 
Reflection ata Single Surface. In Fig. 5°6, a 
llel to the principal 


in some cases ; (i) 
su n incident ray para 
axis is shown meeting a spherical mirror at 


Fig. 5-6, 
For deducing spherical aberration of a mirror 


height h. The reflected ray intersects the axis ata point F W 
call OFn=f; the “focal length for i ete 
5°6, we readily see that gt : rays in zone h”, From Fig. 


ya 
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Sr=OC—CF,;, 
pay i Sy R 
cos i 2 cos i 


If h—>0, angle i>0, and then f,>R/2. This is the usual focal 
length for paraxial rays and we call it f. Substituting this for R/2 
we get 


Sfr=fo(2—sec i) -(5'1) 
From Fig. (5°6) we note that 
renew Rhea ele ots: 
sec i=- IR =e mpata R 


he 
IT gpa” 


that is the ‘third order’ theory, neglecting 4th and higher 
Powers of A/R. Substituting in Eq. (5'1) and calling fo—f, the 
spherical aberration (SA) for object at infinity, we have 


SA =fy—fr=t A EWA) 


may be more meaningful to see the ratio SA/fo. It comes out to be 


It 
(##/fo*)/8, and for h/f,=1/2, it amounts to ~3%. 


Example 5-1. Deduce the spherical aberration for a mirror of focal length 
50 cm and aperture (7) 10°, (i) 30°. 


Solution, sec 10°=1°017, sec 30°=1°155 
Using Eq. [5-1] SAlf,=0°017, SAlfig="155 
et SA=0°85 cm SA=7-8 cm. PS) 


(ii) Refraction at a Spherical Surface. Using Fig. 5'7 and a 
Procedure similar to that with Fig. 5'6 we may deduce 


Fig. 5'7. 
For deducing spherical aberration of a refracting surface 
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sin r A 

f = —— A ae] 

fi =0C+CFa=R { +e } (53) 

whence a ‘third order’ formula for SA (neglecting terms of fourth 

and higher order in A/R) comes to 

kè kè 

= mahf 2n? R 


Example 5'2. For refraction at a spherical surface of n=1'5, R=20 cm, 
evaluate the aberration for A=5 cm and h=7 cm. 


SA +++(5°4) 


Solution. From Eq. (5:4) the computation is direct. For h=5 cm. 


2 
SA 5 


—Dxlsxisx2 0 0m. 


For h=7 cm, then 


SA=0'28 x T =0'55 cm. © 
(iii) Refraction through a Thin Lens. In the third order theory 


the spherical aberration of a spherical lens for objects at infinity is 
given by 


Ae D (53) 
fe 


where ¢ is a function of the refrac- 
tive index n and the shape factor 8 
defined by ®=R,/R2, that is, the 
tratio of the radius of curvature of 
the first to that of the second face. 


Fig. 58 shows a plot of $ 
against for n=1'5. It shows that 
there isa minimum value of ¢ for 

=— 1/6, which means— 


ZTR; | for min. SA : 
ae 6 with n=1°5 -+(5°6) 


_ For this situation the value of Pigg 
¢ is nearly 1 and Eq. (5:5) gives — Showing dependence of spheri- 
cal aberration factor on shape 


ees ne í 
[ Se Inet ag (5'7) factor of the lens 


A plano-convex lens with convex face towards incident light 

. E ' 

gece eonde to B=0 ; Fig. 5'8 shows that its aberration is close to 

ne minimum. For the same lens, with plane face towards incident 
light, 8 is —œ, so that ġ (n, B) an 


d hence SA becomes quite large. 


w E 
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5'3. A General Principle for Reducing Spherical Aberration. 
There is a general principle that spherical aberration is minimum 
when the total deviation i 
produced by an optical 
system is equally divided 
between various refractions 
that take place. 


Applying this general 
principle to a combination 
of two lenses, in Fig. 5°9 the 
deviation 5 is divided equal- 


ly between the two lenses. Fig. 5-9. 
Since deviation of a given Equal distribution of deviations 
tay by a lens is given by h/f’ minimises SA 
(see § 3°5), equal deviations 
mean 
fy _ fi 
hy fa 


Also we notice from similar A‘ that 
hy hes O1F,' fi’ 


h OR fii 
Comparing the two values of /y/h, gives 
t=f'—fy’ (58) 


Thus, a combination of two lenses gives minimum spherical 
aberration if their separation is equal to the difference of focal 
lengths between the first and the second lens. Note that the result 
holds for incident rays parallel to the principal axis. But the chief 
ray in most cases so nearly satisfies this condition that rule (5'8) is 
generally applicable. Huygens’ eyepiece (§ 6'4) satisfies this rule. 


5'4. Aplanatic Surfaces and Aplanatic Points. Consider a 
setting in which a very wide cone of rays froma point P comes to 
sharp focus at another point P'. The point concerned are called 
aplantic points and the surface or lens concerned is called aplantic 
surface or lens. For a given lens or reflector this condition of zero 
spherical aberration for a wide cone of rays applies for a particular 
pair of conjugate points only, not for all the conjugate pairs of 
points, 


In Fig. 5'10 let P and P’ be a pair of points and consider the 
locus of a point A such that 


PA+AP'=Constant=KĶ -++(5°9) 


_ This locus of A is an ellipse. One of the properties of the 
ellipse is that PA and AP’ make equal angles with the normal at A. 
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Therefore, if the ellipse is rotated about the axis PP’ and the 
surface so obtained (ellipsoid) is silvered, we get a mirror such that 
all the rays from P, whatever their angle, converge sharply at P’ and 
vice versa. The ellipsoidal surface is called an aplanatic mirror, and 
the pair of points P, P’, which are its focii, are called the aplanatic 
points. 


A parabolic mirror is a special case of the above one, where 


Fig. 5°10 
The ellipsoid of revolution as an aplanatic reflector 
one aplanatic point is its focus, the other lies at infinity. Such mir- 
rors are widely used in motor headlights, lighthouses, etc. 


In Fig. 5'11 we show a spherical medium with centre O, radius 
r and refractive index n, surrounded by air. Consider an object point 
P at distance OP=r/n. Consider any ray PA from P. It is refracted 


Fig, 5'11. 
Aplanatic points of a sphere 
canoe BA produced meet the line OP at P’. We propose to 


In A OPA, 
sn OA r 


along AB. Let 


sine) OP rn E 


a> e 
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But by Snell’s law sin 6/sin «=n. Hence it follows that 86. 
Then in A AP’P 
p=0—(-2) =b—-(B—a) =a 
This gives 
pki _. Sin Be ee =n > OP'=n.r ...(5°10) 


We note that distance OP’ is independent of the inclination (0) 
of the incident ray PA from the axis PO. No approximation is 
involved. So all rays from P, whatever their slope, will, after refrac- 
tion, appear to diverge from P’. These conjugate points P, P’ are 
called aplanatic points of the sphere.* 


If we draw two spheres around O with radii OP and OP’, then 
we shall find that for every object point on the first sphere there will 
be an image point on the second sphere free from spherical aberra- 
tion. These two surfaces are called aplanatic surfaces. (They are not 
plane surfaces.) The linear magnification is rn——r/n=n?, and surface 
magnification is n*. 


Practical use of aplanatic points of a sphere is made through 
the use of (i) an oil immersion lens, and (ii) a ‘meniscus’ lens. 


Oil Immersion Lens.** In this ‘lens’ a hemispherical lens of 
radius r and refractive index n is supported over an oil of the same 
index n and depth equal to r/n. The arrangement is shown in Fig. 
5'12. As discussed above, for an object at P (distance r/n from 
centre of the sphere) all the rays in the wide cone appear to diverge 
from a single point Q (distant rn from centre of the sphere). There 
is thus no spherical aberration. 


One can see that the semi-angle @ of the cone of incident rays 
from P entering the lens is given by tan §=n, while the semi-angle 
6’ of the emergent cone of rays is given by tan 6’=1/n, so that the 
cone of rays converges by a factor tan é/tan 0’ =n". 


*See § 1-6, Ex.1.6. A full discussion in the light of Fermat's principle is given 


there for this case. 
**The advantage of oil-immersion of the object may also be seen in the light 
of Lagrange-Helmholtz law (Eq. 2:20). It increases the magnification, 


[See Example 2°4]. 
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a a 
Fig. 5-12 Fig. 5°13 
Oil immersion objective as a A specially designed meniscus ey 
Practical use of aplanatic is aplanatic for a pair of point: 
points of a sphere 1, P 


Aplanatic Meniscus Lens. Fig. 5°13 shows this case. Cy is 
the centre of cur 


vature of the surface II of radius r. Choose Cı such 

that distance C,C.=r/n and choose surface I such that C, is its 

centre. Now if C is the object point, all rays from it are normal to 

surface I and enter the lens without deviation. At surface II they 

nd so as to form a virtual image without spherical aberration at 
P', where C.P'=r.n. 


gether with an oil immersion 
y turn Fig. 5'13 anticlockwise 
and place it above Fig.: 5.12, making C, coincide 
with Q [Fig. 6'1 arrangement.] 
Example 5'3, Calculate the radii of aplanatic surfaces for a refracting 
sphere of n=1:60, R=3:2 cm. Calculate also the magnification of the image in 
area. 


R (internal) =3°'2+1'6=2:0 cm. 
R (external) =3-2 1°6=5-1 cm. 
=n'=6'5, 


Solution. 


Surface Magnification © 
Example 5-4, An oil immersion objective and a meniscus lens are used in 
Succession, each having n=1:60, Calculate the Semiangles of the incident and 
emergent cone of rays, 
Solution. 


For the incident cone, tan §=r=(r/n)=n=1-60 

For the intermediate cone, tan 6’=r=(r7) =1/n=0'667 

Th the meniscus lens 6’ now becomes the incident cone. If 61s the 
emergent cone, . 


tan Cm! tan = 0:261 
n 


į \ 
L ) 
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From tables we get 
6=58° ; @/=33°42’ ; 0”= 1436’ 


[Note that the reduction of semi-angles of the cone reduces considerably 
the aberration by the later components ın a microscope.] 


5°5, Reduction or Elimination of Spherical Aberration. We 
now briefly record the different methods of reducing or eliminating 
spherical aberration. 


(i) Reducing the Lens Aperture. Reducing the aperture h 
reduces SA considerably. But it also reduces intensity of the image 
and resolving power of the instrument (see Chapter 15). 


(ii) “Bending” of a Lens. For given n and given f of a lens 


the geometrical quantity (1-5) is fixed. But individual 
1 2 


radii R, and R, can be chosen variously. Spherical aberration is a 
function of the shape factor R,/Ro=P? [see § 5:2 (iii)]. We can 
therefore choose ß in such a way that the aberration is minimum 
(see Fig. 5°8). This process of choosing B is called “bending” of the 
lens. When the bending exactly suits the minimum aberration 
condition, the lens is said to be a “crossed lens.” 


(iii) Use of a Separated Doublet. When a separated doublet 
is used, the separation between the lenses for minimum spherical 
aberration is given by Eq. (5'8) : 

t=f'1—f's 
Additional advantage comes if each lens is itself ‘“bent’’ to give 


minimum spherical aberration. This condition is used, for example, 
in Huygens’ eyepiece (§ 6°4). 


(iv) Contact doublet of convex and concave lenses of suitable 
shape factors. If K represents [d(n,8)] of Eq. 5°5, so that SA=Kh?/f’, 
then a contact doublet has zero SA when 


Kz —(£ y (S11) 


(we omit the proof). This condition can be fulfilled together with 
the condition of achromatism because the shape factor is a free 
parameter for adjusting K values. But K depends also on u, Y ; 
hence the condition holds for a given pair of conjugate points only. 


(v) Use of Aplanatic Points. Property of aplanatic points is 
useful when the object can always be brought to a particular posi- 
tion, e.g., in a microscope objective. In this case spherical aberra- 
tion is totally absent ; but this holds only for one pair of conjugate 
points on the axis. For other pairs of conjugate points spherical 
aber ration exists, but is small (coma is more serious here). 
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(vi) Use of Specially Corrected Surfaces. Mirror or lens surfaces 
may be specially “corrected” in such a way that rays from all zones 
come toacommon focus. The surface is then not spherical and is 
called “aspherical”. Such arrangements are used in all expensive 
telescopes and cameras using large aperture. However, the correc- 
tion will be applicable for one pair of conjugate points only—hence 
for each special task special correction has to be worked out and 
executed. 


An alternative is to use ‘corrector plates’. Fig. 5°14 shows the 
Schmidt corrector plate P used widely with large aperture reflector 
telescopes. As Eq. (5°2) shows, 
the rays falling on outer parts 
(larger 4) come to focus earlier 
than those falling on the central 
part of the mirror. The Schmidt 
plate effectively compensates 
this by acting as a concave lens 
for rays at larger h and asa 


Fig. 5-14. 
convex lens for rays at smaller y i3 t 
h. Its positioning is at the The Schmidt corrector plate P to 


centre of curvature of the re. correct spherical aberration 
flector R to ensure that the of the reflector R 
effect is independent of the inclination of the chief ray. 

5'6. Elimination of Coma. Abbe’s Sine Condition. In Fig. 5°15, 
for an axial object point P, the rays from lens zones defined by 6, 
and 0, form images at P,’ and P,’ respectively. (The fact that Py 
and P,' do not coincide means that spherical aberration is present). 
For an off-axis object point Q, each lens zone would normally form 


Fig. 5°15, 


For consideration of Abhe’s sine condition 


a ring image, as shown in Fig. 5:3, But by a special desi 
ensure a point image for each zone. In eerie Gent i ae 
the point Images of Q for lens zones 0, and 0, respectively. . 


For elimination of coma we want the ificati 4 
k r ma 
independent of 6 (even though the image plane Leni iN $ 


oD WW 
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Abbe showed that in any lens design which gives a true point 
image for off-axis object points for all zones 6, the relation 
ny sin 0=n'y' sin 0' «.-(5°12) 
must hold for all 0. This is called the Abbe sine relation. Absence 
of coma requires then that 
sin 6 
sin 0’ 
This is the Abbe sine condition for absence of coma. To 
check whether this holds for a given system one has only to do ray- 
tracing for an axial point source. 

_ It may be noted that a design satisfying Eq. (5°13) for a given 
position P will not, in general, hold for other positions. Also the 
design may not be the one that gives minimum spherical aberra- 
tion.* 

s The proof of Abbe’s sine condition is rather tedious and we shall not give, 
it. But Abbe’s condition is certainly not derivable from the Lagrange-Helmholt 
law (Eq. 2°20). Eq. (5°12) holds for all 0, but only in cases where point-for-pion ; 
image is ensured by the lens design for each zone. In contrast, the Lagrange 
Helmholtz law is for spherical refracting surfaces, but for paraxial rays only’ 
It says nothing for large @ values. 

In an eyepiece, where 0<0’, we may treat @ as proportional to 
the height h where the incident ray meets the principal plane H. 
Since the conjugate ray meets the plane H” at the same height h, the 
condition (5°13) reduces to 


=constant for all 0 HCS 


=constant . (514) 


sin 0’ 

It means that the principal ‘plane’ H’ must be spherical with 
the image point as the centre. For objects at infinity (as in a tele- 
scope), the image point is F’ ; hence the H' is a sphere of radius i 
That makes the ‘marginal’ focal length equal to the paraxial one ; so 
spherical aberration is also absent. 

57. Elimination of Astigmatism. (a) Use of stops. With 
a single lens or mirror, astigmatism is avoided by using suitable 
stops to cut off rays making large slope angles with the axis. In 
Fig. 5'16 we show a concave mirror with C as its centre of cur- 
vature. For an object point P, beam PAs with its chief ray passing 
through C is a paraxial beam and the image for it will be free from 
astigmatism. Jf beam PA, is to form the image, its chief ray makes 
a large angle @ with the normal CA, at A;. Image due to this will 
be astigmatic. A “stop” at C with a small central hole thus 
eliminates astigmatism.** 

In the case of lenses also “‘stop’’ or stops introduced carefully 
minimise astigmatism. In Fig. 5°17, a stop at S with a central hole 


* The aplanatic lens (§ 5-4), which has zero SA gives fairly low coma also; 
hence this system is widely used in microscope objectives. 

**The slope is not to be measured from CO but from the normal at the point 
of incidence of the chief ray of a beam. 
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permits rays of large slope in object space, 


space like ray 7. A stop at S’ does just 
where vœu, 
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but small slope in image 
the opposite. In this case, 


the slope in the latter case (ray 2) is smaller, and hence 


S’ is a better position for the stop. For each case a suitable position 


for the stop can thus be chosen. 


Fig. 5-16. 
Choosing the Proper position 


of a stop 


€ convex one. 
by a suitable combination (see F ig. 5'18) 


SıTı and S,T, are 


good 
large field angle 
used. 

5'8. Elimination of Curvatu 
the field. (a) Use of stops. In anne 
lens, curvature js eliminated by giving 


Fig. 5:17. 


Use of a stop at the proper 


place eliminates coma 


n Fig. 5'2 the axial separa- 


Fig. 5°18. 
Opposite astigmatic errors; 
of two components and 
the Petzyal surface P 
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the lens a meniscus shape and using a front stop (Fig. 5°19) some- 
where near the centre of curvature of the meniscus shape (dotted 
curve). The net result is that 
as P goes away from the axis, 
we use outer parts of the 
lens and its meniscus shape 
brings these outer parts of the 
lens nearer the object, and 
hence their image points are 
pushed farther away. This is 
exactly what is desired to 
eliminate curvature of the 


Fig. 5°19. 
field in a convergent system. A stop and a meniscus lens for 


Proper design will eliminate deducing curvature of the field 
the field curvature error over a wide angle ; but the outer parts 
show marked astigmatism, since the rays emerge very obliquely 
from the second face, as can be seen in Fig. 5°19. 


(b) Petzval combination. For a combination of two equicurved 
lenses, whether in contact or separated, Petzval has shown that 
curvature of field is zero when 


my fit nfz=0 (5°15) 


where f, and fz are focal lengths of two lenses and m andn, the 
refractive indices of their materials. Since refractive indices are 
always positive, it follows that fı and f> must have opposite signs. 
We get 


Silfo=—Me|m (5°16) 


We recall that for achromatism, in a contact doublet, the con- 
dition is fi/fa= —,/o2(Eq. 4'12). In general, materials of higher n 
have also higher dispersive power ©. Hence elimination of curva- 
ture of the field and of chromatic aberration cannot be achieved 
simultaneously in a contact doublet. 


Petzval condition (5°15) can be satisfied for the same material 
(nı=n;) by choosing f>=—/f;. Placing two such lenses at a distance 
less than f, gives a convergent combination free from curvature of the 
field. Astigmatism will also be quite low since astigmatic differences 
are opposite for the two lenses, although not equal. 


5'9, Reduction or Elimination of Distortion. Without a 
detailed analysis, we only state some results : 


(a) A single thin lens shows no distortion. 
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(b) In case of doublets, a 
symmetrical doublet, with 
centre stop (Fig. 5°20) reduces 
distortion. The system must 
be corrected for spherical aberr- 
ation for the conjugate points 
Sı, S, for complete elimination 
of distortion. If each com- 


ponent lens is free from chro- _ Fig. 5:20. r 
matic aberration and astigma- Symmetrical dublet and a centre 
tism, we get a good camera stop eliminate distortion 


lens or projection lens. 


PROBLEMS 


51. Calculate the spherical aberration of a spherical reflector 
of f=100 cm and aperture diameter 60 cm. 


52, Calculate the spherical aberration ratio Af/f for a 
spherical mirror whose aperture diameter is 1°4 times the paraxial f. 


53. The spherical aberration of a lens is given by 
Afi =A /fy’ 
where A is constant. Compare the aberration in the following three 
cases : (i) when central zone h=0 to 10 mm is used, (ii) when a 
peripheral zone h=20 mm to 24 mm is used, (iii) when the whole 


lens h=0 to 24 mm is used. Calculate also the relative amounts of 
light collected by the lens in the three cases. 


«> 4: Define ‘shape factor’ of a Jens. Explain what is meant 
by ‘bending’ of a lens. A plano-convex lens is used to focus a distant 
object. Discuss the sharing of deviations 5, and 5, by the two faces 
when (7) the flat face is towards the object, (ii) the curved face is 
towards the object. Comment on the results in relation to ‘shape 
factor’ and ‘bending’. 


‘minimum Spherical aberration’ of a combination of two separated 
thin lenses, design a combination of equivalent focal length 5'0 cm. 

5'6. Deduce the third order theory expression for the spheri- 
cal aberration of a single refracting spherical surface [Eq. (5*4)], 


57. An oil immersion objective uses a hemis herical le 
ahi. il im ns of 
n=1°6S and radius 0°80 cm. Deduce the position hoe the object 
should be located, and where its image would be formed. Deduce 
also the areal magnification of the image, 


5'8. A thin mensicus lens is to be used 
j j as a 
If its larger radius of curvature is 20 cm and Asisi deduce the 


and positions of the 
~ e 
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59. A coaxial lens system is examined by ray tracing from a 
given axial point. The 0” values for different 6 come out as follows : 
@=5° 10° 15? 20° 30° 40° 50° 60° 
_p'=1°0' 1959": 2°58’ 3°55’ 5°44’ 7°23" 8°49’ 9°58" 
Examine the system for comatic error. If the refractive indices of 
the initial and final media are 1°75 and 1°00 respectively, deduce the 
magnification. Can we conclude from the data that spherical aberra- 
tion is absent ? 


5'10. State Abbe’s sine condition. Show that for object point 
at infinity it reduces to h/sin §’=constant, where 6’ is the angle of 
emergent ray corresponding to the ray incident at height 4. If the 
system is to have zero SA too, then the principle “plane” H’ must 
be spherical and of radius f’. Explain. 

5'11. A concave mirror of radius of curvature 20°0 cm and 
large aperture is used with a ‘stop’ placed at the centre of curvature 
and having a small central hole. An object 80cm in height is 
placed 15°0 cm away from the centre of curvature. Discuss how the 
stop affects (i) spherical aberration, (ii) astigmatism. Deduce ‘w’ 
for the axial point and edge point of the object, compute the “AV 
values and draw a diagram to show the nature and extent of curva- 
ture of the field. 

5°12. Define tangential section and sagittal section in relation 
to astigmatism, and explain how two sharp line images of a point 
object are formed in two planes. How may astigmatism be correct- 
ed for. 

5'13. Instead of laws of reflection or refraction, use Fermat’s 
principle (Chapter 1) to deduce Eqs. (5°1) and (5°3). 


5°14. Consider the cases of (i) a telescope objective, (ii) a 
microscope objective, (iii) an eyepiece and (iv) a camera lens 
system. Which of the aberrations are most serious in each of these 
cases? How are they generally minimised ? 

5'15. Explain the principle behind the Petzval combination 
of lenses. Is the Petzval surface always a plane ? 


6 
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Ee 


The reader is familiar with the image forming action of 
instruments like the eye, camera, microscope, telescope, epidiascope, 
ete. What follows will deal with two related questions : 


(i) What factors decide the apertures of the various compo- 
nents, the position of the eye, the total field of view, etc. ? 


In effect most of our effort will be spent on the first question. 
The second question will be barely touched, because it would lead 
covered in Chapter 15, 


61 Entrance Pupil and Exit Pupil. In Fig. 671, D’ is a dia- 
phragm with Opening A’B' in it and L is a lens in front of it. By 


Fig. 6'1 
Entrance Pupil and exit Pupilina Simple system 
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backward drawing we obtain the points 4, Bin object space con- 
jugate to A'B’. 

If an eye or any instrument is placed to the right of D’, the 
width of the exit beam is limited by A’B’, whichis called the exit 
pupil for this highly simple single lens viewer. The width of the 
entrance beam is AB which is called the entrance pupil. 

If, however, you introduce a diaphragm in plane D, and its 
opening is smaller than AB, the situation changes. Imagine that 
the opening is (1/3) AB. Then the entrance pupil is (1/3) AB and 
that limits the exit pupil to (1/3) A’B’. 

In this discussion it does not matter for us what is placed at 
the plane D or at plane D'— it may bea simple opening, ora 
convex lens, or a concave lens.* All that we assume is that D is the 
first element on the entrance side, and D’ is the last element on the 
exit side. 

In the intervening space between D and D’ there may be any 
number of elements—convex lenses, concave lenses, or both. All 
that we assume is that A'B’ is the image of AB by all the intervening 
elements. In other words, the exit pupil is the image of the entrance 

upil. 
— What we place in the opening AB is certainly of interest to us. If it 
is a simple opening we see objects in the projection of cone AOB. If there is 
a convex lens there, we see object in a smaller cone. If there isa plane mirror 
there, we see objects in a cone behind ourselves. 

It may be noted that an eye placed at A’ does not see the images of A, 
it only receives the light which passes through position A. If the eye extends 
over range A'B’ it receives the light which enters the instrument over the range 
AB. What the eye really sees are obiects to the left of AB, and in this business 
the elements placed in the aperture AB and A’B’ do play a serious part. 

In most situations the eye itself is the exit pupil. A diaphragm 
with an aperture is provided in the instrument in the plane where 
the image of the front leas (not of the object) is made by the interv- 
ening lenses. This aperture is slightly Jarger than the aperture of 
the human eye (~2mm) ; therefore, the human eye sets the limit 
at this exit end. 

An example will be useful. Ina telescope the ratio of exit 
pupil to entrance pupil is equal to 1/m, where m is the magnification. 
If a 40 cm diameter objective is used and magnification is 100, the 
exit pupil to use full objective aperture should be4mm. The eye 
would provide only about half the required pupil. Thus there is 
waste of the outer half of the objective. For full use of the 40 cm. 
diameter of the objective the magnification should be 200. Fora 
camera or an epidiascope no such limitation exists. 

62. Field of View. In Fig. 6'2, E is the eye and AB an 
aperture. In the absence of any aid (like the concave lens shown), 
the eye can view objects in the angular range PEQ. This is called 


the field of view. If the concave lens is added in plane AB, light 


*Note that image of AB by a lens at the same place is AB itself. Similarly 
the image of A'B’ by a lens at the same place is A’B’ itself. 
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ider field P’Q’ can reach the eye. We say the field of view 
Dated A convergent lens placed in plane AB would narrow the 

field of view. 
In a single element like this the field of view is easily seen to 


i he eye 
ual to the angle subtended by this lens aperture at t 
pee by the magnification m provided by the lens. 


Fig. 6-2. 
Field of view is enlarged by a concave lens 


For a compound system the situation is slightly different 
Figs. 6'3 and 6'4 show the cases of a telescope and a microscope 


EYE LENS 


Fig. 6:3. 


Field of view 0, is given by I/m times angle AEL, 
respectively. In each case the image of O by the eye-lens Ly falls. 
at E, the centre of the eye-ring (the exit pupil). If L, subtends angle 
6, at the eye-ring, the field of view in Fig. 6°3 is given by 

aoe .+-(6'1a) 


where m is magnifying power of 
aperture of objective O (entrance pu 


> van 


the telescope. Note that the 
pil) plays no role in determining 
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the field of view. Ina microscope (Fig. 6'4) the angle 0, is related 
to height y (rather than 01) and the magnification is defined by 


ji 


i Fig. 6'4. 
L Field of view (y cm radius) in a microscope is given by (8./m) x D 


the ratio of 6, to y/D, where D is the least distance of distinct 
vision. We thus have 


os a Bi 
m= JID or Mar my ---(6°1b) 


The field of view y is again dependent on 62, the angle subten- 
ded by the eye-leas at the eye-ring. As a near approximation, the 
distance L£ is close to the focal length of the eye-lens, so that 6, 
is the ratio of the radial aperture to focal length for Z,. Fora 
single lens this cannot be made large without serious aberrations 
and therefore considerable attention is paid. to Constructing eye- 
pieces with multiple lenses so as to produce large field of view with- 
out much aberration. 


6'3. Need for a Multiple Lens Eyepiece. For a given magni- 
fication m, the field of view is proportional to the angle 0. subtend- 
ed by the eyelens at the exit pupil [Eq. 6'1]. Fora Single eye-lens 
to achieve high 05, there will be considerable aberrations. By using 
multiple lens eyepieces we therefore achieve two purposes, 


(a) Enlarging the field of view : The field lens of the eyepiece 
effectively pushes the eyelens closer to the exit pupil, so 
as to enlarge the angle subtended. — 


(b) Enabling us to minimise aberrations : Firstly, the devia- 
tions of rays are divided over a large number of surfaces, 
so that spherical aberration is minimised. Secondly, for a 
> separated doublet chromatic aberration can be reduced to 
zero or considerably minimised without involving diff- 
erent materials for the lenses. 


In Fig. 6'5 we show the general function of an eyepiece. In the 
two-lens eyepieces the one nearer the eye is called eye Jens, the other 
| is called field lens* 


* The name itself suggests the role of the lens in enlarging the field. 
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i i i let us take 
reciate the functions (a) and (b) cited above, l 
ie dans of Ramsden’s eyepiece (§ 6'5). If fi’=fe BA 5 ea 
ol length of the combination comes to 3'4 cm and distance o 


EYELENS 


EXIT PUPH. 
EYEPIECE 


Fig. 9°5. 
Explaining the functicn of a typical eyepiece (Ramsden’s) 


from the eyelens is 1'1 cm. This means that 
eyelens the angle 0, obtained in the two- 
obtainable by using a single lens of e 
and same aperture. Thus the field of 


fora given aperture of 
lens eyepiece is 3 times that 
quivalent focal length (3°4 cm) 
view is considerably enlarged. 


Also note that (for the same aperture 
cm will have more aberration than the eyelens of fa =4°5 cm used in 
the two-lens eyepiece. The use of two separated lenses also reduces 


the chromatic and spherical aberrations as compared with a single 
lens. 


) a single lens of f’=3'4 


Example 6'1. In a telescope with a single lens eyepiece of f—6 cm the 
objective is 106 cm from the eyepiece. Deduce the Position’ of oa 
magnification of the telescope, and size of e 


Xit pupil‘ 

mtrance pupil if exit il is taken 

as 2mm diameter. If diameter of the eye lens is 3 cm, deduce fe’ sexitanicte of 
the field of view. 


Solution. Exit pupil is at the image of objective by the eyelens (Fig. 6'1). 
Given u=—160 cm, f=6 cm, we get 
106 x6 
væ 00 cm=6'4 cm 
For a telescope, m: 


agnification=angle s i i 
angle subtended by eyelens at the objective fee Mecvelens Sagas 


m=106~6°4—16:7 


dentrance)—2 mm x 16°7=3:3 cm 
From Fig. (6'3), semi-angle ® is angle subtend 
d 
DEO ed by eyelens at the Objective. 
Tog = 9142 radian 


mf aN 
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[Note that m obtained by considering angles is equal to the value fy’ fg’ 
=100/6, obtained by considering the focal ratio.] nis 


Example 6'2. In the case of Example 6-1 add a lens of f=12 cm. at the 
position of the primary image, giving it a ‘suitable’ aperture to use the full 
aperture of the eyelens. Calculate (i) aperture of this field lens, (ii) new semi. 
angle of the field of view. 

Solution. Fig, 6:6 (not to scale) shows the scheme. With O as centre 
of the objective, OBE is the path of marginal rays when Ls alone is present. 
With L, added, the path of marginal rays becomes OABE’. Here lens L, is the 
field lens added, making Z,+Ls the two-lens eyepiece. We have 

OL,=100 cm, L,L2=6 cm 
whence we deduce (check them) ; 
L,P=13'6em => LP=7'6 cm 
aperture of Z;=3 x38 =5'3 cm 
5:3 i 
now 0=4 700 = 0265 radian 


Thus the field of view increases to about 2-fold. You may note that lens 
L, here does not play a role in image formation (because its location coincides 
with the primary image) ; yet it enhances the field of view. The eye ring shifts 
from E to E’,so that 2 also increases by the same factor as 6:1, keeping the 
magnification unchanged. © 


Fig. 6°6. 


For Example 6'2. Introducing L, enhances the field of view. 

6'4. Huygens’ Eyepiece*. 
(a) Description : 

With fı’ and ft’ as focal lengths of the field lens and eye-lens, 
and ¢ as their separation, the Huygens’ eyepiece has 

fas t=4 (fi th) =2f' 
2 

Both components are plano-convex with plane faces of both 
towards the eye. 
LL 


* The discussion under this head, particularly sub-sections ( f) to (h), covers 
many important results of general applicability and should be studied with 
special care. 

** Eyepieces with the ratio varying from 2 to3 are used. Ratio 3 is pre- 
ferred for use with telescopes and smaller ratios foi use with microscopes. 
The separation is always kept (f1 +fx') to ensure achromatism. 
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(b) Achromatism : The condition is satisfied— 
t (treqd.)=Gfe' +fe')d=2fr' ; t (actual) =2/,’. 
(e) Condition for minimum SA : The condition is satisfied— 
t (reqd.)=3f2' —fo' =2fo' ; t(actual)=2f,' 
(d) Actual f,’ and fz’ in terms of fx'*— 
9.670 3 
Wa th'—2f,’ 27? 
2 + + + 
Ja = fe ; fi =2fr . 


The low focal length of the eyelens f3’ makes its contribution 
to spherical aberration quite large, 


(e) Positions of Cardinal Points : From Eqs. (3°15) and (3°16), 
LH'=« fa” ? I ani Pfa =3f2' =2fe' 
f 2 


2 ' 
e 


Fig. 67 gives a plot of the points H, H', F, F' relative%to the 
lens positions L, and Ls. The eyepiece must be so placed that plane F 


Es SUS fof 


| 
O— | E 
O |W if LAS IEA TH 
-2fẸ--|- -- 4 Blasts -- 
-Ffei 
(2/3) fe 
-g-i 
Fig. 67. 


Cardinal points of Huygens’ Eyepiece 


coincides with the primary image given b jecti j; 

y the objective of the instru- 
ment. Then the final image is at infinity and i i 
eye. Since Flies between Lı and p 4 ER aia 


to be negative, 


(F) Representative path of rays. I ig. 6° i 
points of the eyepiece are the same z= in Fig. ort Ales 
explicitly shown. An incident beam converged by the Objective is 


the; Huygens’ eyepiece is said 


* The desired fg’ i A 
‘eners Fa! is of the order of 0-5 cm. The choice of fis 


Fy isto meet 
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shown, tending to converge at P on the focal plane F. The two rays 
shown intersect the H plane at A and B ; these give the correspond- 
ing points A’ and B’ on plane H’ (at equal heights), The image of 
O (centre of entrance pupil) by the eyepiece is formed at little 
beyond F’, and that is where the eye-ring is placed (that is the centre 
of the exit-pupil).* We will leave the calculation, treating E as 
just a little beyond F’, because OH=u is Sf,’. Join A'E, and from 
5’ draw a parallel line. That gives the emergent beam. Joining 
the intersections of the incident beam with L, and intersections of the 
emergent beam with Lə gives the intermediate beam. (Notice that 
there is an intermediate convergence on plane H). Thus the full 
path of rays is obtained. 


Fig. 6°8. 
Path of a marginal beam in a Huygens’ eyepiece 


(g) Apertures of the component lenses. Fig. 6.8 defines the 
telative apertures of the two lenses. For a telescope case 


Aperture of Lı=01 X OL,;=61 X fo’ ++-(6°5) 

Aperture of L2=@2 X LgE~0, X L,F’02 X} fx’ -«-(6°6) 
Since 0:/0,=f,' [fe (=magnification), we get 

Aperture of L,;=3 Xaperture of L2.** «++ (6°7) 


(h) Field of view. Aberrations prevent using large lens 
Apertures to increase fı. Comparing witha single lens eyepiece of 
Same aperture as La the two-lens system in effect makes 0, three- 
fold. Thus the solid-angle fielu of view becomes 9-fold by use of 
the Huygens’ eyepiece. 

6'5. Ramsden’s Eyepiece. This consists of two plano-convex 
lenses with the conditions. 

Si =hfr', =f" 
The curved surfaces of the lenses face one another as shown in Fig. 
6'9.. Now we examine the properties of this eyepiece. 


* One may show that F’E=f'n(f'nlf’o) for a telescope case. 
** Notice that the factor 3 came because LsF’=tfr’. 
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Condition for achromatism 
t (required) =} (fi'+f')=fz' from the data. But actual t is 
not this. Hence the eyepiece is not achromatic. 
Condition for minimum SA 
t (required) =f,'—f2'=0 from the data. But actual ¢ is not 
this. Hence the combination does not satisfy the condition of mini- 
mum SA for the given components. 
The curved faces of both the lenses are put inwards to distri- 
_bute the bending as evenly as possible over the four faces. 
Actual f;’, fa in terms of fe 


R=4A, hAg 


ER o A ee ee 
Thuse values may be compared with Huygens’ eyepiece where one 
lens had focal length as small as (2/3) fe". So individual components 
in Ramsden’s eyepiece are balanced to contribute small SA ; the 
total SA here happens to be smaller than the minimum total SA in 
Huygens’ eyepiece ! 

Position of Cardinal Points 


lv dees SLUR i, 
L,H=«=fe a N E 


I,H’ by symmetry=— $ fa’ 
We will take a numerical case, with fr’=4°5 cm. That gives 
a f'=f' =60 em, t=4'0 cm, a=—a’=3'0 cm. 
2. 6'9 shows H at 3'0 to the tight of L, and then F at 4°5 cm 
to the left of Lı. Thus the first focus F is outside the eyepiece.* 


4, 


3 4 F ig. 6:9, 
Cardinal points and path of a ty, 


pical marginal pencil 
a through a Ramsden’ s EA n 
s is use t is kept i 
Pri igen cel T pi pe helmat needed for achromatism, The 


l DNN 
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For this reason Ramsden’s eyepiece is called a positive eyepiece. One 
can use cross-hairs in plane F, and the eyepiece would magnify the 
primary image and the cross-hairs equally. With a graticule or a 
a micrometer drive for the cross-hair, the primary image can thus 
be measured. 


Representative Path of Rays 


Choose a point P on focal plane F. Let O be centre of the 
objective of the instrument (telescope or microscope). OP, when 
produced, meets the H plane at A. The conjugate of A is A’, at the 
same height in plane H’. The next step is to locate E, centre of the 
eye-ring. Typically, let OF be 45cm. That gives 


u=P to O=—49'5 cm 


which leads to 
v=H’ to E=~5'0 cm (F'E=0'8 cm) 


Joining A’ to E gives the emergent ray corresponding to OP. 
The actual path is OPDD’E. 


Another ray through P leads to locating B, hence B’, and 
hence the emergent ray through B’ parallel to A'E. 


Apertures of the Component Lenses 


If height HA=h, the aperture of the field lens is given by 
hx OL,/OH=h, since the distance L,H>OH in all cases. 


The aperture of the eye-lens is given by hXL,E/H'E. ïn the 
example chosen, H'E=5'0 cm, and L,E=H'E—H'L,=2'°0 cm. 
a gives the aperture as (2/5). Thus the ratio of apertures is 

o2; 


Field of View 


Since distance L,L, is much less than Oli, we may consider the 
aperture ratio 5 : 2 as the enlargement of the field of view in angle 
(~6-fold in solid angle). In fact, the equivalent single lens would 
have focal length fn’ =% fo’, and hence, for equal aberrations one 
would need to have its aperture even smaller than that of L in the 
two-lens eyepiece. The field of view enlargement may thus be taken 
as nearer to (5/2) x (4/3), i.e., over 3-fold. 


6'6. Gaussian Eyepiece. This is the same as the Ramsden’s 
eyepiece, except that a glass plate inclined at 45° to the axis is 
Placed between the two lenses as shown in Fig. 6'10 and a hole is 
provided on the side to admit light. This enables us to illuminate the 
back side of the cross-hair. This eyepiece is used to assist mechani- 
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cal setting of a spectrometer, and also when faint images ina dark 
background are to be measured. 


Fig. 6°10. 
Gaussian Eyepiece 
6'7. Kellner’s Eye.piece. This eyepiece uses two plano-convex 
lenses with conditions 
RER and tf, 
bi only slightly differing from Ramsden’s eyepiece where ¢ was 


taken somewhat smaller (2f2'/3). In this eyepiece both the curved 
faces are put towards the incident light (Fig. 6°11), 


The eyepiece satisfies the co 


the condition of minimum SA, 


The relation of Si’, fe’ with fa’ is as follows : 


ndition of achromatism, but not 


The components thus have focal len 


those for the equivalent Ramsden’ 


gths (3/4) times smaller than 
aberration is more. 


S eyepiece, Hence spherical 


L simple location of i 
cardinal points ie 
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The cardinal points have positions given by 
ofa’, 0 =—fa’ (check) 


Thus H coincides with lens L and H” coincides with lens L. 
be F, i. are plotted they coincide with L, and Ls respectively 
ig. 6'11). 


That F’ coincides with L» has a special significance. Since the 
exit pupil Æ is just to the right of F’, L,E is very small compared 
with fs’. This factor would appear to give almost 30 to 50 fold 
gain of field of view if considerations of $§6'4 and 6'5 are applied 
directly. But the exit pupil aperture is limited to ~3 mm dia- 
meter (due to eye pupil aperture ~2 mm dia.) and when Ls is so 
close it cannot usefully have the aperture of the normal eye-lens. 
Hence in practice the gain in field of view is ~5 for use with tele- 
scopes, which may reach ~10 for use with microscopes. 


Another characteristic of Kellner’s eyepiece is that F coincides 
with lens Lı. The cross-hairs are therefore engraved on the lens 
face itself. In fact, in most cases a fine scale is engraved on L, for 
measurement. This advantage has one accompanying trouble—any 
dust particles depositing on Lı are seen in sharp focus ! 

Example 6'3. A Huygens’ eyepice haying focal ratio 2'5 and satisfying 
achromatism is to be designed. Deduce focal lengths of the components and the 
cardinal points in terms of fx’. In what respects does it differ from the Huygens’ 
eyepiece with focal ratio 3 ? 


3 ; 5f) _25fi' 10 ,, 
Solution. fz’ = 25 fa +f 32S fe fe) 175 7 fi 


Note [that though ratio fr’/f;’ is smaller than in standard Huygens’ 
eyepeice, actual fy’ is slightly larger (hence smaller spherical aberration). 
t 


7 
Next one may see that LıH= a= Ifo Lal’ =a = T0 


Z 
LaF =a! fal = fe 3 Fma f= gS 


The first focal plane F is still to the right of Lı. The eyepiece is thus negative. 
The quantity fy’/LF’, which determines enlargement of the field, is 10/3. This 
is large than in the normal Huygens’ eyepiece 


, _ Example 6'4. Design an eyepice (f1, fo’, t, eye-ring position, aperture 
ratio) to be used with a microscope of standard optical length 18:0 cm, given 


» desired f;,/=4-0 cm, F at 0:5 cm in front of the field glass and F’ at 0:8 cm be- 


‘hind the eye lens. 
Solution. (Fig. 6'9 may be used for reference). Given 
1 1 t 1 
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t 
4°0( a m)- 0:8 
These lead to (check) 
t=3:9 em; f'=4:9 cm; f’2=4'5 cm 
Using Fig. 69. we now have E as the image of O, But 


OF=18-0 cm > OH=—u=22:0cm 
That leads to 


Y=HE=49cm > FE=09cm; LE=1: 7 cm, 
Now, aperture of field glass=hx OL,/OH 


» my eye lens=hx L,E/H’E 
A HE 15.0 . 49 
aperture ratio px 2s xE TN PEA 


or r=23 


IR PAR he lenses 

Note: The desi is still incomplete, because shape factors of t 
are Not specified, NETYA that for use with a telescope the details of L,E and 
r will change, 


© 


i > ? llner’s 
- Comparison of Huygens’ Ramsden’s and Ke 
Eyepieces. In Table 6l we give a comparison of the components 


TABLE 61 
Comparison of the Eyepieces 
Eyepiece Eyepiece Eyepiece } 
1. Focal lengths Nest, 
of components Sfp’, 2fp’ tafu’, “/afp! fy’, fe 
2. Separation fn afn’ fp’ 
. ether 
achromatic yes no yes 
4. Whether min, 
SA yes no no 
5. Location of F 
(hence Cross-hairs) inside outside on field lens 
6. Field of view 
compared with 
single lens ~3 ~3 ~5 to 10 
Actual SA ‘ 
comparative largest least medium 
8. Coma and 
astigmatism larger least ? 
9. Curvature of 
field in final Convex towards 
image the eye almost flat ? 
10. Instruments 
where widely Telescopes and Spectrometers, High power 
used microscopes elescopes microscopes 


> VN 
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6'9. Compound Microscope. While in a telescope the objec- 
tive is a single lens (or a contact doublet) of large focal length, in a 
compound microscope the objective is a complex unit of very small 
focal length f,’. Our attention therefore shifts to the objective lens- 
system. 


The magnifying power of a microscope is given by 


fiy 25.9" 
fof 


where x’ is the distance corresponding to OF in Fig. 6'8. Since the 
distance fy’-+OF (called the optical length of the microscope) is 
standardised to 18 cm, there is little margin for increasing x’. Also, 
considerations of various aberrations and the fact that the exit pupil 
must not be smaller than pupil of the eye limit the lower practical 
value of fa’. Therefore, all high power microscopes aim at securing 
lower value for fy’. 


(x', fo’, fe’ in cm) .--(6'11) 


m 


High power microscope objectives require also a large cone of 
light to enter them, because, as we shall see later, the viewing of 
details (‘resolution’—see Chapter 15) 
depends upon this. With large cones of 
light, spherical aberration and coma 
cause serious troubles. To avoid spheri- 


cal aberration we use a large number of Lea 
lenses, including aplanatic lenses (see 

§ 5°4). To avoid chromatic aberrations zA 
we use achromatic ig Ge § Ae 

which are over-corrected to balance the 

chromatic errors of the first two apla- ZZ 
natic lenses also. Finally, to avoid coma 

we arrange the components so as to A 
satisfy the Abbe sine condition (§ 5'6). 

The designing of high power microscope GA 
objectives is thus a highly complex 

affair. Not only this. The use of these - Fig. 6°12. 
objectives involves accurate setting of Typical high power 


the object and special methods of illumi- : Labeda 
Ao Therefore, a ‘condensing system’ Mteroscope objectives 
for light and a ‘stage’ for sample mounting are integral parts of all 
high power microscopes. Fig. 6°12 shows two typical microscope 
objectives used. 


The smallest size o particles (or distance between two close 
points) which can be resolved (viewed separately) with a given 
microscope is given by 


122A 
=a ..((6.12 
Vmin= Numerical Aperture (6.12) 
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where Ais the wavelength of light used and numerical aertpure is 
the product of the sine of the Semi-angle of cone of light received by 
the objective and the refractive index of the medium in which the 
object is placed. Details are discussed in Chapter 15. But we may 
see that use of smaller A would enable us to observe smaller details. 
That is the secret of the electron microscope. 


6°10. Ultra-miscroscope. Let min be the smallest diameter 
of the object which can be resolved by a given microscope. Then 
if there are particles of dia- 
meter d smaller than yin 
Suspended in air or a liquid, 
this microscope is not able 
to see them ordinarily. Such 
Particles. are called ultra- 
microscopic particals, 


Fig. 6:13 
If the medium is illumi- One method of illumination 

nated from a side (Fig. 6°13) in an ultramicroscope 
So that no part of the direct beam enters the microscope objective, 
then the scattered tays from the particles only reach the microscope. 

e particles are then seen as bright stars in a dark background. 
This is the principle of the ultra-microscope. The apparent size of 
the stars corresponds to 
Ymin, not to d, as long as 
d<Ymin. Hence only the 
presence of a particle is 
observed, not its size. All 
particles of SIZE<Pmin ap- 
Pear as identical sized discs 
of diameter Yimin. Note that 
Not the microscope but the 
illuminating system is new, 
The system of Fig. 6°13 is 
used, for example, in 
Millikan’s oi l-drop experi- 
ment. The condensing 
System of a regular ultra- 
Microscope is shown in 
Fig. 6°14. The incident 


am from the bottom Fig. 6:14, 
enters through the annular Another Condensing system in 
Opening in the diaphragm an ultramicrosope 


is is called dark field illumination. On] th i 
J A e 
the object placed on plate § enters the micreseap te ve From 


il. Telescope. Telescopes 
Objects, which subtend very small sree 


used to view very distnat 
1 at the eye (Fig, 6°3). The 


Opticals Instruments 17 


telescope makes image of such objects so as to subtend an angle 06> 
at the eye, where 42/0, is called the ‘magnification’, m. If fy’ is the 
focal length of the objective and fx’ that of the eyepiece, the angular 
magnification is given by m=f,'/fz’, whatever the eyepiece used. 


Since fx’ cannot be too small in view of aberrations, large 
magnifying power requires large fọ', i.e., objectives of very large 
focal lengths. The most serious error involved in telescope objec- 
tives is the chromatic aberration. Hence refracting telescopes must 
have achromatic doublets as objectives (§ 4'4). All large telescopes. 
are, in fact, of the reflecting type, where chromatic error is absent. 


We further find that objectives of large focal length must also 
have large aperture. This can be seen from the Helmholtz- Lagrange- 
law, Eq. (2°20). The entrance pupil O (aperture of the objective) and 
the exit pupil E (ultimately the eye) form a conjugate pair of planes. 
Hence, if ray from O at angle 6, emerges at E with angle 0s, the 
transverse dimensions at O and at E must satisfy the relation 


Yo tan 0:=y,y tan ba 


Now yo/ys is the appropriate ratio of diameters of the objec- 
tive and the ‘exit pupil (dolde), and tan 6,/tan 204/01 is the magnifi-- 
cation m, which in turn equals fo /fx’. 

agit ot Wy 


Now, if the aperture d of the objective is less than m du, then 
full capacity to see details is not utilised (empty magnification). 
Also, if d, is greater than m de then full capacity of the objective to 
show details is not utilised (empty resolution), Hence for ‘norma’ 
conditions, 


dy=m.dn 


Example 6'5. If aperture of the eye is taken as 2 mm and least idistance - 
of distinct vision is 25 cm, calculate the ‘numerical aperture’ of the junaided eye. 
The best numerical aperture obtained in a microscope approaches a {value 2. 
How much should the normal magnification of such microscope be ? 

Solution, Semiangle =0'1 cm/25 cm=0.004 radian. For air n=1. 
Hence 

N.A. of the eye=0-004 radian 
term in Eq. (6'12) common between eye and a microscope, 
by the objective of the microscope is smaller by factor 

N,A. of microscope 2 

ul = =500 
N.A. of the eye 004 
So magnification should be >500 fold if the microscope is to use full 


resolution. ‘Normal’ magnification =500. 


Example 6'6. Let the focal length of an eyepiece be 25cm. Fora 
telescope of PR ETTE 100, deduce the focal length of the objective and useful 


diameter of the objective, given d,,,—2mm 


Considering 1:22, 
the detail resolved 
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Solution. 
Given ma = 100 and fa’—2-5 cm 
E 
fy’ =250'cm. 


For optimum use, te am >and dy =2 mm (given ) 


da=20 cm. © 


PROBLEMS 


61 An aperture of diameter 6.0 cm is placed 20.0 cm in 
front of the eye. Calculate angular diameter of the field of view. If 
a concave lens of focallength 30.0 cm is placed on the aperture, 
deduce the new field of view. 


6'2. Discuss the fields of view of (i) a plane mirror, (ii) a 
concave mirror, and (iii) a convex mirror. 


63. Show thatin a telescope the field of view depends on 
magnification m and the angle subtended by the eyelens at the eye, 
and is independent of aperture of the objective. What is then the 
need for having a large aperture of the objective ? 


6'4. Ina microscope, the first image is formed 30.0 cm behind 
the objective, and an eyepiece of Je'=50 cm is set for viewing with 
a relaxed eye. Deduce tte position of the eye-ring relative to F’ of 
the eyepiece. 


65. Why is a double-lens eyepiece better than a Single lens 
eyepiece of equivalent focal length? Explain. 


66. A telescope objective is rendered achromatic by using a 


contact doublet, but an eyepiece to be rendered achromatic uses 
separated lenses. Discuss. 


6'8. Distinguish between a ‘p 
If a cross-wire is to be used with a 
should be located. What are the li 


ositive’ and a ‘negative’ eyepiece. 
Huygens eyepiece, show where it 
mitations, if any, of such use ? 


69. Deduce fi', fy’, t, eye-ring position and aperture ratio 
of an eyepiece to be used with a telescope whose objective has focal 
length 60°0 cm, given fe'=45 cm, F at 1:0 cm in front of the field 
lens and F’ at 0°5 cm behind the eye lens, 


i 610. In Fig 6'8 a pencil of 
mediate image point P near the ed 


Ef 14 


rays corresponding to an, inter- 
ge of the field of view is traced. 
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Draw the corresponding diagram for a point at the centre of the 
field of view (i.e., P coinciding with F). : 


9.11. Broadly explain the functions of the components of the 
high power microscope objective of Fig. 6'12 (a) which uses an oil 
immersion lens, a meniscus lens and two contact doublets, 


9.12, Aperture of the eye is ~2 mm in diameter and effective 
Afor vision is ~5X10-'cm. Deduce the smallest particle size 
which can be resolved by an appropriate microscope of magnifying 
power 60. (Take least distance of distinct vision as 25 cm). What 
is to be ‘appropriate’ about the microscope ? 


7 


Speed of Light 
es OU 


Galileo suggested the following method for finding the speed 
of light : Two men with lanterns stood over two hills, a measured 
distance apart. The first uncovered his lantern and started a clock, 
and the second uncovered his lantern on seeing the light from the 
first. When the first man saw the second man’s light, he stopped the 
clock. The experiment failed. But it was not a complete failure 
because it showed that the speed of light was too great for measure- 
ment with short distances and crude timings. 


3X 104m 
c= 22X60 sec =2.3x 108m/sec 
Later measurement showed that the time differen 16 
min. 20 sec., and hence the value needed reyi eee! 


i sion. But that is not 
the point. A great step had been taken in establishi 
of light, though large, is not infinite. ishing that speed 


c by Roemer’s theory. 
ronomical methods 
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In fact the word ‘method’ is probably not appropriate. A natural obser- 
vation was explained by an assumption in each case. The assumption may or 
may not be valid. For instance, one could at least imagine that the moons of 
Jupiter really did not go round Jupiter with constant period over’ earth’s year 
for some reason. To say that the periods are not likely to vary and the diff- 
erences in our observations are due to the extra distance 3x 10m travelled by 
light when we are farthest from Jupiter, isa theory. The best support for it was 
that Bradley, in interpreting another astronomical phenomenon, got a value of c 
in close agreement with Roemer’s. 


The first direct measurement of the speed of light from an 
experiment of sending a signal over a distance and measuring the 
time of travel came over a century after Bradley’s work. That was 
in 1849. The experimenter was Fizeau using path lengths ~ 10 
miles. Soon after that Foucault discovered a method which involved 
distances of only a few metres and which was therefore suitable for 
measuring speeds of light in material media. Another terrestrial 
method was devised by Michelson, around 1880-83 using long paths 
to get a high precision determination of c. An entirely different 
method was later discovered which used path lengths of only a few 
metres and yet gave accuracy of the same order as Michelson’s. It 
is the Kerr cell method, devised in 1925 by Karolus and Mittelstaedt 
and improved, among others, by Anderson. 


We shall now briefly describe the outlines of the methods of 
Fizeau, Foucault, Michelson and Anderson. 


7'1. Fizeau’s Method. The optical arrangement of Fizeau’s 
method is shown in Fig. 7'1. The heart of the method is the toothed 
wheel W shown separately in the lower part of the figure. The 
teeth and the gaps in between made an alternating shutter when the 
wheel was made to rotate. In one of the experiments the wheel had 
~500 teeth and rotated at ~10 rev/sec. Thus time intervals of 


1/5000 sec were obtained. 


i is formed at XY by the 
Now, the image of a strong source A is } 

lens Z, and 45° inclined half-silvered glass plate P. X is at the rim 
of the toothed wheel W, described above. Ifthere isa gap at X, 
light a passes through, is rendered parallel by lens Ze, and after tra- 
velling distance of several kilometres falls on the system LM. The 
focal point of lens Ls lies on mirror Mand the centre of curvature 
of M lies on Zs. The net result is fie prawn i pinea by o 
syst i ath and is collected by lens £x at 4. isa 
ap in wheel mat that moment, it passes through. A part of this 
light is passed by the plate P, and is collected by lens L, at B. 
This image is seen through the eyepiece E. 
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All the four lenses are compound achromatic systems ; they 
are shown in the figure as single lenses for clarity only. 


SEVERAL ir 
t3 mies 42 uy 
A 
Fig 7:1. 
; n 
Scheme of Fizeau’s method. The toothed wheel design also show 
Separately 


To start an experiment, a ‘gap’ in W is brought at H ana 
optical setting is completed to get the return image of A at B. ae 
the wheel is rotated and its spced is gradually increased, If pe a 
taken by light to travel distance XM =d and back is paia ir 
the time in which the wheel rotates to replace a ‘gap by a ‘toot ae 
X, then the image at Bis cut off or ‘eclipsed’. At this stage Si 
rotation speed of wheel W is kept constant and the number 
Tevolutions per second (m) is measured. 


If the number of teeth in W is n, we have 


= distance __2d (7°74) 
ei ae 1/@Qmny 4nd 


If the rotation of W is made faster still, a stage comes whe 
the image B becomes bright again. It can be at once seen that i 
this time the number of revolutions of W per second is m,, we have 


c=2mnd ; TIB) 
and so on, 


It is to be realised that ecli 
suddenly ; as the speed is gradually increased, the intensity goes on falling till 
a total eclipse occurs, As Exa 
n by wide margins. Hence d has to be seve 


Example 7:1. In one of his later experiments Fizeau used 720 teeth in his 
Wheel, and 8 kilometer distance, The radius of the wheel may be taken as 20 
cm. Calculate (i) the spacing between Successive teeth, (ii) the frequency of 
ih for the first eclipse, (iii) the centrifugal acceleration at the rim of the 
wheel, 


Solution. spacing =27rr/720—0-175 cm. 
frequency=c/4nd—13 rey/sec, 


centrifugal accln.= wr (27 13)®, 20 


om, f 
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=1'33 x 105 cm/sec?=140 g 


For the next eclipse the frequency will be 3 times and acceleration at the rim 
will be 9 times this value). 


7:2, Foucault’s Method. Fig. 7.2 shows Foucault’s arrange- 
ment for measuring the speed of light. Light from an illuminated 
slit A, whose length is perpen- 
dicular to the plane of paper, c 
is reflected from 45° glass 
plate P and rendered very 
nearly parallel by lens L. It à 
is then reflected by a plane 
mirror R, and is focussed on 
a concave mirror C placed at 
adistance D, which is afew 
metres. Rcan rotate about 
an axis perpendicular to the 
plane of paper. This axis of 
R passes through the centre 
of curvature of the mirror 
C ; hence the rays reflected Fig. 7:2. 
from mirror R towards C Optical setting of Foucault’s method 
retrace their path on reflec- 
tion at C. 


“4 LARGE DISTANCE 


A P 


If R is not rotating, the rays returning from C retrace sey 


path, and a major part of it is transmitted to form an image B. If 


L1 l; i i lling the 
R rotates by angle «in the time taken by light in trave 

distance 2D, the return beam is deflected by angle 20 beam Se 
to the onward path. Hence the image 18 formed at By spe i fi 2a 
ment BB,=s is measured by means of an eyepiece. It eq : 
where f is the focal length of lens L. 


If mirror R makes n rotations/sec, we have 
sf 2a=2f 2nnX2D/e 
This gives 


pa Serf: D «+ (7'8) 


With D~20 metres, the shift s obtained by eee een leat 
the measurement of which could be accurate to about Bie d, then during the 
cause lowering of intensity ; for, if aperture of shoe ian ul2mD ofie 
rotation of R the mirror C receives light for only a fra 
each rotation. 


i ing 14 transits over a 
7:2. Consider Foucault’s experiment, using ety 
PER arr UA by using mirrors causing forward and paraa daer 
If speed of rotation of the mirror is 10 rev/sec., and focal lapal f P a 
is 50 cm, deduce the D needed to getai mm displacement of the 


ut 
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S olution. 
_ 14x D(in meters) 14D 


== —8 
Ar 3 x 10°m/sec 3 RSS 


rotation of the mirror, «=2mrn At radian= pa x 107? radian 


HTD y iom > D=3'8 m. © 

73. Speed of Light ina Transparent Liquid. Foucault’s 
arrangement for this purpose is an adaptation of that in Fig. 7'2 
and is represented in Fig. 7'3. Only the chief rays of beams are 
shown here. The change is that two concave mirrors C, and C, are 
used, equidistant from the rotating plane mirror R. In the path of 
light to one of the mirrorsa tube T containing the experimental 
liquid is introduced. Auxiliary lenses L; and L are needed to make 
the beam pass through the tube T as a parallel beam and to focus 
the emergent beam on C2, 


When the rotating mirror is in position R; it sends a flash of 
light on Cj, which returns at the instant when mirrnr is in position 
R,’. The return beam gets focussed at B,, where BB, is the displace- 
ment. When the mirror is in position Rs, it sends a flash of light 
onC;, which returns at the instant when Mirror isin position 
R,'. The return beam therefore focuses at another point B,, since 
time of flight is changed. 


Shift of image 0'1 cm = 2r f= 


A 
Fig, 7:3, 
Foucault’s experiment Sor measuri 
suring speed of li 
through a liquid sE aen 


è Let RC,=RC,=D, In A 
liquid, occupies almost the Ao pin ee £ containing the 
speed of light in the liquid, we have 7 eee as ‘the 


i ff 
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BB, Cd Re: 
BB sl (79) 


The measurement, when first made by F oucault (for water), was 
not very accurate. Yet it was of historic significance. He found 
s'>s, so that c' was less than c. Speed of light in water was less 
than its speed in air. The result gave a death blow to the corpus- 
cular theory of light which predicted c'>c. Further, the ratio c/c" 
was found to be equal to refractive indexof the liquid, in quantitative 
support of the wave theory (see § 10°5). 


T4. Michelson’s Method. Fig. 7'4 describes the arrange- 
ment used in the later experiments (1924-27) by Michelson in the 
famous Mount Wilson measurement of the speed of light. The 
emphasis is on precision. M; is an octagonal (eight-faced) mirror 
which can be rotated about its axis. Light from a slit source A falls 
on one face of M, reflects to a mirror Mz and from there to another 
mirror Ms. Lens L is so set that it froms the focussed image of A on 
this mirror Ms. Mirror Mz is a little above the plane of the diagram 
and M,’ a little below. Both lie in the focal plane of a concave 
mirror M, of large radius of curvature. Hence the beam from Ms 
is rendered parallel by My, and goes to the very distant identical 
concave mirror M;. The plane mirror Meat the focus of M, returns 
the beam on almost the same patht, so that the return beam is 
focussed by M, on Ms'.* From hefe light is reflected to Ma’, 


M4 


Fig. 7°4. 


Ray path for \Michelson’s octagonal mirror method 
thence to the opposite face of M, and is finally focussed by lens L‘ 
_and the image B is seen with an eyepiece. 


+ except for left right interchange. 
* It needs only a slight tilt of M, to make the returnjbeam focus not on Ms 
but on My. 
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The unit shown on the Tight hand side of Fig. T4 was on 
Mount Wilson, while the unit M;, Mẹ was ona 22 mile distant 
mountain. 


Otherwise, the image shifts to left or right. The speed of rotation of 
My has to be adjusted to secure the null displacement state. If the 


— distance 2p att BAN Sli) 
C= time ~ T/&n “16D ie 


o parts. Two marks Bi, By 
distant stations ; their dist- 
ance was measured by the Geodetic Sury, 


2, even a measurement correct to +5 cm was 


The rotation of the Octagonal mirror was Measured by the 
stroboscopic method, usi 


» using a tuning fork which was calibrated with 
a standard pendulum. 


Later, Michelson used an evacuated tube for the path of light to mini- 


i ion. Water-pipes were being laid in a town and he 
One mile straight i thes i itl 


a few mm. of mercury, and correction for refrative 
index was made for this residual air. The result Wi 9 S ec with 
a probable error of about 1 Part in 30,000, Rig nie E 

It may be remarked that this experiment was ac Pease 
and Pearson after Michelson’s death in 193], Fr ampinted z 


in 19965, The Kerr Cell Methog,+* The met aad 
ae oe Karolus and Mittelstaedt, but we ci, Hod was first devi 
orm of it, 


we shall describe Anderson's 
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In Fig. 7.5 Lis a source of light, N, and Na make a pair of 
crossed nicols (Chapter 16), and KC is the Kerr cell, which is simply 
apair of parallel plates immersed in nitrobenzene. This liquid is 
ordinarily isotropic, but it becomes anisotropic when an electrical 
field is applied to it. With no electric field across KC the nitro- 
benzene just passes the light polarized by Ni as such and it is cut 
off by the crossed analyzer N,. But when an electric field is present, 
the anisotropic nitrobenzene changes the nature of polarization of 
light passing through it, so that some light is able to pass the cross- 
ed analyzer. [n short, the system has zero transmission at zero 
electric field and finite transmission when an electric field is present. 
A sinusoidal variation of electrical field gives sinusoidal variation 
of the transmitted light. 


If the beam falls on a photo-cell a fluctuating current is pro- 
duced. An amplifying system ensures that the constant background, 
if any, is cut off and only the fluctuating current is measured. The 
frequency of this equals the high frequency of the alternating voltage 
applied on the Kerr cell. 


Now the mirrors M, to M, and the photo-cell R in Fig. 7.5 
act as follows : Light from the lamp L is split bya half-silvered 
plate Mı. One part goes to mirror M and is reflected back, part of 
it going to the photo-electric cell R. The other part goes to Ms and 
then to the concave mirror Ma, which renders it parallel. The light 


Ms 


Fig. 7°5. 
Anderson’s method for measuring speed of light 
then goes to plane mirrors M;, M, and then retraces the path to Mi, 
part of it reaching R ultimately. An alter- native mirrorM,' can be 
brought in the position of Mx its tilt and focal length are such that 
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it returns the beams from M; on its own path, so that the path 
traversed is now smaller than that of the previous case by twice 
the length M,, M., M,. 


When both the beams of light, with sinusoidal intensity varia- 
tions produced by the Kerr cell, reach R the Tesponse depends on 
the time difference in the unequal paths of the two beams. Let T be 
the period of the Sinusoidal variation. If the two beams reach R 
with time difference O, T, 2T, etc., the photo-current fluctuates he- 
vily, and hence the amplified current is large. If the two beams reach 
R with time difference 7/2, 37/2, etc., the Photo-current does not 
fluctuate appreciably, and hence the amplified current is low.* 


hen We set M, in position and adjust M, again to get the minimum 
reading in the meter. The additional distance in the second case 
is M, to M, and back + twice the Motion of M, (other distances are 


inf we: get scillator frequency 
D 
z "I= T (n, integer) 
D 
or c= 2 +(7'15) 


i Since the order of magnitude of c js known, there is no diffi- 
culty in assigning a proper n, which is generally 1. Anderson used 
an oscillator of S~2x 108 cycles per second, which corresponds to 


™150 metres for n=], ut much hi fi 
reducing D to laboratory dimensions. nae En, 


h mia rek 73. Ina playground we arrange q Short flash at one end, and 


h are both fed to “ip heel, metres away. The original flash and the return 


difference of time would it Meare (like a Cathode-ray ocilloscope), What 
Solution, 


=~ 2*100m 26 
At 3x10 mace"? 67 x 10 ® sec, 


ote, i i j 
Sa He RT paese dno eae as now sy 


i 3 parts gives a least cou f+ = sec, 
e problem really is of producing a flash of duration <10~*sec,} 0 © 
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PROBLEMS 


7.1. In Fizeau’s toothed wheel could the width of open and 
opaque spaces be kept unequal? Could we use a rotation speed 10 
times that which Fizeau used ? 


7.2. In an experiment with Fizeau’s method, using a 500-tooth 
wheel, the first ‘eclipse’ occurred at a speed of 1500 revolutions per 
minute. Calculate (7) the distance between the wheel and the dis- 
tant mirror, (ii) the speed at which the next ‘eclipse’ would occur. 


73. Comment on the relative merits of Fizeau’s and 
Foucault’s methods for measuring the speed of light. 


7.4, A slit source of light, 0'1 mm in width, is placed at the 
focus of an ideal convex lens of f’=50 cm. Deduce the angle bet- 
ween the parallel beams corresponding to the two edges of the slit, 


and the amount of lateral spread they would show in travelling 20 


km distance. Discuss the relevance of this for the intensity conside- 
ration in Fizeau’s experiment. 


7'5. In measuring the speed of light through a medium the 
‘comparison’ method shown in Fig. 7°3 is preferred over direct 


‘measurement. Comment. 


76. In Michelson’s method of measuring the speed of light 
in vacuum, discuss the errors in result due to errors in (i) judging 
the coincidence of image, (ii) measurement of speed of rotation, 
(ii?) measurement of distance D, and (iv) correction for refractive 


index of air. 


T7. Calculate the speed of light in a medium of refractive 
index 1'643. Which experiment is best suited to measure the speed 


sand why ? 


8 


The Electromagnetic Theory of Light 


Various theories have been put forth about the nature of light. 
Among them the most important are the following : 


basis for acceptance, Tejec- 
tion or modification of any theory. We shall discuss the evidence 
‘in later chapters. However, at this stage we shall make a brief 
Survey of the theories, 


8'1. Newton’s Corpuscular Theory. This theory, put forth 
by Newton in 1675, Considers light as `a stream of small particles 
(corpuscles) emitted from a luminous Source and travelling at great 
Speed. Newton explained the various optical phenomena at that 
time as follows k 


Colour. Newton assumed that corpuscles of different sizes 
created different colour effecis on the retina of the eye. 
., Since there was no way of measuring the “size” 
quantitative check could be applied on this assumption , 


Rectilinear Propagation. At Newto: 
of eas of light had been availabl 
Bee ie : 


of the corpuscles, no 
n’s time no measurement 
©, so one could assume infinite 


smallness of mass is not involved j 
largeness of speed that limits the deflec; 


A «> 


n this calculation, It is the 
tion to such a low value. 
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Departures from rectilinear propagation had not been observed for light. 
at that time. 

Refraction. To explain refraction Newton assumed an ethereal 
medium—far rarer, subtler and more elastic than air—pervading all 
space including pores of all bodies. The density of this ‘ether’ was 
assumed to vary from material to material. According to Newton 
refraction occurred because a denser medium (for ether) attracted 
the corpuscles, consequently bending their path towards the normal 
and increasing the speed of the corpuscles. Snell’s law (sin i/sin r= 
constant) could be proved on this basis, the relation being n= speed 
in medium/speed in vacuum=c'/c. 

Since measurements of even c were not available in Newton’s time (see 
chapter 7), there was no way of checking whether n equals c’/c. Measurements 
now available show that n equals c/c’, nox c’/c. 

Reflection. This was explained by Newton by assuming a 
force of repulsion at the surface əf separation of the media. The 
force reversed the normal component of velocity of the corpuscle, 
while the parallel component remained constant, which fact led to 
the law of reflection. 


We know that at the same boundary partial reflection and 
partial refraction occurs simultaneously. Hence one has to assume 
attraction to explain refraction and repulsion to explain reflection at 
the same boundary. Newton’s answer to this problem is worthy of 
note. He stated that the ether at the boundary was set into vibrations 
by the impinging corpuscles so that the ether entered into “fits of easy 
reflection and fits of easy refraction.” 

It is worth recalling that Newton was the person who deduced the form- 
ulae for speed of longitudinal elastic waves in material media and speed of 
transverse waves on strings. And he also introduced the concept of the ethereal 
medium for light. But he used the ether concept to explain the phenomena at 
ithe boundaries only. Incidentally, Newton himself had discovered another 
phenomenon when the medium between two boundaries was very thin. That is 
‘Newton’s Rings’. (§ 12°4). Here the “fits” varied as the thickness of the thin film 
varied. In an atcempt to explain these alternate bright and dark rings by alter- 
nate ‘fits’, Newton came very close to the wave theory. 

The coming up of quantum theory is sometimes referred to as the revival 
or return of the corpuscular theory. This is not correct. Newton’s corpuscles 
were material particles, subject to gravitation and also to attractive and repulsive 
forces at the boundaries of surfaces. His corpuscles of a given colour would 
change energy when their speed varied from medium to medium. The ‘quanta’ 
bave entirely different laws governing them and wave-character is an integral 
part in so far as frequency is put in the equation s=hv for the energy of a 
‘quantum’. 

8'2. Huygens’ and Fresnel’s Ether. That light may consist 
of a periodic disturbance transmitted through a medium in the form 
of waves, was first proposed by Huygens in 1678.* He assumed a 
medium, luminiferous ether, pervading all space (including vacuum) 
and having very high elasticity. A source of light created periodic 
disturbance in the ether, and this disturbance travelled as a wave, 
just as sound waves travelled in air. 


* That is just 3 years after Newton propounded the corpuscular theory. 
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Huygens explained refraction of light satisfactorily but his pre- 
diction that light travelled slower in denser media was not verified 
experimentally for 170 years (Foucault, 1850). He could explain 
reflection too in a simpler way. As regards simultaneous occurrence 
of refraction and reflection, it was easier to understand on the wave 
theory, although their relative magnitudes could not be calculated 
for the next 150 years (Fresnel, 1822). 


_ Diffraction and interference of light were not known at that 
time. Hence Huygens’ wave theory got little experimental support. 
Further, Huygens could not explain rectilinear propagation on the 
wave theory. He also discovered polarization of light in 1690, but 
it became a hindrance, not help, to his wave theory, because he had 
longitudinal waves in mind, which could not explain polarization. 


In retrospect, Huygens appears to have worked on the wave 
theory more on intuitive conviction than on experimental evidence, 
which came in sufficient measure only about 150 years later. 


Fresnel, around the year :820 A.D., introduced the transverse 
ether wave theory. For the speed of mechanical waves through a 
medium the equations established by Newton are : 


c (longitudinal) = qe ..-(8'1a) 
(c transverse)= "| HAPA «(8° 5) 


Where k and n are volume elasticit igidi i is 
density À icity and rigidity respectively, and p i 


Now, if all space is filled with ite rigidi 
x sif € ether (of finite rigidity) how do the planets 
eit vin without retardation ? Fresnel bypassed this Sain by GaMecing n 
gi nishingly small (though finite), and saying that p was even more vanishi- 
Bly small, so that the ratioļp was still as large as ¢?, 


It is to be noted that althou 
gh the ether wave concept is now 
dead, the valuable work of Fresnel and others on waves As such is 


aA a 
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applicable in the electromagnetic wave theory. The reason lies in an 
important principle : the same equations have the same solutions. By 
changing the meaning of symbols in an equation the interpretation 
changes but not the solution. 


8'3. Maxwell’s Electromagnetic Waves. A static electrical 
charge produces an electric field (Coulomb’s law), a moving charge 
(i.e. current) produces a magnetic field (Ampere’s law), and an 
accelerated charge (i.e. changing magnetic field) produces an 
electric field (Faraday’s law). Also there are no free magnetic poles. 
Maxwell in the year 1873 considered these relationships and asked : 
if there is an oscillatory electrical circuit at station A, what happens 
at a distant station B? His theoretical study showed that the 
oscillations travel to B with a speed whose calculated value is equal 
to the speed of light. In Maxwell’s words, “We have strong reason 
for believing that light is an electromagnetic phenomenon. 


Assuming that the reader has some background of electromag- 
netism and vectors, we outline Maxwell’s theory below. Rationali- 
sed MKS units are used, with symbols E, D, H, B,iand p having 
their usual meanings. 


(a) Equations of the Electromagnetic Field. The relations 
known at Maxwell’s time were 


G) div D=e, (iii) curl H=i 
(ii) div B=0, (iv) curl E=—oB/dt 


The first is Gauss’s law, arising from Coulomb’s law. The 
second expresses that isolated magnetic poles are absent. The third 
expresses Ampere’s law with i as current density due to motion of 
free charge. The last one is Faraday’s law. 


Maxwell’s critical analysis showed that Ampere’slaw was 
incomplete. Inthe space between the plates of a capacitor in an 
a.c. circuit there is no conventional current (i=0), yet curl H#0. 
Maxwell therefore included a term dD/dt, apart from the conven- 
tional current i, in this equation (iii). This is called the displace- 
ment current and in free space and in a dielectric medium this is the 
only current present. 


Thus, Maxwell’s equations for the electromagnetic field in a 
dielectric (non-conducting) medium (where p=0) become 


div D=0 (8:2) 
div B=0 (8°3) 
curl H=+0D/dt (8.4) 
curl E=—0B/dt (8.5) 


(b) Solution for an Isotropic Medium. The relations 
D=<E and B=vH have the permittivity € and permeability u as 
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sors in general. But in.an isotropic medium these are simple 
ten 4 
coefficients. 


Eq. (8'5) now gives 
: curl curl E=—» curl 3H/dt 


But curl 0H/dt=(0/dt) curl H, and from Eq. (8'4) it equals 
2E/ðt*. That leads to 
ie curl curl E=—p. £ @°E/ar? Ve 
i iv E— identity for a 
de equals grad div E— V?E as ani n 
NN i “apa eadi E=0 (Eq. 8'2). So the result is 
ZE (86 
WE te ( | ) 
This expresses the space variations of Ein terms of the time 
variations of E. 


Eq. (8°6) has the standard wave solution 
Bas Stet (8'7) 
v 


i irecti i f nor- 
i function, and J, m, n are the direction cosines of nc 
ca travelling with speed v. Eq. (8'7) would give 


OE py impr 
aj [ Emyn: 


Ja 
7E, XE, FE 
and WES at zt au 


124-m?+n2 pr [e] 1 fl etme tne 
a Ua v v? v 


recalling that 2+ m?+n?=1, Substituting in Eq. (8:6), we find that 
Eq. (8°7) satisfies Eq. (8°6) if 


We could as well eliminate E (and D) between Eqs. (8'4) and 
(8°5) to deduce 


V°H=peo Ht 


T (89) 
__ This would mean that the time variations of H travel in space 
with the same Speed as the time variations of E, 


For vacuum U-=Uo= 1°26 x 10-8 henry/m and e=s=8'85 x 10728 
farad/m. Eq. (8 8) then leads to v= 30x 108 


S > which is equal to 
L N 
~~ È 
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the speed of light in vacuum, c. Fora dielectric medium w is close 
enough to ) and «=Ké,, where K is the dielectric constant. Hence 
speed of e.m. waves in a dielectric medium is given by 


e'=1/V a Key=c/V K ---(8.10) 
In practice c/c’ gives the refractive index n and Eq. (8°10) leads to 
n=VK (8°11) 


This relation is found to hold widely. Notice that K is not 
an arbitrarily introduced quantity, but one that is available from 
electrical experiments. Since Kis frequency dependent, only the 
high frequency value of Vg would match the observed n. 


(c) Transverse nature of the wave. Using D=cH and expan- 
ding div E, Eq. (8'2) for an isotropic medium will be 


2E, 2E , Ba) 
‘Lox a oy Haz T 


Now consider a plane wave travelling along the x-direction. 
It means that E (also H) is independent of y and z. That leads to 


Ec E a N 
ax =0 everywhere axa =0 
The x-component of Eq. (8°6) then gives 
Ee 
ar? =0 > E£,=a+bt 


This means that Es is either zero (a=b=0), or invariant with 
time (b=0), or increasing uniformly with time (b0). The last two 
would not be part of a wave motion. Hence we conclude that E0 
for a wave travelling along the x direction. Similar result can be 
established for He. 


_ Thus a plane wave has no component of E or H along the 
direction of propagation. Eiectromagnetic waves are therefore 
transverse. 


_ (@) Relation between E and H. Consider a plane wave travel- 
ling along the x-axis, with E vector along y-axis : 


E=Fy=f (1 2) s E.=0 


What is the magnitude and direction of H ? To deduce it we 
note that H is independent of y and z (wavefront parallel to yz 
plane) and also H,=0 (as proved earlier). That gives 

oH, . Hy 


ox it ax 


curl H=— 


A 
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Now, using Eq. (8°4) leads to 


_ He, | Hy, 2E, ’ 
ax It ox "aed “Ce 
Equating separately the coefficients of jand k gives us 
OHy _ _ 0H, __ 2 ; 
A =0 and S OTA -+-(8°13) 


The first equation tells us H,=0 (since Hy=a constant over 
x is not a wave solution). We also have H.=0. So His along z- 
axis. It means that H and E are mutually perpendicular. 


The second equation gives 


Cle Fst hve AREE 3 
ale (: a 
whence 
EN EE ne (8°14) 
ule 
and Bop ee pe. m=% ..-(8°15) 


p The ratio Vw/e has:the dimensions of impedence (ohms) and 
is called the characteristic impedance of the medium. For free space 
its value is ~ 380 ohm. Eq. (8'15) tells us that the variations of E 
nay are in same phase so that their magnitudes bear a constant 


Fig. 8'1. 


The ¥ and B vectors in an electromagnetic sinusoidal wave. 

EXB gives the direction of propagation; E.B=0: and ratio 

E/B=» at all times, so that the maxima, minima and zeros of 
E and B occur simultaneously, that is E and Bare in phase. 


* A simple way to remember this is that it leads to te E?=4u H? i 
representing the energy densities in the field due to E and n coon 


V aN 
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(e) Invariance under Lorentz transformations. In Chapter 24 we will deal 
with Relativity : how events in one reference frame appear to an observer in 
uniform motion relative to the frame. If Galilean transformation of coordinates 
is used, Maxwell’s_ relations (8°2)—(8°5) change their form, But if Lorentz 
transformation of space and time coordinates is used, these equations remain 
invariant. Conversely, if the transformation for keeping Maxwell’s equations 
invariant is searched, then we reach Lorentz’s form. We shall leave the matter 
till Chapter 24. 

(£) Waves in anisotropic media and in conducting media. For anisotropic 
media £ and u are to be treated as tensors, and we get the phenomenon of double 
refraction (Chapter 16). But we shall not go into the details thereof. Fresnel 
had earlier used the anisotropy of the elastic constants of luminiferous ether to 
get the same results. F 

For conducting media, Eq. (8:2) has p and Eq. (8'4) has conventional 
current i added to the right-hand side. That leads toa wave which is absorb- 
ed as it travels along. That explains why all metals (electrical conductors) are 
necessarily opaque. But we shall not give the details of the theory. 


8'4. The Emission of Electromagnetic Waves. While Maxwell’s 
treatment given above explains the nature of propagation of the e.m. 
waves in space, the nature of emission of the e.m. waves needs atten- 
tion to the source. This follows better in a procedure adopted by 
Feynman. Ata point distant r from a charge q we have the Cou- 
lomb field E (depending on r), and contributions depending on dr/dt 
and d?r/dt?, Feynman shows that the latter are taken into account 
by modifying the Coulomb’s law to 


ee ee Es a] ae 
F o=- En e F(a) Ce qe) ---(8'16) 


We explain the terms with Fig. 8'2. The charge q moving along 
COPD is at Pat time t, and the observer is at O. The first term is 
the Coulomb field, but ris replaced by z’, the position of Q at an 
earlier time (t—r/c), called the retarded time; er' is the correspond- 


Fig. 8'2 
Re-examining Coulomb's Law 


ng unit vector along QO. The second and third terms in Eq. (8°16) 
show contributions from velocity and acceleration of the charge, 
respectively, and each relates to the value at the retarded time. 
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i - (8°16) without proof; but we may state that c 

here Pik Ps i Fy aA ee the equation is rigorous. Home approxi 
ions now follow. For particle speeds <c the magnitude change 
ae is much smaller thanr. Also, the time derivatives of unit 
oe e,’ have contributions only from the transverse velocity Uy! 
oa transverse acceleration «r' of the particle, and these are given by 


piri ENA TES LOY AEE 
S le)=Lo and ae (er) = ar ( ) 


iven i What is 
Proofs of these are given in textbooks on vectors. j 
important is to see that the contributions of the second and third 
terms in Eq. (8°16) are parallel to vy and a’ respectively. 


These simplifications reduce Eq. (8°16) to 


E(t) =— 4 [e+ Vo’ + aa] ...(8°18) 


Arer? 


We repeat that this simplification will not be valid if v is com- 
parable toc, orif the distance ris too small. We now use this 
equation to discuss the radiation in different cases, 

(a) Radiation due to an accelerated charge. While the first 
two termsin Eq. (8°18) vary as I/r2, the third one varies as 1/r. 
Hence at large distance the dominant Contribution to the radiation 
field [recalling «’ (t)=« (t—r/c)] is 


eon SI ee --(8°1 
EO Arey | Se ) a 


The direction of E is the same as that of «m at the retarded 
time. Magnitudewise E is Proportional tow, A charged particle in 
(say) a circular motion must radiate out energy, so also a charged 
particle which is retarded or deflected, 


_ (b) Radiation due to an oscillating charge, 
oscillating with angular frequency o% (=27v) and 


For a charge 
ampltitude a transverse to the | 


l ¢ displacement 
ine of sight, Eq. (8°18) leads to 


q : ao y 
E()= 7 ee ge [ e'r COS wt’ —e'n y Sin wt’ —e'r m Teos or] 
«++(8.20) 
The relative amplitudes of the three terms are thus given by 


9: Fo: E gie 2% , aw y 
Ep : Eo: E9=1; elites ...(8'20a) 

As o and r increase, the second and third te 
significant or dominant. née tend to b 


ecome 


(c) Radiation due to an oscillating di 
— separated by distance d are Sa riick 


id to form ate charges q and 
~ aN 


electric dipole of 
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strength p=qd. If d=d)+a,cos wt, we have an oscillating dipole 
Po COS wt (pp=Gay) superposed on a permanent dipole qdo. Fig. 8'3 


Fig] 8-3 
Deducing E for a Dipole. 


shows the Coulomb | fields E, and £-, at O due to the two charges. 
Their resultant Æ is transverse to the line of sight, and E/E; =d cos 
@/r. In essence that adds a (1/r) factor in the Coulomb term, ‘and 
changes the direction of E to the transverse one. Using pp=9a, cos 
6, relation (8°20) now becomes 
2 502 
zied cos ot’ L sin ot’ — 2T cos or | ...(8'21) 
0' 


BOs Arer a 


The relative amplitudes of the three terms now become 


22 
B® | Ey? : Ep =l i j a (8°22) 
An isolated charge cannot be made to oscillate. Therefore 
Eq. (8°20) is not realistic, whereas Eq. (8°21) is. We now see that 
the Coulomb field becomes insignificant when (wr/c)>1. Since w= 
27y and c/y=A,; we may put this condition as 
Anr>A ... (8°23) 


i Under this condition the last term in Eq. (8'21) dominates, so 
at 


ath Do? eee ) 8" 
E (t)=e'r taper of epi (8°24) 

__ Thus the amplitude is proportional to p> and wand falls off 
with r in the proportion 1/r. 


Exampl 8.1. An electric chargeq oscillates simple harmonically with 


frequency 3x102Hz and amplitude 10- m. Evaluate the relative magnitude 
m in the equatorial 


hs three in Eq. (8°18) for an observer at distance 10° 
plane, T 
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Solution. Substituting the given values in Eq. (8:20) we get 
Er : E° : E =1 : 2 n. 107° : 4r? 
Thus, for an oscillating monopole the first term is not negligible even at 
a 100metre distance for this case. 


Example 8° 2. An electric charge goes round a circle of radius 10-!°m 
at an angular frequency 3x 10° Hz. Deduce the relative magnitudes of the three 
terms in Eq. (8°18) at an axial distance 10 m and also comment on their relative 
directions at any instant. 

Solution. Using a for radius of the circle and œ for angular frequency, 
we have amplitudes vp’=aw and ap’=aw*. Hence the ratio of the three terms in 
Eq, (8°18) becomes same as in Eq. (8.20) 

Substituting the given values, we get* 

Ex; Ex : Ep =1 : 107? : 10* 

The question of directions is important. If the circular path is in yZ 
plane, the first term contributes E along x-axis If at the retarded time t—r/c the 
particle is crossing the y-axis, then its velocity vq is along z-axis and acceleration 
%,, is along y-axis: if at the time r-r’/c the particle is crossing the z-axis then pp 
is along y-axis and @p is along z-axis. Thus the three terms contribute to Ein 
three mutually perpendicular directions all the time, © 

Example 8'3 For anelectric dipole oscillator of frequency 10% Hz 
estimate the relative amplitudes of the position-dependent, velocity-dependent 
and acceleration-dependent components of the field ata distance 5cm in an 
equitorial plane. 

Solution. Eq. (8:22) is useful here. Given y=10" s-1,r=5 cm 
c=3 x 10 cm s71, we have 

or 2x3:14x 102x5 
— = 3 
z 3xiow  =10 
Hence Ey? : E? : Ex°=1 : 10°: 10° © 


8'5. Energy Flux in an Electromagnetic Wave. If we consider 
a Static electric field E, then the energy density in the space there is 
2%oE”. The simplest proof is through a parallel plate capacitor. 
With plates of area A and separation d, we have C=¢,A/d, V=E.4, 


and stored energy } CV?. Hence energy density due to electric field 
is given by 


$CV? 
Waa =},E? ..(8'25) 
In an electromagnetic wave two things are different from a 
static field. The electric field is oscillating, Ey cos wt, so that mean 
E? has a value 4E. Also, there is an accompanying magnetic field 
contributing to the energy density. Hence 


W—WatWu=le B+ huge, 


In view of Eq. (8°14) the two co 


ntributio s. 
Hence tions are equal alway: 


è W=}e,E2 .:.(8'254) 
ow, the electromagnetic wave travels wi 

. Be 
consider a plane wavefront of area s, then the ata it 4 E ae 
of length cA t crosses this area in time Az, The energy ve for 


mm £ 
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unit area per unit time is called energy flux or intensity (I) of the 
radiation. Thus 


_ WXCAtXS py tec E? ; 
I= =We=}c%Eo «+(8°25b) 


If £, is expressed in volt/m aad c in m/s, we get I in joule m?s}. 


__, If may be recalled that in elastic media the energy of waves is partly 
kinetic and partly potential. Their sum remains constant and the mean value 
of each is half of the total. The parallelism with the electromagnetic wave case 
is attractive. But it should not be carried too far. For instance, one must 
not try to deduce dEldt and use its square to get the ‘kinetic’ part through 
(dE|dt)*.. In electromagnetic wave theory E itself contains (2xv)* term—not 
2nv—and thus the energy involves a frequency dependent term v* . 

_Another difference is that while kinetic and potential energy maxima 
ata given time are separated by. 2/4, the maxima for Wy and Wy are in phase. 


Example (8-4) Consider a 10 kw oscillator radiating isotropically. Caleu- 

late the amplitudes of £ and H fields at 2 km distance from it. 
Solution. 
__ Power _ 10¢ Js? _ 102 Jms 
7 Area, 4x(2000 m)? 16r 
Equating this with 4 ceo Eo (with 1/4ne0=9 x 10° volt-m coul?) 

2I 10-2 10-2x9x10° 

= = lt/m)? 
Pa e r olem 


E,~=0°40 volt/m 


Using Eq. (8°14), with Uo/2o=380 ohm we get 
Ho=Eo| V &][o20~0'10 x 10- amp/m. © 


$°6. Spatial distribution of dipole radiation. Fig. 8'4 shows 
an antenna AB connected to a high-frequency generator. The free 


Fig. 8'4. 
A high frequency generator connected to wires 
electrons in wires A and B oscillate in unison. Hence in discussing 


the radiation field we may consider AB as a single wire in which a 
large number of electrons oscillate back and forth in unison. Their 
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counterparts of opposite charge, viz., the ion cores, remain fixed. 
For this reason the wire system A, B is called an electric dipole osci- 
Hator, although it really is a multitude of such oscillators acting in 
unison. 


Example 8'5. A vertical antenna 2 m long carries alternating current of 
amplitude 200 ma at frequency 10 MHz. Deduce the amplitude of E in the 
radiation field at 100 m horizontal distance. 


Solution. Ifa is the displacement amplitude of each charge q, the 
velocity amplitude is =a. 2xv and the electric current amplitude is 
io=qvo N=(qa,) 27y. N=p,.2m4N «+(8.26) 


where N is the number of free electrons per unit length. The electric field 


amplitude in an equatorial plane is given by Eq. ( 8:24). Taking the fact that all 
electrons in 2 metre length oscillate is unison, we have 


Sy a iaa 
E eas Sr ie (8'27) 


using Eq. (8'26) to eliminate PN. Now we have 
v=10" seci, r=100 m, c?=9 x 1016 m?sec™t, 
ię=2x 10-1 coul sec-1, and (1/4re)=9 x 10° 
Substitution in Eq. (8°27) gives 


volt. m. coul-2 


P= 2m. 107.9 x 10°.4 x 10-1 
Nes 100 x9 x 10% 


=2'5 x 10- volt/m © 


In Fig. 8°5, we imagine the dipole oscillator to be situated at 
the position O, with its axis 
along the direction 4. We 
draw spheres with O as centre, 
with radii sufficiently Jarge 
so that Eq. (8.24) may be 
treated as valid. Since accele- 
ration of the charges is along 

rection 4, the oscillating field 
at any point in Space varies as 
Sin 8, so that it is zero in direc- 
tion 4 and maximum along 
direction 1, Rotating the figure 
meas ead pd axis of the dipole 
Distribution of electric field due i Me rea bution of the 


field. The i i i 
to the oscillating dipole tensity varies as the 
we may write 


square of the amplitude, so that 

sin?ð 
1,(6, ra +++(8'25) 
where 6 and r define the point under Consideration, 


(aN 
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The electric dipole oscillator thus gives us all the essentials of the electro- 
magnetic wave generation and propagation, including polarization and the direc- 
tional dependence. From the metal wire dipoles driven by high frequency 
oscillators to the emission of light by atoms and molecules, and of y rays by 
nuclei of atoms is along step. But Maxwell's electromagnetic theory of light 
knits them together into one basic phenomenon : the electromagnetic waves. 


87. Background of the Quantum Theory. One great advance 
in adopting the electromagnetic theory of light is that absorption, 
emission, scattering and all other interactions of light with matter 
can be explained along with (not apart from) the constitution of mat- 
ter in terms of electrically charged particles and related chemicaland 
physical properties. Around the year 1900 A.D. it appeared that 
the electromagnetic wave picture could explain all the phenomena. 


However, in quantitative details there came up some serious 
problems, which we will take up in Chapter 19. We find that light 
shows not only all the properties of waves, but somehow the energy 
and momentum are associated in bundles of size hv and hy/c respec- 
tively, where h is a universal constant, called Planck’s constant. 
This was the quantum concept. 


We shall resist the temptation of giving right now the thrilling 
story of discovery after discovery supporting the quantum concept. 
What is important for us is that a structure of mathematical analysis 
and philosophical concepts had to be built up to give us a compre- 
hensive theory incorporating the wave and quantum aspects together. 
This is the field of Quantum Electrodynamics or the wider branch of 
Physics called Quantum Mechanics which has caused a revolution 
3 our expectations of the future. We shall deal with it in Chapter 


In the meantime the reader will do well to understand the 
wave theory firmly, since that is the foundation on which to build 
up. 


PROBLEMS 


8'1. (a) What would be the strongest arguments against New- 
ton’s corpuscular theory if measurements of speed of light in 
vacuum alone were available ? 


(b) Write a note supporting the wave theory (against Newton’s) 
with the information available at Huygens’ time. 

8'2. In an experiment done to simulate Newton’s explanation 
of refraction, two smooth horizontal planes, separated by height h, 
are connected with a smooth sloping board, leaving no sharp edges. 
A steel ball is rolled on the upper surface with speed v and varying 
angle 0 with the normal to the boundary edge. The ball rolls down 
to the second surface and shows speed 2! and angle 6’. Experiment 
then proves v'/v —constant=sind/sind’. Analyse the mechanics 


of the experiment. 
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8'3. A beam of light projected horizontally shows a ‘fall’ of 
less than 0°1 mm in travelling 10 km distance, What information 
do we deduce about the speed of light, assuming the corpuscular 
theory and gravitational effect on corpuscles as on material particles? 


8'4. What assumptions about ether were used by Fresnel to 
account for transverse waves and absence of longitudinal waves ? 


8'5. Name the laws expressed by Maxwell’s equations diy 
D=? and curl H=i+@D/dt. State the reason for the dD/ét term 
in the second equation. Also write these laws for an isotropic 
dielectric medium in terms of E. 


8'6. (a) Show that for an e.m. wave travelling along z-axis, 
we have E,=H,—0, 


(b) Show that for a plane e.m. wave H.E=0 and H=EV‘u/c. 
State the MKS units of H.E and u/c, 


8'7. An electric charge has velocity 3X 10° ms} and accelera- 
tion 5X 10 ms-2, both at angle 90° from the line of sight. Deduce 
the relative magnitudes of the three terms in Eq. (8°18) for an 
observer at distance (i) 10 m, (ii) 108m. 


_8'8. Consider a star at distance 102 light-years from the earth, 
moving with velocity 0°80c normal to the line of sight. Comment 
on the ‘retarded time’ in dealing with the light from the star as seen 
from the earth, and deduce de,'/dt. 


8'9. An electron in Bohr orbit of Hatom has radius 0°54° 
and orbiting frequency 7x 10Hz, Deduce the electric field ampli- 
tude at a distance 2 em along the axis. 


_, 810. Foran oscillating dipole the dominant field at a la rge 
distance is due to the acceleration dependent term. Establish the 


significance of ‘large distance’, comparing th i 
1MHz to 108 MHz. omparing the cases of frequencies 


S11. Ifa plane polarized beam of light in ai ae 
is tha ght in air has intensit 
40 Jm™s—, compute the amplitudes of E, D,H and B. 


812° An antenna 0'80 m long has an oscillatin current 2ma 
at frequency 20 MHz. Deduce the E and H field Ralte ata 
distance 400 m at angle 30° from the length of the antenna. 


9 


Vibrations and Waves 


Nee eee as Magi 


If you drop a pebble in a pond of water a disturbance is created 
at the point of fall. With passage of time this creates disturbances 
at successive positions of water. The process is called wave motion. 
The disturbed point of fall is the source and the water surface is the 
medium for the wave motion. 


If a repeated disturbance is created at the source, there is a 

sustained wave in the medium. The simplest repeated disturbance is 

the harmonic vibration, and the wave created by it is the harmonic 

wave. But all practical oscillators have a finite damping, which we 

will examine. Also, all practical media show wave speed depending 

on fersen which has important consequences. These we will 
1der. 


The treatment of vibrations and waves becomes mathematically 
more convenient if we use complex quantities. Tn this chapter we 
will introduce this, side-by-side with the normal treatment. 


Since the electromagnetic theory of light considers the source 
as an electrical oscillator, we will use that kind of oscillation, rather 
than a mechanical one. But much of the material in this chapter is 
applicable to all kinds of oscillators and waves. 


il 91. Harmonic Oscillator. Consider the electrical circuit 
Sey se ht | of Fig. 9'1 with R=0. Let us see what 
c happens ifthe gap Gis connected to a 


battery and thereafter closed. Ifat any 

time tthe capacitor has charge q the 

6° voltage across it is q/C, and if the charge 

is changing at the rate dg/dt (the cur- 

rent), then the current is changing at the 

r ges A rate d2qj/dt?. Faraday’s law gives the 

s e.m.f. across L as —ZLd?q|dt?. Equating 

this e.m.f. with the voltage across the 
condenser gives 


Fig, 9'1 
A possible oscillating 
electrical circuit. 


Be RAN . 
a ib a «(9°1) 
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For convenience we introduce 


ofa (..-9°2) 
to set Eq. (9°1) as 
2 


This equation has the general solution 
=A. COS Wot+ A, sin wot -+(9°4) 
as can be seen by substitution. The constants A, and 4s: are arbi- 
trary, unless initial conditions are given. One can write Eq. (9'4) as 
=A cos (ot+¢) +++(9°5) 
where 4 and ¢ become the arbitrary constants. 


Eq. (94) represents a harmonic oscillation of frequency «,/27, 
Amplitudes 4, and 4g for the cosine and sine contributions are te- 
Presented separately here, whereas in Eq. (9°5) A is the total 
amplitude [=(Ac?+ As?)1/2] and ¢ is the initial phase. Eq. (9.3) is 
the differential equation for the harmonic oscillator, 

9.1 A. Use of complex amplitude 
As an alternative, try for Eq. (9°3) the solution. 
q=ae* ++-(9°6)» 


Substitution in Eq. (9°3) leads to P=+lao or—iws Hence the most general 
Solution is 


loot 


q=ae ta'e Tiot 


OTN 


Here a and a’ are the arbitrary constants, But unlike Ag and As (or A and 4) 
these a and a’ are not real, but are complex quantities. Their relations with 
Ag and Ag are easy to see. Eq. (9-7) gives 
9=(a+a’) cos oot + i(a—a’) sin et 
Comparison with Eq. (9-4) gives 


a+d'=A, | ee 4=1(Ac—idg) 
@=3(Ao+iAs) =a* 


=ae ot | one —iaot 


++(9°9)» 
We repeat that a here is a co. 


; mplex quantity, i lvi i 
is not an independent quanti 2 > nvo ving two coefficients, and a* 
that change Poi oid Se A An renns way of looking at Eq. (9-9) is 


Frequencies owg and —, 
=a-a* and Asaia asd sum of the 


Solutions (9-4) and (9:9 a 
teal amplitudes, separated a cereal aoe 


aMn 


} But the former deals with 
sine Contributions, while the latter 
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deals with complex amplitudes, with cosine and sine contributions mixed in the 
complex form, needing the addition of a complex conjugate term of frequency 
—wp. Now, we could as well leave the second termin Eq. (9°9) unwritten and 
state Eq. (9°9).as 


q=ae 1st (9°10) 
The other term is left as understood. We often need to evaluate g?, and in the 
representation of Eq. (9°10) we define 
P= | | =qq*+ 4*4 (9°11) 
This leads to = 2aa*=} (Ag?+-Ag*), the same as we get from Eq. (9°4) 


The great advantage of the form (9'9) of describing the oscillation lies 
when we reduce it to Eq. (9°10) with the understanding expressed in Eq. (9:11). 


Example 9:1. Find the sum of two oscillations (i) Ar cos (coof-+g:) and As 
cos (wot +¢2), (ii) ae iwot and ase 10t. 

Solution. (i) The sum amounts to 

q=[Ai cos ¢1 + As cos ¢2] cos wot—[Ar sin ġgı+4 sin g2] sin wet 


=A cos(wat+ $) (9.12) 
where A=A:2+4:?— A,A cos (p1 $2) 
A sin dis sin ¢ ..(9°13) 
tan d= 1 1 2 $2 


AURE PTEE 

Ax cos $1+Ae COS da 

You will see that several steps have been left out in the derivation. 
(ii) In this case the sum is simply 


q=ae iwot +a Toot =(a+as) € iwot © 
If resistance R#0 in the 


p ing i illator. J 
9'2. Dampingin an Oscilla deep dalde actos it, 20 Ea. 


circuit of Fig. 9'1, there is 4 voltage 
(9°1) becomes 


cea! aa Eea (9°14) 
SONA Lae 
For convenience we write this as 
da 14 ag = ...(9°15) 
Get z dt torg =0 
R ae (9°16) 
where o= m T=R 


If we try the solution 
q=ae™ ..(9'17) 
Eq. (9°15) requires that 


1 
p+ y ptor=0 
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For (1/s)*<w,?, which means R<VLIC, this leads to 


pp Ny weed eres Diy, 
NESEY tis] a, aa Ee Vaan pA Tlw. +9 18) 
where AE ae +(9°19 ) 


z2 


Since p has two values, the most general solution of Eq. (9°15) is 
se -t/2 fae tot awe —iwt] ..-(9°20) 


kin —t/27 


[(a+a') cos wti (a—a') sin wt] 
Since g isa real function of time, both a--a’ and i(a—a’) must 
be real.* Calling them Ao and As respectively, 


wah —t/27 


q (ocos wt--Ag sin wt) ...(9'21) 


aS tre gh (wt+¢) ...(922) 


These may be compared with Eqs (9*4) and (9°5). Firstly, w 


changes to w (Eq. 9'19), and secondly, the amplitude falls with time 
exponentially, 


The energy € of the oscillatin Circuitt is proporti nal to the 
(amplitude)2, whence s FREA HO 


steet ...(9'22) 


Danette quantity += L/R is called the relaxation time. It is the 
time in which the energy falls to l/e of the original value. 


__gunother related quantity is the quality factor Q, defined as 
cag actionat energy loss per cycle, From Eq. (9:22) one rea dily 
s 


2 i 
yeri OT -..(9°23) 


& dt 


There is another way of definin 
; 3 & Q. In resonance between a 
A a geney and the Oscillator, the latter picks up maximum energy 
river source has frequency equal to w, Feo and ware the 


*This means a’ is complex conjugate of a 


ten rE (4 * 40 
t 


CG? as you may see from I=o COS (aot +4), 
Mping term may be added Separately, 


(see Eq. 9-8), 
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limits at which the picked up energy is half of that at ©, then w.—a, 
= A onl is called resonance half-width, and we define 


= (Aoa) (Arle (Adh 


Theory shows that this relation also leads to Q=wrt. Thus an osci- 
llator with large 7 (small damping) also gives sharp resonance peak. 


In the case of visible light you have typical w= 10+ s71 and 
=10~%s, leading to O=10° from Eq. (9.23). In terms of Eq. (9.24) 
this will mean that for A= 5000 A° you have AAy/2=0°05 4°. 


You may shift attention from the oscillator to the field at a distant point. 
We have seen in Chapter 8 that the electrical field Æ is proportional to q, and 
energy flux (intensity) is proportional to E,*. Thus the intensity in the radiation 
field falls the same way ase. Observations in the radiation field thus lead to 9 
of the source. Measurement of 2/ Adla pertains to the field, from which œ an 
qmay be deduced. 


Example 9:2. In an L, C, R series circuit, the values are L=10uh, C= 
0:20uf, R=1'0 x 10-* ohm} Deduce the oscillation frequency, relaxation time, 


and Q value of the circuit. 


(9°24) 


Solution. 
o= as ibis ice SES E os 10888-* 
een oy 10x108 x0:20 x10°° 
Lyk rO an 
gS Re 
Since o> 1/72, we have o=ao- Hence 
pel. -1 
frequency, Y= zyr 1°13 x 10s 
quality factor, Q= =0 71 x10. © 


9.2A. Use of a Complex Frequency 


In Eq. (9°20), a’ can be seen as a complex conjugate of a, so that the 
entire scond ee bis conjugate of the first term there. As before 
(see Eq. 9°10) we then write Eq. (9°20) as 


ilori (9°25) 


q=ae l 
leaving thé second term as unstated [Here k is written for 1/27 for convenience. 
The understanding is that the written term contains all the information an! 
that -g? is given by qq* +q*q, asin Eq. (9°11). el 
In Eq. (9°25) not only the amplitude ais complex, but the angular fre- 
quency os intl © el complex. -The imaginary part ik represents absorption, and 
the real part @ represents phase change with time, i.e., frequency. But Eq. 
(9:25) is a compact and useful way of expressing a damped oscillator. 
Example9:3.! The electrical field in a certain region of space oscillates 
| as E=Ey pa (w-+ik)t, where Ep=(6+4i) 10 vyolt(m. Deduce the real ampli- 
| tude of E at t=0, initial phase, aud the energy in the field at t=0. 


| Solution. The given representation amounts to 
ESE, exp [i(o+ik)t]+Eo* exp [— i(o—ik)t] 
S imple substitution leads to (check it) 
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E=10"e-kt [10 cos wt—8 sin of] volt/m 
=(12'8 x 10-*)e-kt cos (et-+-4), where ¢=tan-1 (4/5), 
At t=0, amplitude is 12-8 x 10-3 V/m. initial phase—tan-1 (0:8) 
Energy density of the field is obtained from Eq. (8°28) as 
e=teo | EE* | =hep exp (—2kt) EyE,* 
=e Exp (—2kt) 


where com depEyEy* = ia x 10-6 (V-im-1 coul)(Vim-1)2 

=9'1 x 107"? Jm-3, © 
9'3. Fourier Series and Fourier Transform. Fourier’s theorem 
is a theorem in pure mathematics, but is of great use in Physics. 
Consider a periodic function of variable ¢ : 


Efl) 
with period T, i.e., frequency v=1/T, or angular frequency )=2n/T. 
Here t (and T) need not be time, but any parameter ; as one inst- 
ance it could stand for distance, in which case y is. periodic (repeti- 
tive) in space, and T would then m 


ean a spatial distance (like wave 
length). 
Y, 
(a) 0 t 
Y 
(b) ISO 
Y 
(c) 0 


Fig. 9-2. 
Three functions y=f (t) of different forms but 7 ; 
ame o, 
they Planer Period, How are 


y be written as 
Y=A cos (wot) +B sin (apt) te 


Fourier’s theorem states that (b) or (c) ioe 
of angular frequency w, can be written as the Series sum ; ‘ia 


y=f = 
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The series in Eq. (9°27) is called Fourier Series. Further, the coeffi- 
cients Ay,4n, Bn may be deduced from the given f(t) from the 
equations 


A= +f f(t) dt -+-(9'28 a) 
An= 2 [5 f(t) cos (nwt) dt «(9°28 b) 
B,= ar f(t) sin (noot) dt ...(9°28 c) 


We shall not give the proof of Eq. (9°27), but the truth of Eq. 
(9°28) may be seen by simple substitution and integration. 
9.3. A. Use of Exponential Representation 

We recall that Eq. (9°4) could be put in the form of Eq. (9'9). 
For the n'* harmonic in the Fourier series (9°27) we can thus write 


ane Mot ante —inwot 
where an=4 (An—iBn) and dy* is the complex conjugate of a, (See 
Eq. 9°8). Fourier series can then be written as 


fo) á 
inwet 
yO ei 0: (9°29) 


n=—© 
where the complex conjugate counterpart is included by using 
negative n values too. If you desire to get the amplitude dm of the 
m* harmonic, you have 
+o 
[a (t)e —imwgt a= >" ous inet , -imwot dint bs 
o 0 
n=— 0 
because all integrals fot mn vanish, and for n=m the integral is 


just | andi=anT. Thus 


1 fr -imwot i 
am= +f fe o dt ..-(9°30) 


Thus the Fourier series (9°27) and equations for the Fourier 
Coefficients (9°28 a, b, c) simplify to Eqs. (9°29) and (9°30) respec- 
ively. We repeat that the coefficients dm here are complex quanti- 
ies. 

Example 9:4. For the periodic oscillation given by f (t)=-+a for 
0<1<7/2 and f (t)=—a for T/2<t<T, deduce the Fourier series. 


Solution. Using Eqs. (9°28) we have 
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T/2 2nnt T 2nnt ] 
= —adt+ —acos ~r dt 
p a Cos T \r I 2 T 
2a Tr. . 2nnt )T/2 . 2nnt)T 
sat On Sod ceili i near =O 
=F zea {5 T k {ein T i 
2a HA 2rnt, ) T/2. 2nnt )T 
Br=F a {es T j +feos T 7/2 


=a eos m-+1) + (cos 2nn—cos xn) | 


-2 for odd n, and 0 for even m. 


The Fourier series is therefore 


4a. Qnt 1. 6x 1 . 10nt 
{O= =| + zsin pts sin T YE ] 


Alternatively, using the complex representation, Eq. (9.30) gives— 


a E | [annee ah ie Lg orient IT a] 
0 T/2 


ma keds 2 inn —i2nn —inn 
nT A Eo H e na )] 


=i for odd n, and 0 for even n. 


; =N [t amit 4a ident /T 
at f= ST deren stan © ] 
oddn 
4a. Wnt | 
S anny 
odd n 


Fig. 9'3 shows the result of graphical iti 
terms for half a period. (See also Problem 3.8), Paonia See tho fitet three 


9.3. B Fourier Transforms, If the function y= i r 
iodic, then it amounts to T-+00, that ig wy 50, Aa A Rig pe | 
harmonic frequencies Oo, 200, 3009... NOg s. form a continuous set. 
ri prs apse that Be seni a) be adopted for this case also / 
replacing 7%, by v, and a, by F (o do, and j i ’» 
tion to integration ; 4 changing the summa | 


> 


y=ft)= [es F (o) ety, ++6(9°31) 
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Eq. (9°30) then becomes ) 
F(o)= fr fit) cit dt ++4(9°32) 

These equations are called Fourier transforms, The first expres~ 

ses a non-periodic function f (t) in terms of an integral of harm- 

onic time functions of various w values whose number in a range 


dw is F(w) dw. Function F (w) is called the density of states at w. 
Eq. (9°32) gives this density of states at frequency w if f (t) is given 


02- 


[e] 


_ AK /4a)fn(t) 


© 
K 


Fig. ‘9: 


Plots of first three member of the Fourier series and their sum for 
1=0 to T/2 for Example 9°4. 


Y ou may notice the symmetry in these two equations (9°31) 
and (9°32). The usefulness of using complex number representation 
of oscillations may also be seen. 


One simple example is a single square pulse of height h and 
width b. Taking t=0 at the centre of the pulse gives 


f@=h for —hh<t<hb 
=0 elsewhere. 
Eq. (9°32) then gives 


EOS a “kao CHN di 
~o/ 
This leads to 
F (w)=hb sae where )=}wb «+(9°33) 


The function (sin ¥)/() is called a sinc function. It equals 1 
at VSD dae ha ce) Js v=nr, which means w=(2n/b) n. Fig. 


Gal 
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(9°4) shows the pulse and its Fourier transform. Note that the peak 
of F (w) equals the area hb of the pulse, but the width of the central 
maximum of F («) varies inversely as the width of the pulse. 
Substituting for F (w) in Eq. (9°31), and taking the correspond- 
ing'+ and —w components together, gives 
f(t) ig 2hb see $0b dw cos wt -++(9°34) 
o wb 
Thus the pulse is the sum of an infinite number of cosine waves 
of frequencies ranging from 0 to oo and amplitudes falling according 
to the sinc function. The last part is often stated as ‘amplitudes 
equal but density of states falling according to the sinc function,’ 


f(t), F(w} 


— bh ——t > 2x, te 
b 
Fig. 9-4. 
A square pulse (left) and its Fourier transform (right). 


AW;/2 


Fig. 9°, 
(left) An oscillating. function. (t) of period T an 


(right). The Fourier transform with peak at w egatmrrad.>, and 


ere =? rie 
sity width A w/a P to ve Erekana 
N À 
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> 
Of special interest is the Fourier transform of an oscillating 
function which tapers down at the ends, as in Fig. 9°5 (a). Here f 
could be time or distance; accordingly T could be period or wave- 
length. The total length (of time or distance) is b. The Fourier 
transform is shown in Fig. 9°> (b). Its peak position wo equals 27/ 
T (as expected). What is significant is that its spread /\/2 is 
related to b ; it is inversely proportional to b. In fact if b,/2 is the 
width over which f (t) falls to 2}? of the maximum, then Aay/2/ 
is equal to T/by/2. 
Actually the Fourier transform of the case has also a negative @ part 
which is the reflection of what is shown in Fig. 9:5 (b). We omit it since it is 
understood in the complex representation of oscillations, 


9'4. Wave Motion. A disturbance travelling with time in 
space is a wave. Consider a disturbance f (t) at x=0, travelling 
along the x axis with speed v, It means that to travel a distance x 
it takes time t=x/v. If f (x, t) represents the disturbance at x at time 
t, then it must be the same at f (t—*) or f (t+7) depending upon 
whether the wave is travelling away from or towards x=0. So in 
general 


f(x, papers (=) (9°35) 


. (9°35) says nothing about the nature of the disturbance ; it could be 
a nate Ae of 1 rape ora harmonic disturbance. Allit says is that it 
travels without change of form with speed +v or —2. As we have seen, a general 
f(E) can be shown to be the sum of several harmonie disturbances of different 
values. Ifv varies with œ, then the shape of the disturbance at distant points 
will be different from that at the origin. Presently we ignore this. 


From Eq. (9°35) we get 
G r My Le a ee LS OF v2 Le (=) 
l f ( v ); Ox? oe f i v 


ot? 
Therefore 
OF Ks (9°36) 
ae ax ji 
This is called the differential wave equation, of which Eq. (9°35) is a 
solution. 
Consider two other equations for wave motion : 
| v=f (:-twim) (9°37) 
i v 
Lg (it va(9'38) 
ae N p=- (: 5 ) 


The first is a case where f at a given time is the same over a 

| plane E T It shows the travel of the anina nong 

| normal to this plane. This satisfies Eq. (9°36) as we had seen a 
Eq. (8'7). The second, Eq. (9°38), is a case where fata given time 


pil 
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is the same over a sphere of radiusr. It shows the radial travel of 
a spherical wave, and in this case the amplitude is a function of r, 
It can be shown that this also satisfies Eq. (9°36), In such cases the 
form of the differential wave equation (9°36) becomes 


3t? Ox? To 


oy? 0z? 
Let us limit ourselves to a harmonic wave, and one which tra- 
vels along one line, say z-axis. If we are dealing with electric field 
E in an electromagnetic wave, we write 


Apel de CaN pbk 27 SEA 
E=E,cos2ry (- 2\=r, cos o(:—2 =z, eos (1 z: ) 


-+(9°39) 


Recall that 2r%y=0=2n/T, and “all that we have done is to re- 


place t by t—(z/z) to change from harmonic oscillation to harmonic 
wave, 


-+«(9'36 a) 


Eq. (9°39) shows that E is periodic in time (repeating at intervals. 
T), and also periodic in Space, repeating at intervals vT. This interval 
vT=2 is called wavelength, and Eq. (9°39) is equivaient to 


z 2nz t z 
E=E, cos 2n( n—Z) =E,cos( ot— TE =F 00s 27 ( Fa 


(9°40) 
Complex Representation. Eq. (9°40) may be written as 


E=E, exp [ -20i(»e— 3T ...(9°40 a) 


The assumption is that the complex conjugate E,* exp{ 27i ( Vi = )] 
is to be added on the right-hand side, as in Eq. (9'9). 
If is often convenient to introduce the quantity 
k = 2x/r ...(9°41) 
which gives the harmonic wave equation as 
E=E, cos (ot—kz) «..(9°42) 
Notice that v=1/T=(2n/k)+(2 zlo)=o/k. 
Phase and Wavefront, I i i f 
or (9°40) the ‘argument’ of the i Sina opie eno oo 


bance : osine is called Phase of the distur- 
$ = 2m( 2 )=/ r AZ PES 
u Ot T) (s-i ) 
+++(9°43): 
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From this we have 


coe =2m=0= fF (9°44) 
( a )=- = ...(9°45) 
(2) mnnt ...(9°46) 


__ These enable us to deduce the phase change Ad with time (at 
a given place), A% with distance (ata given time), and the travel 
speed of a given phase. The a in Eq. (9°39) is called the phase 
velocity for this last reason; it is the same as wave velocity. 


The locus of constant phase in space at a given time is called a 
wavefront. In waves over water surface, for example, a_crest-line is 
one wavefront, a trough-line is another, and so on. In Eq. (9°39) or 
(9°40) the wavefront is thus given by z=constant, i.e., a plane para- 
llel to xy plane. In Eq. (9°37) the wavefront is Ix+-my-+nz=const- 
ant, although the wave is not harmonic. It is a plane whose normal 
has direction cosines J, m, n. In Eq. (9°38) the wavefront is r=const- 
ant, which is a sphere. 

There are situations where the amplitude over a wavefront may not 


remain constant. Yet constancy of phase defines a wavefront. A wavefront partly 
transmitted and partly reflected at a boundary is an example. 


_ Example 9°5. Blue Light shows 1=5°0x10™° cm in vacuum. It enters 2 
medium where its speed is 2:0 x 10° m/s. Calculate the quantities (i) a, (iv Gi 
a (iv) T, (v) Ag for time gap 1'2 x 10™ s, (vi) A¢ for spatial distance 4'0 x 10 


Solution. (i) 2, in the second medium=50x 10~ x cm 
=3'3x 10- cm 

ti SDE 3:0x10°ms™_ e. is-1 
(il) veo ae e Enel =6'0x 10"*s 
(iii) o=2nv=3'8 x 10%s* 
(iv) T=1/v=1'7 x 10-4 
(v) Ag=oAt=0°45 radian 
(vi) Ag=—Qrnlr) Az=—50 radian. © 


95, Waves from Atoms and Molecules. Light shows the 
same behaviour as electromagnetic radiations sent out by electronic 
oscillator circuits—same as regards speed of propagation, reflection, 
refraction and interaction with matter. Some differences arise beca- 
use of large difference in frequency —electronic circuits 1m the highest 
frequency range have v ~10'° s~, while in middle range of the visi- 
ble light v~5 X10 s. We shall, however, refer to a more funda- 


mental difference between the two cases. 
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In an electronic oscillator antenna the swarm of free electrons 
vibrate in unison and in a specified direction (along the length of the 
antenna). So if the wave due to one oscillating electron is E, cos 
(t—kz), that due to N electrons is just NE, cos (@t—kz), 


In the case of light, which is emitted by atoms and molecules, 
the situation differs in two respects. Firstly, the waves from separ: 


8'5), and also unpolarized. Even more ticklish point is that an atom 


a magnetic field (Zeemann effect) the emitted tadiation will have a specific polar- 
ization, i.e., a chosen direction of E in the plane normal to line of sight. And if 


9°6. Wave Groups and Wave Packets. An oscillation repres- 
ented by E=A4 cos 2nv1 is an idealised case of an oscillation going 


on from time t=— to t=+ without change in amplitude. The 
corresponding wave Tepresented by 


ea een a(r) (9°41) 


© to x=+ 00 with Periodicity A and 
9°6 (a) Tepresents such an idealised wave 


infinite extension in Space. In Fig. 9°5 we 
§ 9°6 (c) represent 
orizontal axis is considered as 

S wave groups or -wave ackets. Fig. 
wavetrain of 4 i 


aveti very short len i little 
more than one oscillation. This i KASUA as Poia rs S 


ior svete nth otra ESS UR are du, respectively o 
of Fig 9:6 (a), we have oE ufacror, (Q factor), treated in § 9:2. For the wave 
about 10%, For radiations give, for the wave of Fig. 9:6 (b), the value of Q is 
of the order of 10° to 100. Siven out by atoms and molecules typical Q factors are 


Now consider a waye i i 
: -ave group in which way i 
amplitude falls to hegligible fraction* of the oats "rength 
* We could Set any y; 


becomes identical with t for this fraction, 


al eh ys 
th the quality factor Q. fay is set at a te 


~ ae 
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m times A from the centre, so that m gives a sort of measure for the 
length of the wave group. E AONANOAARAANN 

Then, as stated with Fig. 9°5, HN | A NAANA AULT torx 
the wavegroup may be trea- v 1 null AA VW 

ted as the superposition of k ANhAiane Lor x 


ann Ras 
an infinitely long wavetrain (bi AAT I Be YS 
of wavelength à with infinit- E An vere 
ely long wavetrains of wave Te ma E g Tit 
lengths spread on both sides E { 
of à with successively dimi- a) SR y VEIRE re ce 
nishing amplitudes. Fourier 
transform gives the amplitude Fig. 9°6. 
distribution. Wavetrains of different lengths : (a) 


If the wavegroup is 7” ideal wave, (b) a wave group, (c) 
short, the spread of wave- a shorter wave group, and (d) a pulse 


lengths to be included in this representation is larger. We then say 
that the wavelength of this wave is not sharp ; correspondingly the 
frequency is not sharp (cf. Fig. 9'5). On the other hand, if the wave 
group is a long one (say 104A long), we say that the radiation has 
a sharp frequency. 


Let us put it conversely. A wave with sharp range of frequen- 
cies means a long wavetrain ; one with wider range o frequencies 
means a shorter wavetrain ; and one with very wide range of freq-_ 
uencies means a pulse. An example in the last class is white light 
Here we have a total spread (violet to red)~4000 A to ~8000 4 
So the wavetrain would be a p Ise. Incontrast, for most atomic 
spectral lines the half-intensity width is~10 A, and some are as 
narrow as 107° A°. Since A~5000 4°, we get O~3X 10° to 3X 10°. 
The wavetrains for them have length “QA. s 

A mathematically useful way of describing a wave packet (or wave 
group) is the Fourier transform : 

too 


E (x, n=fa (k) e i (kx— ot) gy (9°48) 


aoe) 
where k=2n/2 and o=2n/T. (This is similar to Bq. 9°31 as applied in Fig. 9'5). 
Here A (k) is a function of k (hence of à), having the maximum value at a parti- 
cular kK=k, and falling off on either side. 

A simple way to see the above is to consider the superposition of oy 
waves of equal amplitude with wavelengths à and a+ Aa. They get out of phase by 
m in a length L given by 


ie a nyt by 
(ma reer LOTTE OEE ECS 


Thus the total spread b is inversely proportional to Aa, also the number of 
wavelengths in the group (b/)) equals to ratio >| Ar. Of course, with just two 
waves taken, the ‘group’ will repeat again and again (these are beats), hence an 
infinity of sinusoidal waveirains as prescribed by the Fourier transform are 
needed to produce a group (which will not repeat). 


9'7. Wave Velocity and Group Velocity. A wave group of finite 
i superposition of infinitely long 


simple (though, not rigorous) 
i a wave group 
In Fig. 9°7, on the left side 
lengths A and A+ AA 
Waves coincide at posi 
more and more out of step. The coj 


Now let the Component wa 


to the right with speed u and 


ard, this gap covers up ata rate Au per 
second, so that after time 4=42/ i 
cide. Fig, 9° 


n oi S su is at Q', as Shown at the 
. 9°7. e cent: th ')i 
length ( behing ©. centre of the group (Q’) ; 
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In the same time the group has travelled a distance 
PQ'’=PP'—Q' P'=ut,—? 
ow eloa etna A 
SONP: time to 


Calling group velocity cs and substituting t»=A/Au, which in the 
limit is dA/du, we get 


aei ae ...(9°49) 


Since du/dù is generally positive, the group travels slower than the 
individual waves. [n more dispersive media, du/dAis large, and 


hence the difference u—c, may be quite large. In vacuum du/d\=0, 
and hence cz=u=c. 


Two related results are of interest. Since o=wk, one can 
show that 


¢g=da/dk Dion --+(9°50) 

Also, since u=c/n (where n is refractive index), one gets from 
Eq.(9°49) 

cau 14 2 Bau ( 1+) (9°51) 


where à, refers to the wavelength in vacuum. 


It is to be noted that in all experiments on direct measurement 
of speed of waves it is the group yelocity cy which is measured. 
This is the speed with which energy is transferred in the medium. 
In contrast, the refractive index equation n=c/u involves wave 
velocity (or phase velocity) u, as we shall see in the next chapter. 

Example 9.8. For EDF glass the refractive index data are as follows : 

2 (yellow) =5873 4° n=1°7003 

à (blue) =4861 A° n=1'7168 
Deduce c,—u in the neighbourhood of »~5000 A®, and compare this with the 
change of u itself from yellow to blue. 

Solution. From eq. (9°51), 


u nd 
From the data, for order-of-magnitude purpose, We get 


E E 
n (5000 4°)=1.71, -E= — o0 


g—u soe + 1600=—5 x 10 


u 
The difference from u (yellow) to u (blue) we write Au. apen 


1 cs—u 
Au = et x 10= © 


u 
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9°8. Direct Measurement of Wave Velocity. The methods 
described in Chapter 7 measured the group velocity, since speed of 
energy transfer was essentially measured. The wave or phase velo- 
city is given by vA, where v is the frequency and A the wavelength. 


The first accurate experiment to determine wave velocity 
directly was done by Essen and Gordon-Smith in 1947 using radio- 
waves of frequency ~300 MHz froma frequency standard and 


arranging a resonant cavity for which à was known from the dimen- 
sions. The accuracy was 1 part in 10°. 


, Froome in 1958 used a Standing wave pattern to measure À, 
Fig. 9'8 shows his arrangement. The oscillator was of frequency 
~100 GHz (104 Hz) and waves emitted from the horns H,H form 
standing waves. The double horn detector A moving along the 
scale measures the variations in the Signal and hence determines A, 


Fig. 9:8, 


Determination of Phase Velocity. 


9'9. Necessity for Representation of W. 
5 aves by Complex Quan- 
tities. From § 9°] A, $92 A and § 9'3 4 we find hat Boni plex Te- 


y way we can proceed is 

(t) and getting the analysed 

, ; a complex representation. 

Yet, after this mathematical exercise is over, we iy still change the 

HOE It means that complex rep- 
resentation is merely a m ; at comp 

the oscillations are Teh athematical tool of great convenience, but 


However, in qu . 7 i fi 
Unlike the edut ar un mechanics we face a different situation. 


y=a cos(@t—kx), or E=Ẹ, — 
where y may be a displacement and E ig 


F an iri i 
mechanics we have parallel prena tinal field, in quantum 


Ņ=(a+ib) cos j (@t—kx) (9°50) 


>». 
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where ¥ itself has no direct real-physics meaning, but the 
quantity | U*) | represents probability density of occurrence of a 
certain event. Itis not that there is some real-wave representation 
for which we write eq. (9°50) for convenience; here eq. (9°50) is itself 
the original expression to represent the wave. This representation 
comes as a necessity, not as just a mathematical convenience. 


What does Yin eq. (9°50) represent? Not displacement of 
anything ; not electrical or magnetic or any field; not even pro- 
bability. In fact, since Y is complex, it cannot represent any real! 
quantity. Why use such an expression at all, then? The answer is 
that nature does not permit us to give description of the behaviour 
of particles and radiations at the micro-level in simple terms directly. 
Yet if a description in the form of eq. (9°50) is used then | W* | 
gives us information related to observable real physics. We will 
come to that in Chapter 23. Inthe meantime it is good to appre- 
ciate that complex representation, devised as a pure mathematical 
tool, has become a necessity in describing atomic and nuclear phen- 
omena in quantitaive manner. 


PROBLEMS 

91. For the electrical circuit of Fig. 9°1, the absence of R is 
an ideal not attainable in practice. Explain this. What relevance 
has this statement with the fact that no atomic radiation has zero 
half-width. 

9'2. (a) Express the oscillation €=5 cos (1000¢+0°35) in the 
forms A, cos of+A, sin @f and a exp iot. 

(b) Express the oscillation č=(4+3i) cos i 500 ¢ in the forms 
=A cos (ot+¢) and =A, cos wt+ As sin ot. 

9°3, An oscillation is described by £=(50+30i) exp (400+ Si)t 
Deduce the initial amplitude and phase, relaxation time, and Q value 
of the oscillation. 

9'4. The electrical field in a plane e.m. wave is given by aE 
40x 10-2 X 6-95" cos (3°0X10"1). Ifitis expressed as E=a cos 
i(w+ik)t, deduce a, œ and k. Also deduce | Æ | ,and the in- 
tensity at t=0, if E is given in volt/m. 
9°5. Prove the validity of Eq. (9°28 b) if f (t) is given by Eq. 
(9°27). i 

9'6. (a) In the complex representation, Fourier series involves 
Ripe z n noaa to--co. Explain the inclusion of 
negative n values. 

(b) The Fourier transform shown in Fig. 9'5 (b) has a counter- 
part at—o, also. Explain. 


9'7. If the function f(t) of Fig. 9°5 (a) were to repe 
intervals b, then it represents beats, which arise from the summ, 
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of two harmonic (ideal) waves. If it does not repeat, then it arises 
from a summation of harmonic waves with density of states shown 
by F (w). Examine critically. 


(2rnt/T)=0 to 90°, 90° to 270°, and 270° to 450°. Comment on the 
results. 


9'9. A wave is represented by J=3°) x 10-3 cos (8°4 x 10337-+- 
2°8 x 1052) volt/m. Compute the (i) amplitude, (ii) frequency, (iii) 


oie and (iv) wave velocity (assuming ¢ given in sec and z in 
metre). 


9'10. Define a wavefront. Cite an example to show that it is 
not necessary that amplitude over a wavefront may be constant. 


911 In what respects do atomic oscillators differ from an 
electronic oscillator 7 


912. Fora certain material the refractive index 7 varies in 
the visible range with dn|dňì=1'2 x105 m- and mean n=1'532. 
Deduce (i) the mean wave velocity z’, (ii) the mean group velocity 
€o’, (iii) the difference Ac’ for change of A from 5000 to 6000 A, 
4nd (iv) the ratio Of ¢,'—c' to Ac’. 

913. Deduce the expressions fo: 


; j T group velocity when the 
phase velocity u is related to À through ei x 


(i) u=4a1}? (surface waves controlled by gravity) 
(ii) u=ah—/? (surface waves controlled by surface tension) 
(iii) u=a+bA (a hypothetical case) 
9'14. If w=2n/T and k=2n/A, show that 
u=o/k and Co=de/dk 


10 


Reflection and Refraction of Waves 


Most of the material in this chapter will be applicable to all 
kinds of waves—longitudinal or transverse, and mechanical or 
electromagnetic. The word ‘disturbance’ will therefore be used here 
for change in the relevant vector property of the medium; it could: 
be the electric field E in electromagnetic waves or particle displace- 
ment in ao elastic wave. 

The propagation of a wave in a homogeneous and isotropic 
medium is simple. The next problem is to understand reflection and 
refraction at the boundary of different media. In this chapter we 
shall not consider anisotropic media; also the wavelength will be 
treated as very large compared with the atomic spaciags in the 
media, so that the media are taken as continuous isotropic media 
Only a broad macroscopic understanding will thus be developed, 
using a principle first given by Huygens. 

10'1. Huygens’ Principle. A wave-front is the locus of points 
in space having the same phase of a given periodic variation. Huy- 
gens gave a simple principle which really isa geometrical procedure: 
for determining the progress of a wave-front in a given medium and 
on reflection and refraction at the separation of two media. 


Huygens’ principle may be stated in three parts : 


(a) Every point on 4a given wave-front may be regarded as the 
origin of a new disturbance- 

(b) The new disturbance from each point spreads out in all dir- 
ections with the speed proper for the medium ; these disturbances are 
called secondary wavelets. 

(c) The new wave-front at any later time is given by the forward 
envelope of the secondary wavelets. 

In Fig. 10°1 AB is section of a waye-front at any instant t. To 
find the wave-front at an instant t+ At, the procedure is as follows : 

(a) At several points on AB draw circles of radii vAt, to 
represent sections of the secondary spherical wavelets, where v is 
speed of the wave in the given medium. 
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(6) Draw the common tangents CD, C’D’; they represent 
sections of ‘envelopes’ of the wavelets. 


(c) If the source is towards the left. CD is 
the ‘forward’ envelope and gives the new waye- 
front. If the source is towards the right, C’D’ is 
the new wave-front. 

Huygens’ principle does not explain why 
the ‘forward’ envelope alone is to be taken, and 
back wave is to be neglected. Further, in taking 
the envelope we in effect neglect all parts of the 
Secondary wavelets except those which fall on the 
envelope. Thirdly, if the wave-front is limited 
in width we do not know what to do to the 
envelope at the ends, 


A more mathematical form of the prin- 
ciple was later given by Kirchoff to account for 
the absence of the back-wave, but we shall not 
go into it here. Fresnel’s procedure dealt with 
the last problem mathematically ; we shall study 


it under the title ‘diffraction’ of light, which occ- oi 

urs when wavefronts are limited in width. For 

the present we shall see what the wave theory with Fig. 10°1. 
Huygens’ principle can explain. Illustrating Huy- 


gens’ Principle 


102. Laws of Reflection from Wave Theory. The familiar 
laws of reflection are as follows : 


(i) The reflected Tay isin the plane defined by the incident 
Tay and the normal to the surface* at the point of incidence. 


(ii) The angle of reflection is equal to the angle of incidence. 


In Fig. 10:2, WW. represents section of a_plane wave-front 
whose normal WA lies in the plane of paper. The wave-front is 
advancing towards a plane surface SiS», whose normal AN also lies 
in the plane of paper. The angle W,AN is the angle of incidence i; 


me plane of paper (containing W,A and AN)is the plane of inci- 
ence. 


The advancing wave-front strikes diffe: 
SS, at different times. Consider th 


B, then the time interval 


* It may be any surface se i i 
41S Beg ERAN parating one medium and another. It need. not 


z 


AS 
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W2 


Fig. 10°2. 
Reflection of a Wave 
ae x zsnt n (101) 


where AC is drawn perpendicular from A on WB and v is the speed 
of wave in the medium. 


The secondary wavelet from A grows in this time:to a sphere 
of radius AD given by 
AD=t.v=x Sin i. --(10°2) 


Now from B draw a tangent BD to the circular section, which 
touches the circle at D. The angle ABD is given by 


$ AD sy xsind 2G } 
sin Z ABD =p * sin i .. (103) 


We note that / ABD does not depend upon the distance x ; 
hence we could imagine secondary wavelets at an infinite number o 
points along the line BA, and the line BD would be tangent to the 
trace of all those wavelets. BD is thus a common tangent (envelope). 


Further, if the figure is moved towards normal to the plane of 
paper, BD would describe a plane, which would touch all the wave- 
lets arising from the surface S,Sa. Therefore, the plane described 
by BD is the reflected wave-front. As time further advances, this 
wave-front would travel along its normal, i.e., along AD, because 
each of the spherical wavelets would grow and eq. (10°3) shows that 
angle ABD is constant (3: both * 
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Noting that normal toa wave-front is the Same as ray, we 
conclude that AD is the reflected ray. It lies in the same plane as the 
incident ray W,A and normal AN. 


Also, we see that the angle of reflection NAD equals ABD, 


which we have proved in eq. (10°3) as equal to the angle of inci- 
dence. 


Thus the experimental laws of reflection of light are supported 
by the wave theory. 


10'3. Lawsof Refraction from Wave Theory. The familiar 
laws of refraction are as follows : 


(i) The refracted ray is 
in the plane defined by the 
incident ray and the normal 
to the surface at the point of 
incidence. 

(ii) The sine of angle 
of incidence bears a constant 
ratio to the sine of the angle 
of refraction (Snell’s Law).* 

In fig. 10°3, SS, is sec- 
tion of a plane surface, 
whose normal AW lies in the 
plane of paper. This surface 
Separates two media, the 

Fig. 103 speed of waves in the upper 

Refraction of a Wave medium being vand that in 

the lower medium v’. W,W. 

represents section of a plane wave-front whose normal W,A lies in 
the plane of paper ; the angle of incidence is i. 


The wave-front W,W, strikes different points of SS, in succes- 
sion, Consider the instant at which the point B is just disturbed. 
At this instant the secondary wavelet at B has zero size. If A is a 
point such that AB=x, then the time interval t by which A was 
disturbed earlier than B is given by 


1W2B—WiA CB x sin i, 
v Twa AS p 
where AC is drawn perpendicular from A on WB. 


In this time tthe secondary wavelet from A in the second 
medium grows to a size AD given by 


...(10°4) 


AD=t0' (x sin i) 


* The law, first given for light, is found true for all waves, 
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We now draw a tangent BD from B to the section of wavelet 
at A. Th angle ABD=r is given by 


AD xsiniv' 


g SAREE ZA ‘ 
sin TT an ise --.(10°5) 


We note that Zr does not depend upon x. Therefore, we may 
take A anywhere to the left of B and draw the wavelets at the ins- 
tant when B is just disturbed ; in every case BD will be the common 
tangent. Ifthe figure is now moved perpendicular to the plane of 
paper, we shall find BD describing a plane which touches all the 
secondary wavelets arising from points on surface S,S,—it thus des- 
cribes the envelope, i.e., the refracted wave-front. The normal to 
BD gives the ray AD and it lies in the plane of paper. This proves 
the first law of refraction. 


_ Further, r= N’ AD=angle of refraction. Hence, eq. (10°5) 
gives 


ee =;-=constant (n) --(10°6) 


This proves the second law of refraction (Snell’s law). It fur- 
_ ther tell us that n=o/v’. 


In the case of light it is customary to define the absolute index 
of refraction by taking the case where i and r refer to vacuum and 
the medium concerned respectively. The speeds are denoted by sym- 
bols c and c’. Hence we put eq. (10°6) as 


G ALLON : 
naa OR eg ++-(10°6 a) 


This result was a prediction of wave theory. Newtons’ corpus- 
cular theory gave c’=c.n. 


1. Sodium yellow light has wavelength 5893 A° in vacuum. 
This tight eee Ms medium of np=1:52. Deduce the speed, wavelength and 


frequency of this light in the medium. 


3.00 x 108 


Solution. (i) == =— Tgp A197 x10? m/sec 
nN pu UICC Mia R AAA A 
a) Wa Sa == T 3877 


Ce by 
(iii) v == =f =5:10x 10" sec“: (check) © 
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10'4. Image Formation on Wave Theory. Once we have 
(established that laws of reflection and refraction are valid on the 
. wave theory if wave-normals and rays are taken as equivalent, all 

the rules of image formation deduced from those laws become auto- 
į matically valid on wave theory. 


Fig. 10°4. 
Passage of a wave- front through a convex lens 


i However, it is interesting to follow the changes ina wave-jront 
in at least one typical case. In Fig. 10°4 we show this for the case of 
passage of a wave across a convergent lens. AO,A’ and AO;A’ are 
the two faces of the lens and Pisa source of waves. The spherical 
waves spreading out from P strike the middle part of the lens earlier 
and outer parts later. BOB’ represents ` the wave-front when it has 
Di touched the middle part of the lens. By the time the outer ends 

,A' ofthe lens are reached by the wave-front, the secondary 
wavelet at O, grows into size 0,0, given by i 


BA, 
0:0:=~<e', ...(10°7 a) 


where c’ is speed of light in the lens i 

r 3 ) material. The wave-front at 
ae per is AO,A’. Now the outer ends of the wave-front emerge 
as on Ley To the middle parts. Hence, by the time the middle 
ia ance O,0s, the outer parts travel a distance AD given 


ADe LOs 
c 


...(10°7 b) 


The emergent wave-front i } 
AN e TRR is thus DO,D’. Combining eqs. (10'7 a) 


BA 2 e ; 
+AD=(0,0s)-=n(0,0;). ...(10°8) 


where n is refractive index of the lens material 
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This condition combined with geometry and first order appro- 
ximations gives the well known result 
Lagu 1 1 al 
a 2-4 ) ++.(10°9) 


To prove this we write the left side of eq. (10°8) as equal to 
NM*, which is NO: +0,L+LO;+03M. The tight side of eq. (10°8) 
is n (O,L+L0O;). Hence we get from eq. (10°8), 


NO,+03M=(n—1) (0,L+L03) -+(10°10) 

If we put h=BN=AL=DM to first aproximation, then with 
usual notation and sign convention the four lengths in eq. (10°10) 
are—h?/2u, h?/2v, h?/2r, and—f?/2r,, Simple substitution in eq. 
(10°10) gives the result (10°9). 

Strictly speaking, the wave-fronts AO,A’ and DOD’ will not be speherical, 
Only their central part will fit well into a spherical shape, outer parts will not. 
Therefore, the emergent wave-front DO;D’, as it travels forward, would not 
Shrink to any sharp point like Q. This statement corresponds to what is called 
Spherical aberration discussed in Chapter 5 on the ray optics method. 

The Principle of Equal Optical Paths. It will be noted that 
the aforesaid image deduction is equivalent to setting the condition 
that the times taken by the disturbance to reach from _P to 
through different paths are the same. If we define optical path 
Corresponding to any distance as refractive index n times the dis- 
tance, we could write the result as 


fen ds=constant «--(10°11) 


“over all possible paths between a source point P and image point Q. 
This is the principle of equal optical paths from object point to 
image point. : 

The significance of equal optical paths is not clear in ray optics. 

But inthe wave picture the significance is that the disturbances 
Teaching Q through different paths all reach in same phase and 
therefore add up to produce a large disturbance there. This signifi- 
cance is in fact already included in the consideration of a wave-front 
travelling forth and converging at a point. 

10°5. Simultaneous Reflection and Refraction at the Boundary 
of Two Media. When a wave is incident on the boundary, the 

uygens secondary wavelets grow from these points in both oy 
media, the growth rates depending on the speeds of the waves in the 

Media concerned. 


Now, what fraction of the incident energy is reflected and what 
fraction is refracted? On what property or properties of the Imo 
media does this depend ? Further, if the incident wave is po aties 
With electric vector in the plane of incident (B,) or porogndicul ar 
(E L) to it, then will the reflectivity be different for the two cases ? li 
So, what are the relations ? 


This Sasanaiee i tud of u 
* This assumes tliat lens aperture is much smaller than magnitudes 
and y 


| oe 
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These questions were answered in detail by Fresnel, who consi- 
dered elastic waves in ‘ether’, The same results, interestingly, are 
applicable in the electromagnetic theory also. We may state his 
results as follows (without proof) : 

(a) At normal incidence, waves of both polarizations (E) and 

E , are reflected equally with 
E (reflected) n—1 : 
E (incident) n+1 „(1012 

(b) As the angle of incidence is increased, the reflectivity for 
the wave of polarization E, increases continuously, slowly 
at first and rapidly at higheri. The reflectivity depends 
on iandn only. 

(c) For the wave of polarization Ey the reflectivity at first 
falls with increasing i, becomes zero when i equal tan an 
and then increases rapidly. 

Fresnel in fact deduced precise expressions for reflectivity in 

cases (b) and (c) also. But their discussion will be beyond our scope. 

Example 10-2. Compute the percentage reflection when a beam of light 

falls normally from air over a (7) glass surface, (ii) water surface. 

Solution. From eq. (10°12), we get 

% reflection=100 ( St y 
Using n=1:50 and 133 for the two cases we get the results 4:0% and 2:0% 
respectively (check). © 


Example 10°3. A telescope or microscope involves atleast 3 lenses 
between the object and eye. Consider n=1:50 and deduce the minimum loss of 
light when lens surfaces are ideally clean. 

Solution. 3 lenses have 6 faces in all. For normal incidence each face 
transmits 96% (see Ex. 10:2). Hence for 6 faces : 

% transmission=100 x (o ĉ=78 (check) 
Thus the minimum reflection loss is 22%* © 


Fresnel in fact deduced precise expressions for reflectivity in 
cases (b) and (c) also. But their discussion will be beyond our scope 


10°6. Shock Waves : Cerenko v Radiation, Consider a particle 


Fig. 10°5. 
Development of a Shock Wave or Cerenkov Radiation 
» See also non-reflecting coatings in § 12:3. 
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moving in a medium with speed vs which is greater than the speed v 
of waves in the medium.t Fig. 10°5 shows AB as the direction of the 
moving particle. At the instant the particle reaches P, the wavelet 
from O grows to size OR given by 


Us 
Since v; >v, we have OR<PO. If PR is the tangent from P to the 
wavelet around V, the angle «a—OPR is given by 
i OR_ v 4 

sin-=Fo~ 5, (10°13) 
This is independent of distance PO. Heace PR is a common tangent 
to all the wavelets from points along PO. Rotating the figure about 
line AB makes PR execute a cone with AB as axis and « as its semi- 
angle. The cone is a wavefront spreading out normal to its surface 
with speed v. 

Waves as described here are called Shock waves since they are 
produced in air when bullets or bombs travel faster than speed of 
sound, The corresponding case in electromagetic waves is called the 
Cerenkov radiation after its discoverer It is produced when char- 
ged particles travel ina medium with speeds than the speed of 
light in that medium. In fact the cone angle « is used to determine 
the speed of the particle. (See Eq. 10°13). 

Notice that for v, less than v, 10 wavefront is produced by a 
moving particle. 

10°7. Phase Change at Reflection. Does the reflected wave 
start from the boundary in the same phase as the incident wave of 
with some phase difference ? There are at least two different ways of 

(i) AUD NN eee 

a) — 

i) er 


Pr 
D mE F 
n) Reel 5 ——— 
tb) EE 
P ~- 
Fig. 10°6. 
(a) Pulse incident from the lighter string. (b) Pulse 
incident from the heavier string. In each case 
(i) is before the pulse reaches the junction 
(ii) is after 
seeking an answer. Fig. 10°6 shows a direct experimental method 
With pules sent on a string tied with another string of larger or 


+gLaw of relativity is not violated because 7s is presumed>a in the meidum 
and not greater than c, the speed of light in vacuum, 
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smaller mass per unit length. The pulse travels upto the junction 
of the strings, and then it partly passes on to the second string and is 
partly reflected back on the original string. We find experimentally 
that if speed of waves in the second string is smalier than in the 
first (va <v) the reflected pulse comes out with phase reversed with 
Tespect to the incident pulse. For >, the reflected pulse comes 
out without change of phase. The corresponding experiment in the 
case of waves of light will be discussed in chapter 12. 


The second method is to use the logic first given by Stokes, 
In Fig. 10°7 consider a Wwave-normal PO, with wave of amplitude a 
incident on the boundary of two media 1 and 2. Let the coefficients 
of reflection and transmission be 
UR rand f respectively (for amplitu- 
des) ; then conservation of energy 
requires that 

P4+f=] (10°14) 
The reflected wave has amplitude 
ar and transmitted wave ampli- 
tude at. 

Now consider the reflected 
and transmitted waves as reversed. 
After reflection and refraction the 
total result must be a wave travel- 
ling along OP with amplitude a. 
Taking the coefficients of reflec- 


Fig. 10-7. tion and transmission for a wave 
Showing Stokes’ treatment incident from medium 2 as r’ and 
t’ respectively, we must have 
att'+arr=a ...(10°15) 
and art-+-atr’=0 (10°16) 
These, together with Eq. (10°14) lead to 
t'=t : r'=—r ...(10°17) 


The negative sign in the second equation says that there is a 
r elative phase change 7 in one case relative to the other. This equa- 
tion does not tell us which of the two reflections involves the phase 
Change m. For this we have to use the detailed work of Fresnel 
($ 10°7); he showed that reflection from the rarer medium side involves 


a phase change x. This conclusion matches the string experiment. 


10°8. Ripple tank Demonstration of Reflection and Refraction. 

An excellent demonstration of wave reflection and refraction is given 
with a ripple-tank using a straight dipper. One can show appear- 
ance of secondary wavelets, reflection at a hard boundary (showing 
i=r), and refraction at a plane edge or curved edge separating two_ 
media’. In the last case one part of the tank is shallower than the 

other, and since speed of waves depends on the depth (for small 
depths only), the two parts of the tank behave as different media. 
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We shall make no attempt to describe these experiments, beca- 


use they are best tried and seen. One can verify Snell’s law and 
also see a pulse gathering to form a real image or diverging out if a 


lens-shape is simulated. 


PROBLEMS 


: 101. Use Huygens’ principle to explain total internal reflec- 
tion. 
102. The atomic structure of matter is neglected in this Cha- 


pter, and the medium is treated as continuous. Discuss the reasons 
why this is valid in case of visible light, but not in the case of x-rays. 


10:3. Apply Huygens’ principle to deduce the relation 1w+ 
1/u=2/r for image formation by a concave mirror. To what extent 
is this relation valid ? 


% 104. Deduce the formula 1/ 
image formation bya concave lens, 
directly. 


10°5. Using eq. (10°12) deduce the 
water glass boundary for normal incidence 
glass side, (No1ass= 1°5. Nwater— $ 


o—1/u=(n—1) (/rı—1/r2) for 
using Huygens’ principle 


percentage reflection at 
from (i) water side, (ii) 


106. Deduce the speed of light in a medium of n= 1°60. Also 
deduce the wavelength of mercury green line in this medium, given 


Aoao = 5461 Ave 

10°7. At normal incidence an air-glass interface reflects about 
4% intensity. If 10 glass plates are placed parallel, deduce the total 
loss of intensity in transmission through them. Now if the plates 
are put all in contact, keeping the gaps much smaller than 4, the loss 
would be just about 8%. Explain. 


10°8. Name the scientists W 
nof a medium is equal to sin i/sin r, 
Which one of these is not supported by measur mag 
it first ? Ts Cmea used here the phase velocity or the group velocity ? 

10°9. In § 10°3, instead of deducing the magnitude of AD, you 
le r from AB, and then use that 


could draw BD at an arbitrary ang : . 
the time from any part of WiWs to the corresponding part of BD is 


to remain constant if BD is the refracted wavefront. Use this method 
to prove the laws of refraction. 
1010. A simple proof of phase chi 


tions follows from the fact that a film o 
should show zero reflection. Write down 


ho stated that the refractive index 
Of Cvac/Cmeds OT Cmed/ Cvae- 
ement and who made 


ange 7 at one of the reflec: 
f thickness tending to zero 
the formal proof. 


11 


Interference of Light (1) 
EE Perie aaa o T o e 


When two or 
ously, the disturba 


We will first develop the general theory of interference and 
then apply it to the case of light, 


111. Theory of Interference. 
observati 


Let the displacement y, at the 
ion point due to one wave at 


an instant ¢ be given by 
Vi=a, cos 2xvt. .-(11°1) 


Let the second wave have the same frequency v and cause displace- 


ment in the same direction. Then displacement y, due to it at the 
Same point at the instant t may be represented by 


Y2=Ay COS (2zvt+5), n2) 
Where } represents the Phase-difference between the waves at the 
Point under Consideration, 


Young’s principle of Superposition states that when both waves 
are present simultaneously the resultant displacement y at that point 
is given by* 


Y=yitye pac( 113) 


See 5 ANS RAI : 

* Actually the principle of superposition is of wider application in which y, 

and yscould have different directions. Then eq. (11°3) is a vector equa- 

tion. in discussing interference, we Presently limit ourselves to cases 
where y, and ys are along the same line. 


> —_ 
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Substituting from eqs. (1171) and (112) we work out 
y=(a, +a, cos S) cos 2nvt—(a, sin 8) sin 27vt 


or y=a cos (2nvt+¢); ..(11°4) 
where we can see that a and ¢ satisfy the relations 

a =q? +a: +2414; COS 8 ..(11°5 a) 

and ah ae p a150) 


Pa SEEE, 
a,+a3 COS è 


Let us examine eq. (11°5a). When phase difference 5 is an even 
whole number of 7, we get a=a; t42. This is called the case 0 
additive interference. On the other extreme, when ò is an odd mul- 
tiple of z, we get a=a,—4s. This is called destructive interference. 
In fact, now a becomes 0 when a;=42- 

J Example 11:1. Two waves of amplitudes 6 andi units are, superposed 
with their vibrations parallel. Deduce the ratio of maximum to minimum inten- 
sity as the phase relation varies. 

Solution. Maximum amplitude =6+1=7 units 

Minimum amplitude =6—1=5 units 
Imas hi 
mae z =nearly 2. ə 
I, min 
. Example 11:2. In the above case give a plot of intensity versus phase 
difference. ‘3 
Solution. Using eq. (11°54), 
[=68-+ 1242 x 6x 1 cos §=37+12 cos § 
Fig. 11'1 shows the variation 12 cos § superposed over a back-ground of 
37 units, 


For example 11°2 


We could also put eq. (11°5a) as follows: 
a= (a,—4s)*+4a142 cos? (8/2) 
‘Thus we may treat the distribution asa superposition of variation 24 co 
over a background of 25 units. (Fig. 11-1). 


s?8/2 
© 
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If we have several waves reaching the observation point, we 
represent the disturbance caused by individual waves by 
Yn=p, cos (2rvt+ òn) n=1,.2, 3... 
By the principle of superposition, we get 
V=Xyn=X (an cos òn cos 2xvt—a, sin 5, sin 2nvt) 
=C. cos 2xvt—S. sin 2xvt 
=A cos (27vt+ò), ---(11.6) 
where C=a,, cos 5, and S=Sa, sin Sn, and further 
A=VC?+S*; tan s=S/C 
Two extreme cases are of particular interest — 


(a) When both Sa, cos 5, and Za, sind, become zero, the 
resulant intensity is zero, 


(b) When all the N Waves reach in the same phase and have 
equal amplitude, then 
A=NQ, ; A?=N*(a,?) 


Thus the intensity is N2 times the intensity due to an individual 
Wave (not N times). 


Example 11-3. Five vibrations of equal amplitudes are superposed a 
with all in phase agreement, and then with successive phase differences 40°. 
Calculate the ratio of resultant intensities ia the two cases. 


Solution. In the first case 3a, cos 8n=Sa, and San sin 3,—0 


are Ay=[5a)?+02}12—5a 
In the second case 
Zan COS 8n=a(1+cos 40°+-cos 80°-+cos 120°+-cos 160°) =0.50a 
2ay sin 8y=a (0+sin 40°-+-sin 80°-+-sin 120°-+sin 170°)=2.84a 
Az=a{0'50?+ (2.84)*}/2 2 gga 
L Ap We Sa a i 
i at ees | 3°. 
_ 112. The Phaser Diagram Method. Consider the case of the 
addition of two vibrations 
Ji=4 cos 2rvt and y,=a, cos (2nvt-++8) 4 
From any point A (Fig. 112), draw a line AB proportional to 
a. Now from B draw a line BC Proportional to ay and in a direction 
making anticlockwise angle è with AB produced. Join AC. 


._ The length AC represents the amplitude a of the resultant 
Vibration, and the an gle 

CAB=¢ represents its phase gE, 
Telative to vibration yi. The 

Teader may verify that results 
are the same as those of eq. 
(11°5). 


Cc 


Fig. 11°2 is called a mi B 
phaser diagram, because the Fig. 11-2 : $ 
angles of BC and AC (rela- Addition of two vibrations 


D 
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tive to AB) represent phase differences, not the directions of vibra- 
tion. In fact, the component waves cause vibrations along a com- 
mon direction (say y-axis). 

Fig. 11.3 gives the case of adding several simple harmonic 
vibrations of same frequency. We choose any reference phase line 
OX, and successively draw 
lengths OA, A142 AAs. 
proportional to the ampli- 
tudes of the constituent vi- 
brations and in directions 
making angles with ox 
equal to their phase angles 
$i», $o Pars The resultant 
vibration is shown in amp- 
litude and phase by closing 
the last arm of the polygon 


taken in opposite sense. In Fig. 11°3. 
this ieee all ¢’s must be Addition of several vibrations 


measured anticlockwise from OX. Thus ¢, (aot shown) is greater 
than 7. 

If the N vibrations thus added together close the polygon, the 
resultant is a vibration of zero amplitude. 

11:3. Interference in Space : Nodal and Anti-nodal Planes. 
Consider two point sources S, and S, (fig 11.4) emitting waves (of 
wavelength Ain the same phase. For discussion let them be two 
dippers ona water surface, generating crests and troughs. For 
simplicity we assume S, and Sz as sources of equal strength. 


Ni \\\ \\ 
i 


f 
A M 


ZA 
AQ 
= 
xt) 


w 
VAS 


ANS 


Fig. 11°4 
Showing how nodal and anti-nodal lines or planes are formed 
We now draw circles around Si with radii A/2. QA/2-.-NA/2--+5 
the alternate ones representing crests and troughs, shown in the 


figure by thick and thin curves respectively. We repeat the same 
around Sẹ. Then there are a series of points where a crest from one 
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source meets a trough from the other. The locii of these points are 
marked by the dashed lines. At these points there is neither up- 
ward nor downward displacement. If we let the waves moves A/2 
ahead, the crests become troughs and troughs become crests, but at 
these points the total displacement is still zero. Thus the dashed 
lines represent positions of zero vibration. These lines are called 
nodal lines. If we consider waves in three dimensions the corres- 
ponding locii describe planes called nodal planes. 


Tn contrast there are those points where crest and crest meet 
together or trough and trough meet together. These points are 
shown in Fig. 11°4 by solid dots. Along the line joining them there 
exist alternately large crests and large troughs. Imagine the waves 
to move ahead by A/2. The large crests turn to large troughs and 
vice versa. Thus the lines of solid dots represent positions where 
large vibrations exist. These lines are called anti-nodal lines. In 
eb dimensions these points describe planes called anti-nodal 
planes. 


Ifthe sources S, and S, vibrate in opposite phase, the nodal 
and antinodal planes interchange. 


_ 114. Coherent Sources. Consider two sources Sı, Sy 
(Fig. 11.5) emitting light of wavelength A. On a screen AB, the 
dots represent points for 
which the distances from 
Sı and S differ by na, 
where n is any integer, and Ss), 
the dashes correspond to Sy 
path differences (n+4) A. 


A 


ow— t 
Let waves start from p 
z Di È in i the same Fig. 11°5 
e. en all dots will To explain the dependence of bright 
r> poehi a dashes will and dark positions on FA diz 
ark. e get an inter- fference Ò between the sources 


ference pattern. 


Let waves start from S, and S, with ph i a 
all dots will be dark 5 2 With phase difference x. Then 
interference pattern.” all dashes will be bright. We again get an 


Let waves start from S, and Sa with any other phase difference 


ò. We can again find a set of poi i A 
oi 
nate set of points which are ES nts which are bright and an alter- 


> N 
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Two sources, such as Sy and S which maintain any constant 
phase relatian between themselves are called coherent sources.* 


In the case of mechanical vibrations or electronic oscillators 
we can control two independent sources and maintain a constant 
phase relation between them. But the emission of light in any lamp 
comes from billions of atoms, the emission from each one of them 
being random. Hence two independent sources of light can never be 
coherent. In other words, interference of light can never be observed 
with two independent sources. 


If both sources of light are obtained from a single parent source 
by some device, then all the random phase changes occurring in the 
parent source are repeated in the secondary ones also, so that rela- 
tive phase remains constant. These are called coherent sources of 
light. 

11'5. Conditions for Interference of Light. We are now 
in a position to state the conditions for interference of light : 


(1) The sources must be coherent, i.e., they must keep a cons- 
tant phase relation. 


(2) The beams must be propagated along nearly the same line 
otherwise, their vibrations cannot be along a common line. 


(3) If the beams are polarized, their plane of polarization must 
be the same. (This means that the electric vectors E in the inter- 
fering waves must be parallel.) 

(4) The sources must be of nearly equal intensities. 

(5) The common original source must be monochromatic, i.e., 
emitting light of a single wavelength. 


Out of these conditions, (1) to (3) are fundamental, that is, 
interference cannot at all be observed without them. Conditions (4) 


and (5) are only matters of convenience in observations; they are 


not necessary. 

Let us examine condition (4). If the two interfering sources have intensity 
ratio 100 : 1, their amplitude ratio is 10: 1. Hence, the maximum to minimum 
amplitude ratio in the inteference pattern is (10+1) : (10-1), i.e., 11: 9, leading 
to intensity ratio 112: 9%, i.e., 121 : 81 or nearly 3:2, It is not very hard to 
judge this variation of intensity. Thus interference patterns can be seen easily 
even with two sources of intensity ratio 100: 1. 

Regarding condition (5), it is worth stating that interference patterns are 
formed for each of the wavelengths ina heterogenous source. Consider a 


and violet, If we set, for instance, the biprism arrangement E 11°9) and then 
look for the fringes with a red, yellow, green or violet glass before our eye, then 
in each case we will find the fringes present. j 

does not necessarily mean that 


panama sare Poe 
i lly coherent 
* Note that $, and Sa being cpg! that Sı and Sa havea constant 


they are in the same phase. It only means 
phase difference. 
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Example 11-4. In an interference pattern with two coherent sources the 
jntensity variation is found to be 5% of the average intensity. Deduce the relative 
dntensities of the interfering sources. 


Solution. Let the amplitude ratio of the sources be a: 1. (a>1) 
Then in the interference pattern the intensity ratio is 

(a+1)?: (a—1)? 
In the present case, 


2 
ate ee = a=40 (check) 
.. Intensity ratio of the sources=a? : 1=1600 : 1 © 


11°6 Theory of Two Slit Interference. In Fig. 11°6 let S,,S, re- 
Present two coherent* slit sources the slit lengths being perpendicular 


Fig. 11-6 
For deducing fringe-width in interference 
to the plane of paper) giving out light of wavelength à. Distance 


S,S,=2d.Consider a point Pona i 

25 p plane at distance D >>2d. Let 
OP=y<<D. Then path difference $,P—S,P=p varies with y and 
we get alternate maxima and minima on the plane OP 


Since we have d<<D and YS<D, we get 
P=S,P—S,P=2d. O04 (11.7) 


Now, if S, and S, be in the Same ph: Pw m 

. . . . S ? i j 

intensity if P is a whole number a waveeinks D. or 
9 UO} 


forM d i 
r MAXIMA p "A, n an integer, .--(11°8) 


Also P will have mini i PEE Eia 
wavelength, i.e., mum Intensity if p is.a whole number plus half 


for CLIN EM 
MINIMA D =(n+4), n an integer, ++(11°9) 
* We will describe later how coherent Sources are obtaj d. 
ained, 


< n 
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Thus as y changes, the conditions for maxima and mini 
alternately satisfied. So we get alternate bright and bell Beets in 
the plane OP. If we consider the figure moved perpendicular to the 
plane of paper, we visualise alternate bright and dark lines on the 
screen. These are called the interference fringes. n in eq. (11°8) is 
called the order of interference at the particular fringe. 


If S, is ahead of phase by A¢ relative to Sa the left. si i 
Eqs. (11°8) and (11°9) become (2y d/D+ Ad ()2m). fades in 


If yn and yn describe the positions of two successive 
paima, then, using eq. (11.8) or (11°9), their separation © is given 
y: 


AD 
W=Ynta—Ya= D577 a (11,10) 


_ The separation of any bright fringe from the nearest dark 
fringe comes out as just half of this. Thus we have alternate bright 
and dark fringes at equal separation w/2. (Even if the sources S,S, 
have a phase difference Ad, we have the same w.) This quantity w 
is called the fringe-width, and we note that 


(1) w increases in direct proportion to D. 
(2) w increases in inverse porportion to d. 


(3) w increases in direct proportion to À. 


Example 11.5. If }=5893 4° (Sodium D light), 2d=1.00 mm, D=50 cm, 
calculate the fringe-width. 


5893 x 10-8 x 50 
Solution. Weer x or =0°295 mm, © 


Example 11:6. Ina particular two-slit interference pattern with ,=6000 
4° the zero-order and 10th order maxima fallat micrometer readings 12°34 mm 


and 14:73 mm. If 2 is changed to 5000 4° deduce the positions of the zero-order 
s remaining the same. 


‘and 20th order fringes, other arrangemen 
Solution. 


Zero-order fringe is independent of x So it falls at 12°34 mm 


with 1=6000 A is 
yt BV 0-239 mm, 


For’x7=5000 A°, we get the new fringe-width 


w =0:239x oro =0:199 mm, > 20w'=3:98mm 


Position of 20th order fringe with »=5000 A° is 


12:34+3°98=16.32 mm, 8.36 mm. © 
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The phase difference ò for disturbance reaching P (fig. 11°6) 
from S, and S, is proportional to y. If 5=k.y, eq. (11°5 a) gives the 
intensity* of the resultant disturbance as 


T=h+1,+2V I, cos ky 


This tells us that as y increases, the intensity rises and falls 
following a cosine law.** 


Average intensity in the interference pattern may be evaluated by inte- 
grating Idy over one fringe width. It is left to the reader to show that TL Hlth. 


Thus interference does not result in net increase or loss of energy ; it only causes 
redistribution of energy. 


11°7. Young’s Arrangement for Observing Interference. The 
earliest demonstration of interference of light was given by Thomas 


Fig. 11:7 
Young’s experiment 
Young in 1801 with the arrangement shown schematically in 
fig. 11.7, S, Sı and S, are three slits. The source is placed to the 
left of S. Both Sı and S, receive waves from S and become the 


coherent sccondary sources for waves to the right hand side of Si So. 
Interference fringes are observed there, 


For success of the experiment S has to be narrow, and so also 
Si and S,. In that case intensity is too weak. Hence this experiment 
is not easy to repeat and is now only of historical importarce, 


* Taking intensity proportional to (amplitude)?, 


** See also Example 11.2, 


> 
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118. A Simple Equivalent to Young’s Experiment. Press two safety 
razor blades together, and run their edges together on a blackened glass plate, 
like an exposed photographic plate. This 
produces two transparent scratches, the sep- SLITS S4, S2 
aration of which is nearly equal to the blade 
thickness, These scratches are the ‘slits’ Si, 
S, shown in Fig. 11°8. Along a small length 
of these ‘slits’ open out a wider area, which 
we call the ‘window’ W. 


Now, in the opaque cover of a sodium BLACKENED 
lamp let there be a long slit S about 1-2 mm — PART 
wide (Fig. 11°9) and a number of small 
pin holes like P at distances about 2 cm 
apart. Standing about 2 to 5 metres away, 
look at S through the double-sl it-and-wind- _ WINDOW’ W 


ow device held in front of the eye. Through 
the window W (Fig. 11°8) the slit S and 
holes P are seen as such, but through the pair 
of slits S1, Sa you see not one slit S, but a 
number of alternate bright and dark bands ; 
parallel to S. These are the interference Fig. 118. 

fringes, If the eye position behind the A magnified view of the ‘slits’ land 

device is so adjusted that the view is partly: window’ scratched out on a blacke- 
through 51,5, and partly through W, then ned glass plate. Separation SıSa 

you see the fringes and also the bright holes. is ~0°3 mm 


0~2T0 5m 


Fig. 11°9. 
Schematic of the viewing arrangement. SS is 
a few mm, while D is few metres 
Fig 11:10 shows a typical view. The hole, seen at B in Fig. 11.10, may fall on any 
bright or dark fringe, or in-between, depending on the distance of observation 
D (Fig. 11:9), which is to be adjusted. 


Fig. 11°10 
A typical view in Young’s experiment as described 
i i i between A and B 
If distance SP (fig. 11°9) is y cm and n fringes are seen 
(Fig. 11°10), the ets width is y/n. This equals w of eq. (11°10), so that 


ets «-(111) 


“Ais 
a ae 
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wherej2d is the separation of the slits S1Sa. We can measure _blade thickness 
with ajscrew gauge and put 2d equal to this thickness. This will be true within 
—~20%. Since y,D and n are measurable, we get a close enough estimate of 4, 


The ‘window’ device was first introduced by the author in 1969, and isan 
essential contrivance for measurements, 


119. Fresnel’s Biprism Arrangement. The biprism (Fig.11°11) 
isfa single piece of glass, effectively equal to two prisms of narrow 


Sı e | Y LIRIK 
( N 

s RRR ON) 
N 


N NNA 
no 


Fig. T111 
The biprism arrangement for interference 


angle placed base-to base. Waves from S passing through the upper 
half of the’ prism are deviated such that On emergence the waves 
appear to come from S4. Similarly the waves from S passing through 
the lower half of the prism deviate so as to appear coming from Sp. 
Thus oe two coherent virtual sources S, S2. In the cross-shaded 


region in¥Fig, 11°11 the two coherent beams Overlap and therefore 


interfere. 


_ . Am eyepiece placed in this region sees the interference fringes 
in its focal plane. If the eyepiece is capable of motion transverse to 
length D, the fringe-width w can be determined leading to A (Eq. 
11°10). The value of 2d may be determined directly by Glazebrook’s 
method, described in any book of practical physics. 

Example 11:7. In a biprism experiment, the obtuse angle of the biprism 
is 178°% and u=1°524. If the slit to biprism distance is 5:0 Shy id iiprieat to 
screen is 65-0 cm, calculate the fringe-width for light of »=5893 4° 
Solution, Angul 


ar deviation b a thin angle pri is (i= ha 
biprism (Fig. 11°11) we get y IBIU INO Fort 


Ad= SiSs=a (u—1)(64+0,)=(5-0)(0524) ( 2% i )=0-091 cm 
Here 81+ 02==180°—178°=2° 22/180 radian, 
N we 2D _ 5893 x 10-8 x (5.65) 
EN, Ie 0:091 


i 


cm=0:045cm 0) 


NO oa 
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11°10. Lioyd’s Single Mirror Arrangement, In this device 
Fig. 11°12) the original slit S and its image 'S’ formed by a ‘mirror’ 
M act as the two coherent sources. The ‘mirror’ really is just a plain 
(not silvered) plate of gisas.* The region over which the coherent 
beams overlap is clearly shown in the figure by cross-shading. It 
can be readily seen that : 


Fig. 11:12 
The Lloyd mirror arrangement for interference. 
2d = SS'= a. 20, . (L112) 
where 0 is the grazing angle (90°—angle of incidence) at the centre 
of the mirror M. 

The experiment is performed on an optical bench like the 
scam biprism experiment, 2d being determined by the Glazebrook 
method. 
wo AP, Interference Fringes with White Light. White light, 
visible to the human eye, consists of a continuous range of wavelen- 
gths from about 4000A° to about 75004°. Inany of the arrange- 
ments like biprism, Llyod’s mirror, etc., let us replace monochrom- 
atic light by white light. We recall that the bright fringe positions 
are given by 

poeple ht w= (1113) 
where n is an integer called the order of interference. The zeto order 
friage lies at y=0 for all the wavelengths. But for other orders the 


fringes for different wavelengths do not coincide. 


Fig. 11°13 
Intensity distributions for three’ 
Fig. 11°13 depicts the intensity distr 


different wavelengths 
ibution for three colours 
7 (say 5000, 6000 and 70004). The zero 


of A ratio 5 : 6: 
* The plate is blackened at opposite face to avoid undesired light, 


ÀT oa 
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order maxima for all the three fall at P}. This fringe is therefore 
white. In the region P4, the nearer part has maximum for blue 
(50004), the farther one for red (70004°). This fringe has therefore a 
bluish tinge towards the central fringe and reddish tinge on the 
outer side. The next ‘fringe’ at P, shows these tinges more sharply, 
In the third order ‘fringe’ Ps the fourth order interference maximum 
for 50004° mixes up. The fourth order fringe P, has a mix-up from 
third order of 70004° and fifth order of 50004°. Here and beyond 
this region the mix-up becomes serious and colours do not follow 
any order, 

11°12. Lateral Displacement of Fringes. In Fig. 11°14, leta 
thin transparent sheet T ; 
(like mica) of thickness ¢ | 
and refractive index œ be 


fattoduoek in the path of $ [Pe 
waves from Sı. The optical r PE., 
path for the wave from S, = eae 


becomes longer by (uy—1)r. 
If a point P,’ statisfies the 
Telation 


Fig. 11:14. 
SiPo'+(u—1)t=S,P,’. «(11°14) 


then the zero-order fringe (central fringe) will appear there. PoPo! 


=y; is called the lateral shift of the i i ef 
Rie Gap tl aoa ifi central fringe due to introduc 


The zero order fringe (central fringe) can be identified with 


white light only; hence the shifi r i i 
Hehe fringes ony ut PoP,’ can be measured in white 


Now suppose that without alteri; 
í n, 
just ace the white source ee ee 
3 


e with a monochromatic source of wave- 
neth oe measure the fringe-width w. Then the lateral shift ys 
ured above is equivalent to y,/w fringes of wavelength A, i.e., 


(SaPo — S1 Po) =u =A CETS 


This relation m 


: 8 easures (u—1)ż i 
ien witches ce (4—1)#in terms of A of the source for 


Example 11:8, ipri i 
gm is 0-431 mm. On introduse a cape eN the finge-width with 35:89 10" 


ng a mic: i 7 P 
by 189mm, C alculate the thi aaka rere a ja hes ars central fringe shifts 


Solution. Shift 0-431 mm. corresponds to path diff. 5°89 x 10° cm 
“+ ay 1'89 ,, >> oar x 10-5 cm 
Equating this with (n—1)t, we get 
t_ 589x189 
O59x 0-437 x 10-5 cm, =4-4 10-4 cm. 
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[Note that the sheet introduces a path diff. =2'6 x 10-4 cm, and the lateral 
shift observed is =1°9x 10-2 cm. In this sense the effect appears about 700 fold 
magnified !] 

11:13. Rayleigh Refractometer. For measuring refractive 
index of a gas Rayleigh devised the arrangement whose principle is 
shown in Fig. 11°15. Slits $, S, and S make Young’s double-slit 
device, and the two coherent N A 
beams pass through separate 
tubes A and B, in one of 
which the gas pressure may 
be varied. Interference fring- 
es are observed in the focal 
plane of lens Lə. Pressure 


' 


change in any tube makes Fig. 11°15. 

fringes shift laterally across Rayleigh Refractometer 

the cross-wire of the eyepiece. if tube length is L, we have 
LAp=ma 


where m is the number of fringes passing. The refractive index for 
any pressure can thus be obtained, since u— lis proportional to the 
pressure. It may be noted that the tubes have to be about a metre 
aA (unlike the very thin sheet T in Fig. 11°14) since u—1 for gas 1S 
Bene 

11:14. Achromatic White Light Fringes. if we arrange that the fringe- 
width is independent of and zero order fringe for all wavelengths is common 


A 
Se ae 
re v. 
b m oe ST SITTI? OO a | Beit at TET” 
catty iM 

vi 

R 

8 


Fig. 11°16 
Arrangement for achromatic fringes. LM is the Llyod mirror 


be not a usual illuminated slit, but a short spectrum VR (Fig. 11°16). whose 
image is V’R’. We note that the perpendicular bisectors of V,V’ and R,R’ coin- 
cide, so that the zero order fringe on has the same position for Vv 
(violet) as for the R (red) end of the spectrum. 


Let the width of spectrum RV be a, and let the distance of V from the 
plane of the mirror’be 6. ‘Then’ it can’be seen that 


VV'=2b, RR’=2(a+) 
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We can alter b by abjusting the tilt of the mirror and so arrange that 
2drea RR Mie 2(a+b) _ dred 
2deioiet VV’ 2b Aviotet 


i i i i i is i dent of colour, 
This makes w(red)= Violet), i.e., the fringe width is indepen u 

e fringes fa p the SM a in any plane like AB are therefore achromatic, 
that is, free from colour. They appear black-and-white, 


..-(11'16) 


PROBLEMS 


111. Define coherent sources, Explain why waves from me 
independent tuning forks of same frequency show interference, bu 


not waves from two independent sources of light emitting the same 
kind of light. 


112. Two vibrations of equal amplitude a are superna 
Compute the amplitude 4 of the resultant for various values of 
phase difference 3 between them, ranging from 0° to 360° in steps o 


30°. [Phaser method may be very convenient]. Draw a graph show- 
ing (i) A against 8, (ii) Æ against 8. 


113. Deduce by the phaser method the resultant amplitude 
of vibration when six vibrations of equal amplitudes a are super” 
res ek Successive equal phase differences (i) 10°, (ii) 30 » (iii) 
60°, (iv) 90° 


11:4. Deduce the ratio TninlImax in an interference pattern 


with coherent sources of intensity ratio 400 : 1. 


115. Two coherent sources of intensity ratio « interfere, 
where «>>1. Show that in the interference pattern (Imae—Jmin)/Imae 
+Imin) is given approximately by 2//«. 


116. Show that in inteference with two coherent sources of 
any intensity ratio and phase difference 3, the intensity variation can 
e expressed as either a cos 5 variation or a cos? (8/2) variation. 


117. Show that ifn sources of equal intensity send out wavs 


at a point with phase 0, $, 29...(n—1) ¢, the resultant oscillation is 
zero if ng is an integral multiple of 27. 


118. Fig 11°4 is only a small part of the total drawing aro- 
und S:Sə. Draw a complete drawing extending to 10A on all sides. 
Comment on the nodal lines ; also on the nodal planes if S, and Se 
are point sources Sending waves in three dimensions. 


119. Two coherent beams of wavelength 5000 4° reaching 
a point would individually Produce intensities 1°44 and 4°00 units. 
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If they reach there together the intensity is 0°90 units. Deduce the 
lowest phase difference with which the beams reach that point. 


11°10. Interference of electromagnetic waves is demonstrated 
with microwave oscillators Sı and S,. If A=4'°0 cm, $,S.=20°0 
em, and plane of observation is parallel to SiS, and 200 cm away 
compute the separation of maxima and minima. Comment why two 
microwave oscillators may show interference while two sodium 
lamps (for example) do not. 


11°11. Two microwave oscillators Si,S2 send out waves of 
\’=8'5 cm. Observations are made along the line S:S2.- Show that 
for fixed SıSa distance there are no alternate maxima-minima along 
this line. Also explain what happens if distance SiS. is varied from 
10'0 cm to 30°0 cm. 


11°12. A Fresnel biprism arrangement js set and in the field 
of view of the eyepiece we get 62 fringes with sodium light (A=5893 
4°). How many fringes shall we get in the same field of view if we 
replace the source with a mercury lamp using (4) green filter (A= 
5461 A°), (b) violet filter (A=4358A°) ? 


11°13. Briprism fringes are produced with the following speci- 
fications : Source : sodium yellow (A=5893 A°), biprism : pal 
and refracting angles 1°04° and 1°23°, distance from slit to biprism 
12°4 cm and distance from slit to focal plane of the eyepiece 
cm. Calculate (a) the separation of the coherent slit images, (b) the 
fringewidth. 


11°14. Ina biprism experiment fringes were first observed 
with sodium light (A=58934°) and fringe-width was measured as 
0'347 mm. Then two thin transparent sheets ‘A and B of thicknesses 
0016 mm and 0'020 mm and refractive indices 1°65 and 1 i 
respectively were introduced in the two beams. Calculate the shift 
of the fringe system. Ts the shift towards AorB? 


1115. Ina Rayleigh refractometer with cell length 80°0 cm a 
pressure change 10°0 cm of Hg causes 73 fringes of Aah ae one 
eae the observing eyepiece. Compute of the gas at Pree 

6 cm. 


. . . th det 
1116. In a certain region of interference we get the 492'* or 
maximum for sodium 5889. 97 A? line. What will be the order O 


interference at the same place for () Sodium 5595-93 A°, (ii) Mer- 
cury 5460°7 A°, and (iii) Hydrogen 48614 A? 


11:17. A radio transmitter 10°0 m above an airfield emits enh 
ations at A=80°0 cm. Interference between the transmitter igh 
and those from its reflection on the conducting ground progona ple 
of the maxmium signals at angle @ degrees from the air fiela. 
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pute 9, as also the altitude of an aeroplane. which receives such a 


signal and is 20 km away from the airfield. [This is the principle of 
‘glide path’ in aircraft landing systems.] 


11°18. Biprism fringes are observed with white light using a 
band-pass filter. How many fringes will be visible if the band range 
is (i) 5000 to 5500 4°, (ii) 4500 to 6000 4° ? 


11°19. Explain the following 


(a) Achromatic white light fringes can be formed with Lloyd 
mirror arrangement, but not with biprism arrangement. 


(b) Using lateral displacement of fringes by introducing an ex- 
tra path in one arm of a 2-stit interference system gives a very high 
effective magnification. 


(c) If in the path from one of the coherent sources an extra 
length of ~20 cm in introduced, the interference fringes are usually 
not observed, though the sources are coherent. 


7 


12 
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the coherent sources arè obtained by dividing the wave-front in width. 
Another way of producing coherent beams is to use multiple reflec- 
tion between two faces of a transparent material. In this case widths 
of the successively transmitted as well as the reflected wave-fronts 
are about the same as that of the incident one ; but the amplitudes 
are different. A number of coherent beams—not just two—are pro- 
duced on both sides of a film by a single incident beam, and these 
beams show interference. Thus, here we have coherent beams pro- 
duced by division of amplitude. Note that the basis is that at any 
boundary between two different media there is always part-reflection 
and part-transmission. 
A formula given by Fresnel (see § 10°5) shows that the fraction 
of amplitude reflected at the surface of separation is given by 
r= z F, (for normal incidence) 2 Ay 
where n in the refractive index of the second medium relative to the 
first. For glass (n=1'5), this gives r= "2. The fraction of ampli- 


tude transmitted (r) is given py the rule P-+-r2=1, conserving energy- 


Hence we get for glass* 


1=V1—(0'2)?=0'98 
Now consider a beam of 
amplitude a (Fig. 12°1) 
successively reflected at the 
two faces of a film. The 
amplitudes of various beams 
shown are given by counting 
the number of reflections 
and transmissions suffered. 


a =r az =4? 
as=atr a= mtr? 
as=apt?r? | as=agtri Fig. 12°1. 
ay=agt*r? i Showing multiple reflections 


O 
* For water (n=4/3), we get r=1/7 and t=0'99. 
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Thus, on the reflection side (left), the successive beams 41,a3,đ 
etc. have amplitude ratios as follows : 


Les EA E AAEN d a SA 022 


so that on the reflection side the first two beams are of nearly equal 
amplitudes and the rest are of negligible amplitudes, since t~1* and 
rgi. 


On the transmission side (right), the successive beams 12,0 ,4,0g 
etc. have amplitude ratios as follows 5 


LG EHA aint lerdal << (128) 
so that the beams are of rapidly falling amplitude, since r<1 *, 


This contrast in the two cases explains the fact that inter- 
ference fringes in thin Jilms are clear when seen in reflection, and very 
indistinct on the transmission side.* 


Example 12-1, Partially reflecting films can be coated on the surfaces: 
of transparent media. In one case the coating reflects 80% intensity. Neg- 
ng absorption, compute the relative amplitudes of successive beams in 
reflection and in transmission. 
, | Solution. Given r=0'80, hence #2=1—0:80—0-20 ; 
Using Eq. (12:2) the successive reflected beams have amplitude ratios 
1: 0:20 : 0-16 : 0:13...... 
The transmitted beams have amplitude ratios 
1 : 0-80 : 0°64 : 0°51... © 


12'2. Interference in Thin Films. (a). Path difference 
between coherent beams. If the 
thickness of a film is not rapidly 
Varying, any small Part of it may 
e treated as having parallel 
taces. Fig 12'2 shows a part of 
the film, where its thickness is e. 


ams on the reflection side 
whose path difference is to be calculated, 


These beams have a common 
e € path beyond the plane CN, 
veat a Fpl Perpendicular from C on AQ ; also they had a 
n path upto A, The path difference is, therefore, given by 


* The situats i y 
5 Seo E ae if the films are Coated to increase Br (hence decrease 


V aaa 
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p=(AB+ BC) in the film—AN in arani (124) 
=n(AB+BC)—AN, 
where n is refractive index of the film. Now, by simple geometry : 
e 


AN=AC sin i=2AM sin i=2e 


Substituting in €q. (12:4), 
__2n e_2ne sin? r _2ne (1—sin® r) 
P=cos r cosr cos r 
=2ne cos r. AdS) 
Note that in eq. (125), r is the angle of refraction. 

For normal incidence p=2ne. In fact for ras large as 20° 
(=1/3 radian) cos r differs from unity by~5% only. 

(b) Fringes as Locii of Equal Thickness. Consider the viewing 
i different parts of a film by an observer. The change in p is given 

y: 

Ap=2neA (cos r)+2n cos r (Ae)=2n cos r (Ae) (125 a) 
Usually, the area of the film seen at a time is small compared to 
the distance from which the film is seen. Hence variation ofr is 
small, and in the case of thin films (2ne<A), the contribution of the 
first term is negligible. The main variation in p is contributed by 
the variation of thickness € of the film. 

Now, let P (fig. 12°3) be a point on the film for which thick- 
ness @m is such that path difference between successively reflected 
waves is mA : 

p=2n em COS r=mì. .--(12"6) 

In part-reflection at the two surfaces of the film there isa 
relative phase change ™, as shown by 
Stokes (see $ 10:7). For this reason P= R 
mì corresponds to phase difference 2mT 
+x in the case of reflected beams. Hence, a 
P will appear asa lark point. ow 
consider all those points of the film at 
which thickness is the same as that at P. 


noticeably, all these points will satisfy 
eq. (12°6) and hence will appear cark.* 
We thus get the condition for a dark 
fringe as the locus of points where film 


thickness satisfies €q. (2'6). With diffe- Fig. 12°3 

rent values of m, We get different em, Interference fringes 
which define successive dark fringes, Q» as locii of equa 
R etc. in Fig. 12°3. thickness 


fe as eae eed 
+ See, however, §12'4 (8). 
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Notice that each fringe describes a locus of equal thickness of 
the film. Obviously, no two fringes can ever cross. If we consider 
two points on successive fringes (Fig. 12°3), the difference of thick- 
nesses of the film at these points is 


de=e 


A ——_ A 
m ‘m+1=5q cos ( m—mEl F 2n cos r 
If there are q fringes between any two points inthe film and the 
viewing is near the normal, 


ee teat sos(di2e7) 


Thus just the counting of fringes gives the thickness difference.* 


(c) Fringes in a Wedge 

Film. In a wedge film the EYE AT LARGE 
locii of equal thickness are DISTANCE 
parallel to the edge of the 
wedge. Hence the fringes 
are parallel and equidistant 
Straight lines, Fig. 124 
Shows a section of the 
wedge perpendicular to its 
edge, which is at E. 

the angle of the 
wedge is 9 radian, and the 
fringes have a successive 
Separation w (fringe 
Width), we have 


Fig. 12:4 
A wedge film 


de | =w, aie (x 
| 8e | =w = lence (12'8) 


Example 12:2, A soap film is seen in Sodium yellow light with rays 
falling at 30° from normal. Bright fringes occur at two points P and Q and 
there are 4 more bright frmges in between. Deduce the difference of thickness 
of the film between the points. (n of soap film=1:33) 


Solution. 


sin i=0:500, .. sin r 1375 5005 r='927 
Now, in Eq. (12°5 a), 8p=5y, 
Se=—98P_ _ 5x 5*89x 10-5om 


2n cos “21-33% “927 
=1:19 x 10— cm. 


Example 12:3, 4 wedge-shaped air-film between one fixed surface and 
another variable Surface is seen with mercury green light O=5-46x 10 cm). 
—_ 


* The fringes can. 
other information exists. 


~*~ 


not decide between the + and— sign, unless some 
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An eyepiece is fixed on a given fringe, and as the variable surface moves 
perpendicular to itself we find 47 fringes passing across the cross-wire. Deduce 
the change in position of the surface. 

Solution. If initial fringe was of m” order, final fringe at the same 
place has (m+47)th order. Assuming that the fringes are seen nearly nor- 
mally (r=0) and since the medium is air (n=1), Eq. (12°7) gives 

2ne=t47.=+47 x 5'46x 1075 cm 

ae ae=+1:3x 10° cm. 

R Note that this represent a typical use of interference fringes ın measu- 
ring small displacements due to elastic bending, thermal expansion, etc.) 


Example 12.4. Between two optically plane glass plates, at one edge a 
foil is introduced to get a wedge-shapee air film. Viewed in mercury green 
light (,=5°46x 41-5 cm.) along the normal we see 12 fringes in 0:40 cm width. 
Deduce (i) the angle of the wedge ; (ii) thickness of the foil if plate length is 
3:0 em in all, (iii) fringe width if water is introduced in the wedge space. 


Solution. Fringe-width w=(0'40/12) cm. Hence from eq. (12°8) 
5-46 x 10-° : 
(ee Se Ht à 
0=5x1x40/12 g:2x 10-4 rad 
Now 6=foil thickness t+plate length L. Hence 
1=8'2.x 1074x 3:0=2'5x 10°? cm. 
From eq. (12°8), w is proportional to 1/n. Hence with water, 


„040 1 0-025 em. © 


(d) Non-reflecting coatings. AD interesting use of interference 
of light is to make thin film coatings of a transparent material 
(like magnesium fluoride) on lens surfaces to reduce reflection 
losses (see § 10°5 and Example 10°3). The coating material is so 
chosen that Nair<Meoaring Salas so that the phase difference between 
the first two reflected beams is 2ne only (the = phase change being 


common). The thickness € is SO chosen that* 

AMNeoatine=Al2 
so that the first two reflected beams cancel out by interference. àin 
the middle part ofthe spectral re ion of interest 1S chosen for best 
results. These are called non-re) lective coatings. 


12.3. Colours of Thin Films. When a soap film or an oil film 
ylight it shows peautiful colours. 


The origin of these colours is explained satisfactorily on interference 
of multiply reflected waves of light. 
Let the film have variable thickness, 
points on it with thicknesses satisfying : 
2ne, Cos r=mMÀrea 
2ne, COS r=MÀgreen .(12'9) 
2nes COs r=mAviue 


and let P, Q, R be three 


atomic diameters ~2A. the films have to be 


pay 


poeni kan 
* With a=6000 A, n=1'5, and 
~400 atomic layers thick. 
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Here ¢:, és, €z are the film thicknesses at P, Q, R ; and we consider 
inclination r as constant, since the region in view is small. Then at 
P the waves of red light interfere destructively (recall Stokes „phase 
change x)* ; the colour at P and at all points of the same thickness 
will therefore be bluish (white minus red). Similarly, the colour at 
R and at all points ofthe same thickness will be reddish (white 
minus blue) ; the colour at Q and all points of same thickness will 
be another tinge purple (white minus green), and so on. 


These give the coloured fringes on the film. Each fringe belongs 
to locus of a particular thickness of the film. No two fringes can ever 
cross. Successive fringes of the same ‘tinge’ or colour represent 
change of thickness A/(2n cos r), where A is wavelength for the 
colour complimentary to that tinge. Further, from the order in 
which the colours show up we can tell which way the thickness is 
increasing. 

Example'12'5. A uniform soap film has thickness 3°0x10-5 cm. What 
colour does it show when seen in reflected white light along the normal ? 

Solution. For soap film n=1:33, The wavelengths for destructive in- 
terference in reflected light are given by 

2x 1°33 x 3-0 x 10-5=m), (m=1, 2) 

48x10 cm, 4x 10-5 cm, 2:7x 10-5 CHI yeas. 
The possible 2 values in the visible range are 8x 10° cm (red) and 4x 10-5 
cm (violet). Hence these parts of the spectral colours are absent in the re- 


flected light. Intermediate wavelengths correspond to yellow-green, and that 
colour will be seen. 


Cases of a Thick Film and Infinitely Thin Film. If the film has 
large thickness, then, at a given point, the condition 2ne cos r=mA 
will be satisfied for several colours (with different m, of course), 


The condition p=ma is thus Satisfied for 7 different colours. from 


versely, it follows that a film showing strong colours must be only 
a very few wavelengths thick. 


On the other end imagine a film with thickness tending to 
zero. Then in reflected light the geometrical path difference between 
the coherent beams tends to zero. Taking Stokes’ phase change 


In ie we can reverse the argument. A film of th 

ing to zero leads to a situation of ‘no film at all’. We cannot t 

any reflection in such a situation. Hence a phase-change m hat een 
the two reflections is a theoretical necessity (see § 10:7). 

* In case of an oil film on water, 2 (oil)>n 


for this case also phase change m Occurs 
other one, t 


ag Ex 


ickness tend- 


(water) for most oils, 


r Hence 
at one reflection and not 


at the 
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124. Newton’s Rings. These fringes, first observed by 
Newton, form only a parti- 
cular case of fringes in thin 
films. But because they give 
an instructive laboratory €x- 
periment we shall discuss 
them in some detail. 


(a) The essential opti- 
cal arrangement. Tt is shown 
in Fig. 12°5. Lis a plano-con- é 
vex lens of large focal length te! Te 
placed on a plane plate P, SNS 
giving an air-film of varying r RRMA 
thickness between them. ; 
Monochromatic light from a Wiss 125 
wide source S falls on this The optical arrangement for 
air-film by reflection from a Newton's rings 
45° inclined plain glass plate P’. A microscope M focussed on the 
air-film shows a series of concentric bright and dark rings. 


(b) The coherent beams. Fig. 12°6 shows in a magnified form 
how two coherent beams 2 and 3 are produced from a single inci- 
dent beam 1 by reflections at the two faces of the air-film. If e is 
the thickness of air-film at distance % from the point of contact 
of the lens and plate, the path difference between the interfering 
beams there is 2e, and the effective difference is given by 


poder ys ...(12°10) 


O 
Fig. 12°6 
The geometry in Newton s rings experiment 


where A/2 is added because of extra phase change ™ Brea 
reflection (Stokes’ result, I 


4 
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i j i 7 i ill appear 
ht and dark rings. In Fig. 12'6, point P wi 
bright i the aam path difference between coherent beams pro- 
duced there is mà, where m is an integer. Thus, for P bright : 


2et+fA=mA_ (1211 a) 
Similarly, for P dark : 


A= A 
2e+4 Ve ce b) 


As we view the points 
at increasing distance OP, 
(Fig. 126), e increases and 
hence P satisfies the condi- 
tions for ‘bright’ and ‘dark’ 
point alternately. If Fig, 
12°6 is now imagined rotat- 
ed about axis OC, we visu- 
alise a series of bright and 
dark interference rings with 
O as centre. Fig. 12°7 gives on 
a schematic view of the Fig. 12-7 
fringes. 


&=CO-CM=R—(R*—x2)1/242/9R 
using binomial theorem, since xR, Substituting this in eq. 
(12°11 a), we get 
x*/R=(m—4)a for P bright 
If Dm is the diameter of a bright ring, then x=Dm/2. Whence 
Dm? =4R), (m—}), for bright rings SCl ard? a) 
Similarly,  D„2=4RÀ. m for dark rings —(12'12 b) 


_ The last formula shows that the Squares of diameters of dark 
Tings are proportional to the consecutive integers, 


(D=0) is dark, not bright. This arises due to Stokes’ result of phase 
change x at one of the two reflections. 
~ (e) Practical formula. If m'h and (m+r)” rings have 
diameters D,, and Dmir respectively, then from either of eqs. (12°12) 
Dini? — Dm? =4RÀ. r 
Dmi Das i 
A= Gry PEPE ++.(12°13) 


e formula remains unchanged wheth, 


Th er we consider the 
bright or dark rings. The advantage of eq. (1 


2°13) is that it applies 
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even when the lens and plate do not touch at the centre (due to, 
say, dust particles). i 


Example 12°6. An equicónvex lens of focal length 80 cm (7 of material 
1:55) is placed over a plane plate, Newton’s rings are formed with mercury green 
light (,=5'46 x 1075 cm). Deduce (i) diameter of the first dark ring round the 
centre, (ii) difference of (Diameter)? for 10 fringes. 


Solution. For an equiconvex. lens, 1/f=(n—1). 2/R. That gives R=88 
cm, 


Using eq. (12.12b) with m=1, f 
Dı=[4x 88 x 5°46 x 107* x 1}!/2=0°14 cm (check it) 

Using eq. (12°13) with r=10, ; 

Dina?’ —Din*=4% 88x 10x 5°46 x 1075=0°19 em? (check it), © 

(f) Newton's Rings with a Liquid Film. If a drop of liquid is _ 
introduced between the lens and plate of Newton’s Rings device, it 
spreads out to give a liquid film instead of an air-film. The simplest 
way of taking this into account is to say that the wavelength of light 
changes from A.to A/n, so that eq: (12°13) becomes 


À (Dirt ae Dm)*L1Q 
—= — >, .. (1214 
Ba 4Rr (12°14) 


From Eqs. (12°13) and (12°14) we get 


(Dmi —Dm? AIR 3 a pr 
= Dmi Dm i Mae 2 (1215 
"(Dine Dm N (12°15) 


i ei poesy ss f? 3 à a d 
This provides a method of determining ” of a liquid. © The metho 
has the advantage of needing only a drop or two of the liquid.* 


, in set-up the Newton’s rings observed with light 
me a ol! areca of squares of . diameters of cn 
rings as 0'124 cm?. What happens to this granti if EO. change 3 to 
4:36 x 10-5 cm. (if) ` introduce a liquid of n=1°56 between ih lens ah ee 
(ii) the lens surface facing the plate is changed to one of twice radi 
curvature. i 


Solution. All the results follow from eq. (12°14). The given quantity 
is k 
AR io. 
A= Dm- Dmg 124 cm?, 
oy d: Re 
For case (i) A’/A=X [A > A’='124x 5-39 9 092 cm®. 
i OG 2 
For case dhA lA nin. > A’= "24x TERGAN es 
aR Die į 4 
For case (iii) A|A=R|R > A =124x 7 =0'248 cm?. © 


i i i s very low when the liquid is introduced. 

, ‘Consider the inter de ale of ‘ater-and-glass interface. Pe is oughly 

GID = (4/3) —9]8. This gives r=1/17, compared with r=1/5 for air-film. 
Intensity falls by a factor (5/17)? =1/10. 
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Example 12°8. Newton’s rings are observed between a convex lens and 
a plane plate. The diameters of x‘ and x-+5t* rings are 11:37 and 14:28 units. 


Deduce the diameters of (i) x—5th, (ii), x+14th rings. 


Solution. A (D?) is proportional to the difference of the ‘order’ number, 
Here we have : 


A (BD?) for 5 rings=14-28*—1 1-37? =203-9—129-3=74-6 (units)? 
Dy_g2=129°3—14:6=54'7 ; > Da_s=7'40 units 
A (D?) for 9 rings=74'6 x 9/5= 134-3 (units)? 

Doixy2=203°9-+ 134-3=338-2 > Dox1,=18'40 units. © 


(g) Newton's rings with a bright centre. At the centre of Newton’s rings 
the geometrical path difference is 0, but due to Stokes’ phase change xat the 
lower reflection (air to glass incidence), the centre is ordinarily dark. However, 
if the lens and plate are of different materials of refractive indices m, and ns and 
a liquid having refractive index n lying between n, and n, (see Fig. 12°8) is intro- 
duced between them, then both the reflections would be similar and the centre 
of Newton’s rings should be bright. This was shown by Young, using oil of 
sassafras between crown glass.and flint glass (/),,,,>>71:1>>Nerown)> 


FLINT GLASS 
Fig. 12:8 Fig, 12:9 
Newton’s rings with bright centre Interference in transmitted light 


(h) The Fringes in Trasmitted Light. On the transmission side 
successive beams differ from one another in amplitude ratio r? aris- 
ing from two reflections within the film (See Eq. 12°3). Since r? is 
small, the contrast of maxima and minima is not good. For air- 
film in glass, considering two beams-only, the intensity ratio from 
maxima to minima is (1+.04)? : (1—.04)*, i.e., a variation of about 
16% only. 

In Fig. 12°10 the curve on left shows a plot of intensity 7 in 
transmitted beam against D*. The curve on Tight shows the varja- 
tion of intensity in the fringes on the reflection side. The visibility 
of fringes depends not on intensity but on the contrast of Tego and 
Imin as given by 


ac Paces bert 
Va mae imin (12°16) 


I maa I, min 


va 
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The visbility V is thus much larger for the reflected side than for 
the transmitted side. 


Fig. 12°10. 


Intensity distribution (left) in transmitted light, (right) 
in reflected light 


The Stokes’ phase in two reflection (Fig. 12°9) is 2m, so that 
eqs. (12'12a) for bright and dark fringes interchange. Thus the 


intensity distributions on transmitted and reflected sides are comp- 


limentary. 

42'5. Haidinger’s Fringes in Parallel Films. The path diffe- 
rence p=2 ne cos r between the coherent beams in multiple reflection 
from a film changes according to 

Ap=2n cos p. Ae-+2ne. A (cos r) -+-(12°17) 


At small e (nea few A) the second contribution is negligible 
compared with the first. Bach fringe then represents the locus equal 
thickness. These are called fringes of equal thickness or Newton 
type fringes. So far we have been dealing with such cases only. 


At large e (nea few thousands of A) the second contribution 
in Ap becomes dominant 5 in a paralle! film (Ac=0) that is the only 
contribution to Ap. Then each fringe corresponds to a given’. 
These are fringes of equal inclination ot Haidinger’s fringes. 


To observe Haidinger’s fringes the film thickness e must be 
appreciably large. For example, as 7 changes from 0° to 5° we have 
A (cos r)=0'004 ; to. get 40 fringes in this angular range with n=1 
we need 2e Xx A(cos r)=40A or 2=5000A. This comes to ~3 mm 
for yellow light. (In Newton’s fringes, one gets 40 fringes for Ae= 


20A12 x 10-*mm). 


different r values) are in similar state of inter’ ing 
is to be a microscope. In Haidinger- 

type'case the coherent beams for different parts 0 bu 

to be collected by the observing instrument at one place ; it is to be a telescope, 

focussed at infinity. 
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Fig. 12°11 shows the viewing of Haidinger’s fringes with the 
naked eye E. Let P be such that $ 

2ne cosdð=màÀ ..(12°18) 
where m is an integer and 9 is the angle 
EP makes with the normal EO on the 
film. Then part P of the film appears 
dark. All points on the film with O as 
centre and OP as radius satisfy the same 
condition and therefore appear dark, i.e. 
there appears a dark circle of angular 
radius 9. 

As 0 increases, 2e cos 0 decreases. 
Let Q be such that 

2ne cos 6’=(m—4)A ...(12°19) 
Then Q is bright and all points ona 
circle with O as centre and 0’ as angular 
radius appear bright. Thus we get alter- 


nate bright and dark fringes. Fig. 12°11 
Note*that position of the centre of -Observing Haidinger’s 
the rings on the film depends upon’ the fringes 3 


position of the eye ; the centre is at the foot of normal from the eye 
on the film. Note also that the linear size of the ring on the film 
depends on distance EO. The angular.size alone is defined by the 
equations. : ` a 


__ Viewed from the transmission side the conditions for dark and 
bright rings interchange (now no Stokes’ phase change z), i. e., the 
fringes are complimentary to those seen in reflected light. 


Since 9 is small, we may write for the m” order fringe 


2 
2e cos On=2e( 1 ama 


whence Om_~?—Om? = a TEA 220). 


_ This differences of squares of angular radii of successive 
fringes are equal.* They decrease as e increases. 
‘Example 12-9. A uniform plate of thickness 3°00 m =1'50 is viewed 
in light of 1=6'00x 1075 cm. Calculate the (i) order of TAFONA ri at the 
centre, and (ii) angular radius of fringe of order m—10. 


; 7 i 2en 06x150 
Solution. i Sa ate ; 
sine O m= =F 00% 19-8 15,000 


i 


“# The fringes are. therefore identical wi y oy 
: ar, with -Newton’s: Rin ig. 12°7) in 
poe 9 Jesh hae an Eg rk In any case; here tae arie nf “is! 
hemes gs, whereas in the case of Newton's rings itis larger! 
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$ 2en 6 (ig 
(ii) ma es ©) 15000 ( 1 -*) 


ie 10 
Z15000 > 6=0'037 rad. 
126. Michelson’s Interferometer. Michelson devised an in- 


strument in which two and just two coherent wavefronts travelling 


Fig. 12°12 


Michelson Interferometer 


along mutually perpendicular directions were created and later mixed 
together to show interference. Some of the most remarkable preci- 
sion results in all physics were obtained from this instrument. 


The essential arrangement (Fig. 12° 12) consists of two front- 
silvered mirrors M, and M» mutually 1”, and a glass plate P lightly 
silvered on the side facing M. Tilt of M: is adjustable by means 
of screws (not shown). Mirror Mj is able to travel normal to itself 
by means of an accurate screw, the movement being measurable 
upto (say) 107* cm, i.e., of the order of A/5 in the visible range- 


Light from source S splits at plate P into beams 1 and 2. 
These beams are reflected as 1’ and 2’ respectively, and parts of 
these reach the observer's eye E (or a telescope) as 1” and 2”. 
Interference occurs between these coherent beams. 
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The simplest way to visualise the functioning is to consider 
the diagram 12°12 folded about the 
back-face of plate P. This gives the 
image of Mz in P as M,’ as shown 
in Fig. 12°13. The two interfering 
beams are then, in effect, those that 
are reflected from M, and M,’. We 
thus have a parallel air ‘film’ between 
M, and Mz’, with both faces fully re- 
flecting. 


The situation is then exactly as 
with Fig. 12°11, except that n=1 here. 
The path difference between the cohe- 
rent beams is 2e cos 0 (see §12°2) and 
the fringes are concentric circular ones 
(see §12°5). In appearance they are 
like Newton’s ring’s (Fig. 12°7), but 
they are formed at infinity and hence Fig. 12°13 
seen with a telescope or relaxed eye. 


Showing the interfering 
(a) Measurement of Wavelength. beams in Michelson Inter- 
If mirror M, (Fig. 12°12) is so moved ferometer 
that e increases then Eq. 2e cos 8=ma tells us that for a given order 
fringe (m—=constt.), cos 0 decreases, 9 increases. The fringes there- 
fore move out. Fringes of higher orders go on appearing at the 
centre. Conversely, if e is decreased, the fringes will move inwards 
and the innermost fringes will shrink towards the centre and vanish. 


___In measuring the wavelength of a given light we go on coun- 
ting the fringes q which appear or disappear at the centre of field of 


view as M, is moved by a measured distance Ae. For the two views 
at the centre, we have 


2e=ma, and 2(e--Ae)=(m+q)A 


whence EnA e 

diy 112x20 
s Notice that m may be an integer or half-integer or anything— 
in other words, we may make the counts on bright. fringes or dark 
fringes or on any shade, Notice also that absolute, value of e is not 
involved, only change of e is involved in eq. (12°21). 


Example 12:10. The initial and final readings of a Michelson Interfero- 
meter screw are 10°7347 mm and 10-7051 mm as 100 fringes pass, Calculate the 


wavelength of light used, 
Solution. Ae=10°7347—10°7051=:0296 mm. 
2x 0296 ó 
r= go mm. =5-92 x 107 cin. © 


Example 12:11. An air-cell of thickness 3-00 cm is intr 

E è oduced in one path 
of Z Michelson interferometer, and fringes are obtained with mercury green light 
Q= x10 em). Calculate the number of fringes that pass the field of view 


Pe 
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as the pressure in the cell is changed from 76:0 cm to 164 cm [n of air at 76-0 cm 
pressure is 1-000293 and (n—1) is proportional to pressure.] 


Solution. (n—1) at 16°4 cm pressure ="000293 x 16% = 000063 
3n in changing pressure from 76-0 to 16°4 com='000230 


one way path=.3n=3 x -000230="000690 cm 


i 2.x 000690 _ 55. 
number of fringes passing= 546x10 =25'3 © 


. change in 


_ [The converse of this is used for measuring the refractive index 
of gases .] 


(b) Determination of Difference of Two Close Wavelengths. 


Imagine that the source used with Michelson’s interferometer gives 


out light of two wavelengths Ax and A, whose difference 1S small. For 
each wavelength the fringes are formed independently, and we have 
to consider then superposed fringe-systems. 


If the e value is such that the centre has a maximum for A, and 


also for Ag, then on superposing the fringes we get very good con- 


trast of intensities, i.e.» the resultant fringe system has good visibili- 


ty. The fringes ate the said to be in consonance. 


If the e value makes the centre maximum for A; and minimum 


for A, or vice versa, the fringes ate said to be in dissonance, since the 
fringes corresponding to A, and A, are out o 
the result is poor contrast of bright and dark. In fact 1! 
for A, and A, are equal, we get just uniform illumination 10 the field 
of view at dissonance. 

If the interferometer thickness e is varied by moving mirror 


M, (Fig. 12°12) a consonance occurs whenever 


= = =an integer 
If the next consonance occurs at thickness e+ Ae, we have 
Port 5 
on 2 \ 21 (12°22) 
ero C Ta 
Or, putting à~ ù= Ad and AA =A WE get 
x ; 
= = Jength s1223) 
AAS Ne (A=mean waveleng ) 


For two successive dissonances also we get the same ira Thee. 
fore, by determining the distance Ae by which Mı has to be move’ 
to pass from one consonance tO next (or from one dissonance to 


next) we get AA. 

$ : ; EETA op) Wet 
(c) White Light Fringes 1m Michelson Interferomet’": 
Mirror M, be tilted so that the surfaces M, and M» in KE 112 an 
not parallel but inclined, as shown in Fig- 42714 a... Pringes o 
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equal thickness, located in the film, will now be observed. They will 
be straight fringes. If M and M, intersect* on a line at O, then 
the zero order bright fringe will pass through O. 


M aa 
eee 3 e oa e —Mį 
= <= = My ela J M; 
Fig. 12°14 Fig. 12:15 
The effective air ‘film’ for white Effect of introducing a sheet in 
light fringes one path 


With white light, the zero order fringe will be white but other 
fringes will be coloured. Thus the zero-order fringe can be distingui- 
shed from the rest. This is the prime inportance of white fringes. 


Imagine nowa uniform sheet of thickness d and refractive 
index 7 introduced in one of the paths. This introduces an extra 
oneway path (n—1)d for this beam and is equivalent to shifting 
mirror M, to M,’ (Fig. 12°15) by a distance (n—1) d. The observed 
result is that the zero order fringe shifts from O to Ọ'. If the zero- 


order fringe is brought back to O by moving the mirror M, forward 
by an amount Ae we get 


(n—1)d= Ae «(12°24 a) 


Alternatively, if the shift OO’ is y and fringe-width with mono- 
chromatic light of wavelength A is w, we have : 


2(n—1)d=(y/w)a ...(12'24 b) 


; In either case, if n is known, we get d. This is the use made 
Inpractice for sheets of mica, cover glass, etc. But more commonly 
it is used for determining n of gases, d being known. 


Example 12°12, In a Michelson interferometer set for white light a 
cover-glass of thickness 2°31 x 10-3 cm and n=1'53 is introduced in one path, If 
fringe-width with Hg green light (.=5461 A) is 1:82x 10-2 cm, by what distance 
would the white fringe shift ? 

Solution. Additional optical path=2(1-53—1) x 2°31 x 10 


=2°45 x 10-8 cm. 
Equating this with [y/(1°82 x 10-2)] x 5461 x 10-* cm gives 


ift 245x 1078 x 1°82 10-2 
shift y= 5491x107 =0:82 cm 

[Note that use of Eq. (12:24 a) would need measurement Ae which is~ 

10— cm, whereas use of Eq. (12:24 b d ich is~ aE 

in effect 108 fold magnification j ) n eeto meisirement Sariei a cm 
A EES d i 

* In Michelson i 

the actual m 


Seoni 


prometer this is possible because My’ is an image, not 
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rod preserved in the 
measured b 
line of cadmium, in the years 1892-95, 
means an accuracy of 1 in ~10’. We shall omit 


using Fabry-Perot interferometer and employing ™ 
matic spectral lines, the historical importance of this work stands. 
TO Determining earth’s motion through ether. The original 
design of the Michelson interferometer was intended i 
velocity of light along the earth’s motion in 
perpendicular to it diftered—a test for the existe 
space (see Chapter 24), The interferometer was pl 
about 1 m? size, which was floated on mercury. 

parallel to earth’s motion in space and interference fringes were 
obtained. On rotating the instrument by aright angle, 2 smal 
fringe-shift was expected, if there existed an absolute space. 
experiments of Michelson and e ; 

result ! And this shook the foundations of mu h ph 
thought and in the hands of Einstein gave birth to the Theory ° 


Relativity. (See Chapter 24). 
rferometer. On the techno- 


_ 127. The Twyman and Green Interier! 0 
logical side, one of the modifications of Michelson’s interferometer 


Fig. 12°16 


The Twyman-Green Interferometer 
widely used is the Twyman-Green interferometer (Fig. 12°16). A pin- 
hole S with collimating lens L, is used as the source, and a focussing 
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lens L, witheye placed at its focus for viewing. With Mx’ (Fig. 
12°16) set parallel to My the whole surface of M, shows a uniform 

i Now, atest plate P’ is introduced. If it is uniform in 
thickness and structure, the field of view remains of uniform inten- 
sity. Butifthere are irregularities in P’, fringes show up around 
those irregularities and one can correct them (by polishing etc.) while 
viewing the improvements. If P’ isa convex lens, then Mz is 
replaced by a convex mirror of radius of curvature equal to the focal 
length of the lens. If mirrors are to be tested and corrected, P’ is 
an ideal lens and M, is the mirror under test. In effect the arrange- 
ment is used to make the test plates, lenses and mirrors accurate to 
better than A/10 or so in precision. 


12°8. Multiple Beam Interferometry. In § 121 (Fig. 12°1) we 
showed how in multiple reflection at ordinary surfaces only the first 
two beams are of appreciable amplitudes. The situation changes 
altogether if the surfaces of the film are partially silvered. Then all 
the beams become of comparable amplitude and the intensity 
distribution in the interference pattern is very different from the cos* 
(8/2) type. This forms the basis of ‘multiple beam interferometry’. 


In Fig. 12'1 let the amplitude of incident wave be a, and let 
the coefficients of transmission and of reflection for amplitude be t 


andr respectively. Let the phase term of the first wave be cos wt, 
and successive waves have phase retardation ¢ Then the resultant 
disturbance when all the transmitted beams are collected to a focus 
and interfere is given by 


y=aT cos wt+aTR — 2 — (12'293 
ws Kad ae cos (wt—¢)-++aTR® cos (wt—24)-+ .--(12'25) 


t° = T=coefficient of transmission for intensity. 
r° = R=coefficient of reflection for intensity. 


With faces silvered to produce 80% reflection of intensity we have R=0°8 
and (neglecting absorption) T=0- ampli acted i : 
(12:25) arein she Pan n) T=0'2. The amplitudes of successive terms in eq 


Ae Re RPS RE, t =1, 0°80: 0-64: 0°51... 
Thus the amplitudes fall off only slowly. 


The series sum of eq. (12°25) is obtained thus : 
y=real part of ATe lot (1+ Re —id +Re —2i¢ +...) 


a iwt =i 
=real part of ATe® (Re T$ fT cos (wt—a) ...(12°26) 


where p=V1+R®—2Reosg «-(12:27) 
and z is rtesetitly of to intetest to us. 


oa 
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| Af Jy is the maximum intensity (f° $=¢n=2nn), the intensity 
_ [for a plase difference m+ is given by 


(RES te 
I, 1+ R*—2R cos è IFF sin (6/2) «os(12°28) 
where F depends only on reflectivity R, and has the value 

++(12°29) 


4R 

F= TAR 

Thus the intensity variation is not of the cos*(3/2) type, as 

in unsilvered films or Michelon interferometer. Since F has a large 
value, the intensity falls rapidly as ¢ deviates from 2nx. The half 
width of the maxima in terms of phase angle (èa) is given by setting 

F sin? (3,/2)=1. For large F we get 
2 

= „(12°30 
VF ‘ ) 
F called coefficient de finesse (coefficient of fineness) of the system. 
a R close to 1, F is quite large and hence the maxima are very 
Tp 


i= 


Example 12°13. Obtain a plot of Z/Io against § when R=0°80. 

Solution. First from eq (12°29), : F=80 (check it) 

Then for various of between OQ and 180° we calculate Z/7o as follows 
from eq. (12°28): 

A (ge araga one, 7) an +180 


8 0 

sin?8/2 0 +0076 +0670 +2500 -5868 1'000 
1+F sin?8/2 1 1-61 6°36 21 48 81 

Illo 1 “62 “16 “048 21 “O12 


_ The graphical plot is given in Fig: 12°17, where we also show for com- 
parison the cos? 8/2 curve. The contrast in sharpness 1$ to be noted. © 


‘iy 
a | | 


Mant 
ie © ens - 
E ee oe A 
-1808 „71202 -60° 0, §. 60> 120° 19 
Fig. 12°17. 


Intensity distribution in multiple beam interference: 
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Due to sharpness of the maxima multiple beam interferometry has 
been widely employed wherever interference fringes are used to measure small 
thicknesses or changes therein: for example, in measuring Young’s modulus, 
thermal expansion, etc., and studying crystal growth. 

We shall, however, discuss just one case of some importance in spectros- 
copy—the Fabry-Perot interferometer. 


129. Fabry and Perot Interferometer. This consists of two 
glass plates P;,P, (Fig. 12°18) thinly silvered or aluminsed to reflect 
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Fig. 12°18. 
Working of a Fabry-Perot Interferomenter 


80 toj90% intensity, the silvered surfaces being put face to face and 
parallel. One of the plates can be moved perpendicular to its own 
plane by means of an accurate screw.* 


If a wide source of monochromatic light is viewed through 
the system, circular fringes are seen as in Michelson’s interferometer. 
Now if the movable plate is shifted by a distance Ae we find a 
number of fringes emerging (or collapsing), as in the case of 
Michelson interferometer (§ 12°6 a) and eq. (12°21) leads to deter- 
mination of A, 


Fig, 12°19, 
Comparison of F-P fringes (right) with Michelson fringes (left) 


* Ifthe mirros are mounted at a fixed separation, the arrangement is called 
a Fabry-Perot etalon, widely used in spectroscopy (see § 15-6) 
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However, the nature of fringes in Fabry-Perot interferometer 
is very different, as shown by eq. (12°28) and Fig. (12°17). To emp- 


hasise we schematically show in Fig. 12°19 the view of Fabry-Perot 
fringes alongside the Michelson fringes for the same separation e. 


PROBLEMS 


12'1. | Interference fringes in thin films are quite distinct when 
seen in reflection, but very indistinct in transmission. Explain. 
Will the statement hold good for films with reflecting coatings 2 


122. Explain why you need a wide source for seeing interfe- 
rence in films. _ Also explain why the observing instrument has to 
be focussed in a particular plane, unlike Young’s fringes (Chapter 
11) which are seen over a wide region of space. 

173. A thin soap film seen in sodium yellow light by normal 
reflection appears totally dark. Deduce the possible values © of film 
thickness. (n=1°33,A=58934° 

1274. An interferometric fringe method is used to measure: 
changes of position. If one can measure shifts upto one-fifth of a 
fringe, deduce the least count of the device (A used is 5°89-X 10-°cm). 


125. Non-reflecting coatings are A/2n thick. Explain. Could 
they be’ (say) Ja/2n thick ? (n is refractive index). 


126. Explain the following : 


(a). An infinitely thin film seen in reflected light should 
appear dark. A 


(b) A thick film seen in white Jight shows no ‘colours. 


(c) In thin films successive fringes of-a given ‘colour 
represent a variation of thickness~A/2n. 


1277. A wedge-shaped air film with wedge angle 1 minute of, 
arc is seen in normally reflected light A=5'46x10™ cm. Deduce 
the fringe width, poses 

128. Two ‘optically plane glass plates, each 6..cm long, are: 
placed one over another. At one end a mica strip is introduced 
between them. Seen in reflected light of A=5'89 X 105cm we find 
100 fringes in 3°0 cm length. Compute the thickness of the mica~ 
strip. Bii i 
1279. An ait film is formed between the upper face.of ‘a cry- 
stal and lower face of a glass plate held by a. separate support. A 
microscope cross-wite is focussed over a bright fringe- using A=S'46 
107° cm. ‘As the crystal is heated from 20°C to80°C, 56 fringes“ 
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pass across the cross-wire. Crystal height being 2'5 cm, deduce its 
coefficient of linear expansion. 


1210. A man standing 2'0 m above an oil film over water 
observes greenish colour at a point 2'5 m from his feet. Deduce the 
possible thickness of the oil film there. (Agreen=5500 A?, Noit=1°40, 
Nwater= 1°33). 


12°11. In an experiment to observe Newton’s rings we may 
find that (i) Dm;,2—Dm* does not come out as independent of m, 
(ii) the rings are not quite circular, (iii) the centre is not dark, but 
is bright. What would you conclude in each case ? 


12°12. Newton’s rings are observed between a spherical surf- 
ace of radius of curvature 120 cm and a plane plate. The diameters 
of Sth and 15th bright rings are 0'314cm and 0'584 cm. Calculate 
the diameters of 25th and 37th bright rings, and also the wavelength 
of light used. 


12°13. In a Newton’s rings arrangement Dm,,2—Dm came to 
0:204 cm? with air film. Deduce the Dpie—D,2 value (r same as 
before) if a drop of liquid of n=1°473 is introduced as the film. 
Will the fringes (seen in reflection, as usual) be more intense with 
the liquid as film ? 


A 12°14. (a) In what respects are Haidinger’s fringes distinct 
in character from fringes in thin films ? 


_ (b) Fringes in Michelon’s interferometer and Fabry 
and Perot interferometer do not differ in character, but differ widely 
In intensity distribution. Comment. 


12°15. Ina Michelson interferometer set for circular fringes, 
268 fringes appear as the movable mirror shifts by 0°0774 mm. 
Deduce A of the light used. 


12°16. In a Michelson inteferometer Circular fringes are 
observed with sodium yellow light (A;=5890A, A2=5896A). Descri- 
be and explain what changes are observed as the ‘separation’ of 
mirrors is increased from.0°10 mm to 1°40 mm. 


12'17. A Michelson interferometer, set for strai i 
ap i Moat a an of 1°90 cm using erie inn lion 
- Calculate (i) the angle of inclinati ‘mi d 
i A name aa ination between the ‘mirrors 3 
=4358.A), and (iii) the number of fringes which will 
observation point as the movable mirror is shi 0374 mm 
e Merher irror is shifted by 0'0374 mm 


gas pressure is 
e what would be 
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observed. To get the central fringes back at the original place one 
mirror needs shift of 1°9 x 10-2 cm. Calculate n of the gas at 76 cm 


pressure. 


1219. Compute the half-width of the Fabry-Perot fringes 
for R=0'80, 0°90, 0°95 and 0°99, using the theory of § 12°8. Com- 
ment on the validity of the theory for R approaching too near 
unity. 


12:20. How would the view of fringes in F-P interferometer 
at ‘consonance’ and ‘dissonance’ (see § 126b) be different from 
that in a Michelson’s interferometer ? 


12'21. For a truly monochromatic single-line source Mich- 
elson interferometer fringes should have cos? (8/2) intensity distribu- 
tion, giving visibility V=1 (Eq. 12'1 6). But every spectral line 
has a finite balf-intensity width A1/2- How will it affect V as 
the path differenece p increases ? 


13 


Diffraction of Light (I) 


_ 131. Diffraction, We may broadly define diffraction as depar- 
tures from the expectations of ray,optics when:a beam of light passes 
through an aperture or by an obstacle. Diffraction effects are domi- 
nantly observed when the aperture or obstacle has dimensions com- 
parable with the wavelength of light. Experimentally, all waves 
exhibit diffraction. One demonstration can be made with waves 
on water using the ripple tank apparatus (of § 10°8). A schematic 
tepresention of the view is given in Fig. 13'1, in which plane waves 
generated by a dipper AA pass through an aperture CD which has a 
width a few times A. On the right side of the aperture the ripples 
are not limited to the direction P, but spread out. The ripples fade 


Fig. 13°1. 
Ripple tank demonstration of diffraction at an opening CD 


out as directions Q,Q are reached, and rea 
along directions R,R and so on. What ha 
width of the aperture CD is to be better seen than described. 


With visible light the following demonstrations are very educa- 


ppear (though weakly) 
Ppens on changing the 


tive 3 
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(a) Scratch a sharp line on a blackened glass plate and through 
it view a filament lamp a few metres away. You will see the 
rather spread out and then a series of several filaments on either 
side with successively decreasing intensity. See what happens if 
the plate is roated in its own plane. 


(b) Look at a distant street lamp through a fine handkerchief 
or a saree curtain. Instead of a single lamp you will see a whole 
network of lamps arranged on mutually perpendicular axes. If you 
rotates the handkerchief, the pattern totate too. The finer the 
weaving of the cloth, the larger is the separation of successive 
‘images’. 

(c) Hold in front of your eye a glass plate sprinkled with some 
graded lycopodium powder and look at a hole (a few mm dia) in 
the cover of a mercury discharge lamp placed a few metres away. 
The hole appears as a spread out disc, surrounded by a few alternate- 
ly dark and bright rings. Using yellow, green and blue filters in 
turns see how the angular diameters of the rings vary with colour. 


In Fig. 13°2 we have S as a source point, AB an aperture, and 
SAC and SBD the projections within which we ordinarily expect light 
to be limited, if ray optics is followed. But if we apply Huygens 
principle, the secondary wavelets (as shown) should reach outside 
the limits AC and BD not marginally but to a considerable extent. 
But we know that diffraction effects in light occur only marginally. 
Are we then to give up the Huygens’ principle, or the wave theory 


Fig. 13:2. 
Explaining the difficulties with simple Huygens’ 


itself 2 Fresnel in 1815 showed by careful analysis that (i) Huygens’ 
ide AC and BD (ii) for regions 


Principle 


wavelets cancel out for regions far outst 

well within AC and BD the Huygens’ wavelets add up to give | 
same intensity as in the absence of the aperture, and (iii) for regions 
close to the limits AC and BD (both inside and outside) the wave 
theory predicts departures of intensity which match the experimental 
observations. In essence the theory involves summing up the contri- 
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butions from different parts of the available wavefront, taking care of 
their phase relations. 


One can argue that such ‘summing up’ is done to explain interference 
patterns also. The only difference is that in the diffraction case we have one 
continuous wavefront over which the effect is to be integrated, whereas in the 
interference case we have a discrete set of waves whose effect is to be summed up. 
So the differnce is between summing up a series and integrating over some given 
limits. Some authors treat this distinction as trivial and use the word interference 
to cover all cases of superpositions of coherent waves. But we shall use the term 
diffraction as distinct from interference as a convenient usage. 


_ 13°2. Fresnel’s Half-period Zone Method.* Let a wave front 
be limited in width by an aperture. To deducce the intensity at any 
forward point (P), Fresnel devised the half-period zone method. The 
steps are as follows : 


(a) We divide the wavefront into zones such that the waves 
reaching P from extreme edges of a given zone have a phase differe- 
nce of half-period. Each zone is then called a h.p. zone. The waves 


from corresponding parts of successive h.p. zones will reach P with 
phase difference x. 


(b) We consider the amplitude of disturbance (Rn) from the 
Zone as proportional to (i) the area of the zone, (ii) cosine of the 


in clination and (iii) reciprocal of the distance to P. The last two 
have only a small effect. 


nih 


(c) We find the amplitude A of the resulant disturbance at P 
by adding up 


A=R,—Ry+ Ry— Ryerss so (1320) 
including as many zones as are open. The alternate-+and—signs 


here arise from the way the zones are chosen : half-period means 
phase difference x, which means amplitude reversal. 


An estimate of A=A,,, when all zones are open, can be had 
by writing Eq. (13°1) in two forms : 


R R R R: R 
A = Fit (rt a) (Fert Rs). Sere to œ 
R R R R ire) 
A Ship g (4 r+ $s) —( 2 R,+ Se) eee to 


If the bracketted terms are all positive or all negative, we see 


that A o lies between 4R, and R;—4R i- 
S ÈRI ı1—$Rə. Hence as a near approxi 


Aw =tRy »«-(13°2a) 


* ‘See also Problems 13°13 to 13-15 
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If zones numbered 0 to n are closed and only those numbered 
n-+1 to © are open, we get 


An = 4Ron YG Bern), 
and if the zones numbered 1 to n only are open, we get 
AnS eRyttRon ..(13°2 ©) 


where the upper sign applies for n odd and the lower sign forn 
even. 

In case the apertures permit fractions of some h.p zones to 
contribute, then in eq. (13°1) we must take the terms R multiplied 
by the appropriate fractions. 


approximation is therefore involved in taking the Rn values proportional to zone 
area, as if the entire h.p. zone contributes in one phase. But this is not a serious 
limitation for two reasons. Firstly, the phase difference for contributions from 
different parts within a zone will introduce a correcting factor which will be very 
nearly the same for all the R values. Secondly, the wavelets from corresponding 


13°3. Fresnel’s Diffraction at a Circular Aperture or Disc. 
(a) Half-period zones. In Fig. 13°3 let the point source be at a very 
jarge distance on the left so that the wavefront ABCD is plane 


D 


Fig. 13°3. 
Fresnel’s half-period zones on a plane wavefront 


For an observation point P, we drop PO normal to the wavefront. 

If PO=b, we draw circles on the wavefront with radii OMi; OM2--- 
‘OMn, where Mn is so chosen that 

JAPANA .(13°3Y 

PMn—b 2 a 

These circles divide the wavefront into h.p. zones, because 

secondary wavelets from successive zones have to travel aa extra 
distance A/2 in reaching P. 
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If the source is at a finite distance a from the aperture, the 
h.p. zones may be drawn as shown in Fig, 13°4. The wavefront 
WOW is now spherical, and we may choose M;,M2...Mn on this 
surface; alternatively, we may use plane AOB as the projection of 
the wavefront and choose Mn on that, with 
À 

SM,+M,P—(a+b)=n oa «+ (13°4) 
The radius r,=OMn is then given by 

TE PRN OW ci nA. 


ee ER «+(13'5). 
using binomial theorem since rn <a or b. That gives 


Binh bi, 

aA) Pee -+(13.6 

(+ )r na (13.6) 
Certain geometrical facts are worth noting : 


(i) rais proportional to vn, so that successive h.p. zones 
have narrower Spacing (See Fig. 13°6), 


(ii) Area mra? of nh-p. zones is Proportional to n, which 
means that successive h.p. zones have equal areas. Hence amplitudes 
Ri, Ro,...Ry..-of waves contributed by successive h.p. zones to the 
disturbance at P are nearly equal. Actually, they decrease slowly 
with z due to inclination and distance factors. 

(iii) If thereis an aperture of radiusrin plane AB, the 
number of h.p. zones allowed by this aperture is given, from Eq. 


13°6), by 


raf fi me | 
=—|-+-; (T3 
m= > (; +5 ) (13°7) 
For the case of Fig. (13°4), we have a= %0. That leads to 
m=r?|bA ++ (13°8) 


Fig. 13-4, 


Diffraction of Light (I) 181 


(b) Axial observation points. Now we can examine the inten- 
sity at an axial observation point for a given set of r,a and b. 
As Eq: (13'2 ©) would show, the disturbance at P is strong when mM 
is odd and weak (nearly zero) when m is even. Hence the observed 
axial point becomes alternately bright and dark according as varia- 
tion of either b or a makes m odd or even, respectively. 

Example 131. A plane wavefront of light of wavelength 5°5* 10- cm 
is intercepted by a circular aperture of 5'0 mm. diameter. Calculate the number 
of half-period zones in the aperture for an axial observation point distant (i) 1°0 
metre, (ii) 5°0 metres from the aperture. 


Solution, For case (i), 
Em, (0°25 cm)? 
(100 cm) (55x 10° cm) 
=11.4 h.p. zones 
For case (iid is 5 times larger. Hence 
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n= 


Example 13°2. Along the axis of a circular aperture of diameter 2:00 mm. 
on one side is a point source ‘at 1:00 metre distance emitting light of »=5'46x 10° 
cm, and on the other sideis a point of observation at a varying d 
what values of D does the aperture involve (i) two, (ii) four, (iii) six half-period 
zones ? 
Solution. For use in Eq. (13°7) we ate given r=0° 100 cm, a=100 om, 
9=3'46x 105 cm and b=D, which varies as 7 varies. 

| 1 ere. if Wee er 

ay wtp r =m x 5'46 x 10” cm 
Form =2, 4, 6 we get D=1:09 x 10°, 84-4, 43°8 cm respectively (check). © 


Example 13:3. On the axis of a circular aperture of radius 2'0 maA 
n the 


one side lies a point source of 1555x 10-5 cm at distance 2:0 metres. 
other side a point of observation is moved along the axis from infinity to closer 


distances. Deduce the first 3 position where minima are observed, 
Solution. The number of h.p. zones is given by 
rid (0:2)? [ EE, (a ea ani 
ON (z +5 I-55 x10 ts POR ab 
Minima occur when miseven. Starting with b=, the first three stages are 
given by m=4, 6, 8. Hence for the three cases 


Dike WOT Ne ALA 
z 0°36 F2 36, g= 36 
5—2020 cm, 308 cm, 167 cm. © 


(c) Of-axis observation points. 


aar F of off-axis observation points we note the following. A 
sideways displacement y from p (Fig. 13'4) causes the h.p., zone 
system to move sideways by yal(a+b). If this equals the width of 
one outermost Zone m, the result is to replace contribution Rm by 
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$Rn—$Rni=0. In effect it removes Rn. If ya/(a+b) equals the 
widths of 2,3,4...outermost h-p. zones, the effect is to remove the 
contributions of 2,3,4...outermost zones. The result is that the 
intensity alternately rises and falls as P goes sideways, so that by 
rotating fig. 13°4 about axis SP we may visualise alternate bright 
and dark rings. These are shown schematically in Fig. 13°5 (a) and 
(b) when the axial point is bright and dark, respectively. 


Fig 13°5 
Alternate bright and dark rings 
(d) Case of circular disc. 


For the case of circular disc also we may use Fig. 3'4, replacing 
the aperture by the disc of radius r. The disc covers up the first m 
half-period zones and only the zones numbered m-+1 to œ send 
light to P. So the amplitude at P is given by Eq. (13°2b) : 


A=Rmin— Rmt. t00 S Rupi 
The point P is thus always bright. 


As m increases (i.e., either a or b in Fig. 13°4 decreases), Rm41 


decreases and hence the intensity continuously decreases. This is in 
contrast with the case of a circular aperture, where alternate bright 


and dark position occur along the axis. 


PRIN For off-axis positions of P the analysis for a circular dise differs from that 
Or the aperture in the sense that as yal a+b) equals the widths of 1, 2, 3... outer- 
most covered zones, the effect is to add the contributions of 1, 2, 3... outermost 
1355 (o) Thus we get concentric bright and dark rings, like those shown in Fig. 
134. Zone plate. An interesting application of Fresnel’s 


half-period zones is a zone plate. It consists of a number of alter- 
nate transparent and opa 


plate be placed in plane AB, with its 


tre a Setting n=1 in eq. (13°6) we see that the zones 
on it will become h.p. zones if S and P are so chosen that* 


*The' 4 aie A 
ented of the zone plate are not h.p. zones unless this condition is 


V 
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1.(13°9) 


Fig. 13°6. 


The zone plate (schematic) 

resultant amplitude of the distur- 

But in the zone plate only 
the resultant amplitude 


If all the zones were open, 
bance at P would be $R; (see €q. 13'2a). 
the alternate zones are kept open. Hence 
at P is given by 

A=Ri+ Rot Rst e 


These add up to 4 large value compared with }Rı. Hence P beco- 
mes an intense image of S when €q. (13°9) is satisfied. 
We thus say that a zone plate acts like a lens. What is its focal 


length ? Eq. (13°9) compared with a Jens equation shows : 
f= (13°10) 


where r is radius of the central zone of the zone plate. You may 
notice that the focal length given by eq. (13°10) depends sharply on 


the wavelength and decreases as the wavelength increases. This in 


unlike the usual lenses. 
structed with focal length 50 cm 


Example 13°4. A zone plate is to be con: 
for .=5°0 x 10°° cm. Calculate its first radius. What will be its focal Jength for 


=4:0x 107° cm 2 
Solution. From €q- (13°10), r= fr=50 cm x 5-0x 10° cm 
Be . n=5.0x10° cm=0'50 mm. 
Again, from €q: (13°10), 
Leen 562: 
ffa eri x ria 5 cm. 


184 Optics and Atomic Physics 


Phase Reversal Zone Plate. It may be noted that while a lens collects all 
the ‘disturbances’ Ri, Ry......... without phase differences, the zone Plate collects 
light from only the alternate ones. Hence the image is much less intense com. 
pared to the image formed by an equivalent lens; amplitude~ 1/2, hence inten- 
sity ~ 1/4. j 


If the alternate zones of a zone plate are not opaque, but covered by (say) 
some gelatine of thickness ¢ which introduces an extra path difference (u—1)t 
=)/2in the light passing through these zones, the disturbances | from all zones 
are collected in same phase when eq. (13°9) is satisfied. The intensity of the 
image then approaches that for an equivalent lens. The focussing holds, however 
for a particular wavelength only, This selectivity may be put to use if phase. 
reversal zone plates could be produced commercially, 


Multiple Focii in a Zone Plate, Let the distances a and b (Fig. 13°7) be so 
chosen as to satisfy thefrelation 


1 1 Pp ae F 
3t Pn (p=2, 3, 4,......) ++(13'11) 


instead of (13-9), Then each ‘zone’ on the plate becomes equal to p half-period 
zones. We now note that the first zone being transparent allows p half-period 
zones, next zone being opaque cuts off the next p half-period zones, and so on. 


For p=2, the resultant amplitude of wave at P is 
A=(Ri—Rz)+(Rs—Ry)-+ ovo 
This is nearly zero, since Ri=R,, R=R,, etc. 
For p=3, each zone of the plate equals 3 h.p. zones. Hence 
A=(Ri—R,+Rs)-+(Ry—Re-+ Rs) ++: 


(The missing terms are cut off by the opaque zones). Since Rı=R;, Re= Rye 


the"sum becomes 
A=R,+R,+Rig 
which is large (compared with +R) and produces an image of S at P. Eq. (13°11) 
with p=3, gives the new focal length as 
f'=re/3.=f/3 


A There are further focal lengths f/5, f/7, etc. But there is no image forma- 
tion corresponding to F/2, f|4 ete. > 


It istobe noted that the amplitude of image corresponding to focal 
length f/3 is about one-third of that due to the primary focal length f, hence in- 


tensity is about one-ninth, 


13'5. Explanation of Rectilinear Propagation. In. Fig. 13°7 
let AB be an obstacle between a point source S anda screen, on 
which P, is the grometrical projection of SA. Fora general obser- 
vation point P the pole is at O, around which Fresnel’s hp. zones 


may be drawn. The intensity at P will depend on how many h-p. 
zones are able to contribute. 


Let us first deduce an expression for the relation between x and 
the h.p* zone number n which touches A. The condition is 


(SA-+-AP)—SP=na/2 
and from the geometry and binomial theorem (x<<a,b) we get 


a 
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2 
AUR Lea (13°13) 
Ab(a+b) 


‘Typically for a=b=50 cm and A=5000 A, we find that x=L 
cm gives n=200. This number increses in proportion to hr 


Fig. 13°7 


For explaining rectilinear propagation 
upto n=% contri- 
_ Amplitude 


above Po, we have n So 
zones approaches ZR If P is a few mm below Po 
number of h.p. zones ” there is no contribution at P an 
tions only from zones n+1 to © exist—that too in fractions. Thus 
the total amplitude is a small fraction of IRn. This is <4Ri, and 
hence the intensity at P is effectively Zero. 

Thus, rectilinear propagation is explained on the wave theory. 
But the theory also says that for P near the edge P,— whether above 
or below—there will be departures from the expectations from recti- 
linear progation. 

To learn about the nature of the departures, let the amplitude 
of disturbance at P due to the n fully open h.p. zones be R, and that 
from the rest of the partially open h.p. zones be Ra. For P above Po 
each of Ra and Re will vary with x. In particular, ” becoming alter- 
nately even and odd will make Ra alternately small and large (see 
eq. 13°2c). Thus intensity variations (bright and dark bands) will be 


observed. 


For P below Po (inside the shadow), the c 
absent, and Ro falls monotonously as 7! increases. 
falls continuously as we gO deeper into the shadow. 

13°6. Diffraction at a Straight Edge. (a) Half period zones. In 


fig. 13°8 let S be a slit and Ea straight edge, both perpendicular to 


ontribution Ra is 
So the intensity 
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the plane of paper. Let P be an observation point, which gives O as 
the pole with respect to which the h.p. zones are to be drawn. The 
wavefront EOM,, is now cylindrical with S as axis. On it we choose 
My, M2... Mn such that 


SM,,+,P—(a+b)=nd/2 


exactly as in eq. (13°5). But to get the h.p. zones we now do not 
rotate the figure about SP; we move the figure perpendicular to 


Fig. 13°8. 
For diffraction at a straight edge 


the plane of paper. Asa result, M,, Mz... Mn draw lines on the 
cylindrical wavefront. The areas between these lines define the h.p. 
zones. These are strips, not rings, and Fig. 13°9 represents them on 
both sides of O. Notice that the waves from 1’,2’,3’,4’,...reach P in 
the same phase as those from 1,2,3,4... respectively. In that sense, 
strips n and n’ taken together form the n” h.p. zone. 


The width wn of n* h-p. b 
(13°6) which Gee p. zone may be calculated from eq. 


bX — 
Wr =F nin- = aa vn— vin | +-1(13°14) 


ae of the h p. zone is proportional to w, and it decreases as n 
ases. (For n> 1, w, is propartional to n7112), 
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The strip zones shown in Fig. 13.9. when placed with Fig. 13°8 
will have their lengths along per- 
pendicular to the plane of paper- 
Then within a given h.p. zone strip 
the different parts will have diff- 
erent distances from the observ- 
ation point P. To deduce the 
resultant disturbance at P due to 
any one strip, like strip 5 in Fig. 
13°9, we may sub- divide the strip 
into gub-half-period zones. The 
amplitude of the. resultant dist- 
urbance at P due to the whole 


h.p. zone strip is then given by 


some fraction of the amplitude oats 
dus to the central sub-zone (sho- joer sie 
wn shaded). This value of the ee ge i i 


amplitude of disturbance at Ẹ i 


due to the n'* h.p. Strip (taken Fig. 13:9 
collectively) we represent by Rn. The h.p. strip zones on a 
Assuming the fraction to be the cylindrical wave-front 

same for all h.p- zone strips, we May put, in view of eq. (14°14), 


Rn «(Wn—Vn—1) wee(13°15) 


_ The disturbances due to sucessive half-period strips arrive at 
P with successive phase differences x. Hence the resultant amplitude 


at P is given by 
Aa(Ri Ret Revs) FR Ret Roe ) (13°16) 


where we put two series because there ate h.p. strips om both sides 
ld be included in 


of the pole O. As many zones as are open shou 
evaluating A. 

Rn Sn It is necessary to remember 
1:000 1000 that (unlike the case of spherical 
0414 0586 wavefront) the magnitudes © 
0318 0'904 Ra Reer: , decrease rapidly as 
seen from eq. (13°14). Table be- 
low gives relative values of the 
R’s for different values of n, and 
the sum (Sn) of one series in eq. 
(13°16) upto n terms, tuking Ri= 
1000 unit. 

When there is no obstacle, 
h.p. zones upto very large n are 


) then tends to 0°77R:. Hence, call- 
front as A» We get 


: eAAUaRwWN A 


foe) 
effective. Each sum in eq. (13°17 
ing the amplitude at P due to the whole wave 
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A= 0.77Ri+ 0°77R\=1'54 Ry. «- (13°17) 
The intensity 7, is proportional to A,?. 


Now consider the sum A (eq. 13°16) for different positions of 
P relative to the geometrical shadow Po of the edge E. 


(4) Observation point inside the shadow. Fig. 13°10 shows two 
such positions Ps, P}. For these position all the lower h.p. strips 


Fig. 13°10. 


For considering intensity at various points relative to Py 


are cut off, as also a number (say n) out of the upper h.p. strips. So 
we get from eq. (13°16) 
| A | =(Raji— Rer H Raj — PAEA ) 


=some fraction of Rp} 
When P is deep inside the shadow, n is large, hence Rn; is very 
small (see Table above), Thus point P is dark. Now, as P appro- 
aches the edge of the geometrical shadow, n decreases, Hence Rari 
increases continuously and so does the intensity at P., 
(c) At the edge of the shadow, 


In this case the lower h.p. 
Strips are all cut, upper strips are all al 


lowed. 


A=(Ri—Ry+ Ra.»....) 077R; 
Comparing with eq. (13°17) 


f EY SN 
urare LE FALSIS 
DTAS A (13°18) 
Thus the intensity at the edge Py is neither zero nor the full value J). 
It is one quarter of To. 


. (d) P outside the shadow. Fig. 13°10 shows two such posi- 
tions P;, P, Now, al 


all upper hp. zones or Strips are allowed, plus 
q SS 
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some zones (say n) from the lowe j 
at P i given r ones also. Then the amplitude 


A=(Ri—Ro+ Rato 00)-+(Ri— Rot Rgees+to Ra) 


The sum in the first series is fixed at 0°77 R,, while that in the 
second series becomes large or small according as n is odd or even 
respectively. Thus as P moves away from Py the intensity alternately 
rises and falls. Also the variations become smaller as n increases— 
till it reaches the steady value J, (corresponding to A=Ay=1°54 Ry). 


The number (n) of half-period zones corresponding to PPp= 
x, is given by eq. (13°13), which leads to : : 


py bd Ki 
oe [ a Dae ¥n=KyVn (13°19) 


where K is constant for a given 
set-up. The positions of the 
minima and maxima are given 
by n even and 7 odd res- 
pectively. 

We can now draw the in- 
tensity distribution curve. Fig. 
13°11 (top) shows the graph of 
intensity J against distance x 
measured from Po. It shows 


A ; that 
ee (i) Inside the shadow 
Fig. 13°11 there are no fringes, but gra- 
The intensity distribution in dual fall of intensity. 
diffraction at a straight (ii) At x=0, intensity =4 
edge Io- 


(iii) On the other side there are fringes, spaced according to 
Vn, not equidistant. 

(iv) The fluctuations of intensity become weaker as ¥ in- 
creases, At large x the intensity reaches a steady value To. 

Example 13°7, Inan experiment with straight edge diffraction, the slit 
to edge distance is 1-00 metre, and edge to screen distance is 2°00 metres. If 
3=5000A, deduce the separation of the first three bright fringes. 

Solution. The positions of the maxima (relative to geometrical projection 
of the edge) are given by eq. (13°19) 


Xm=KyV/n, where n=1, 3, 5p 
and K= poe A T 
We have a=100 cm, b=200 cm, 2=5 x 1075 cm. 
200 x 300x5x10°°\3_», 
xo) =0-171 cm. 


The first three maxima therefore lie at 


0-171, 0171/3, and 0171/5 cm. 
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KJ 
E aaperaetone wee 
ONT D-O FO 125 cm 
Y OMY S-O1Nly 3-0 as cm @ 


 Coess’s Spiral. instead of j-period zones, one could 
Topes on the cylindrical wavefront, where m may 


tieea! 3 
ba ptt their contributions would be added with 
F Eoi t aaa Algebraic addition like eq. (131) 
3 


phasor diagram addition forthe cate 

first 4 zones or either side are shows 
414 = 03180268 (vide Tablo, p. 187), 
ively. The completed 


oas X goes wp the spiral, As? im ` 
y becomes bowes side, A=X"S, 
+ goes down the 
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Shadow. Discuss the extent of smallness of this region, and the 
nature of departures. 


13°12. A narrow slit is illuminated with light of A=5°89 x 10-5 
cm. A aught edge is placed 2'0 m away, the edge being parallel 
to the slit. Observations are made 3'0 m from the edge. Compute 
the positions of the first three maxima and the intervening minima 
relative to the ‘geometrical edge’ of the shadow. 


13.13. Figure below is a spiral and it gives the phasor dia- 
gram for a spherical wavefront. Ex- 
plain, why this differs so much with the 
phaser diagram for a cylindrical wave- 
front (Cornu’s spiral). 


13°14. The Figure in Q. 13°13 is 
not quantitative. Yet, treat it as 
quantitative and from geometrical 
measurements deduce (in terms of Jy 
for the full wavefront) the intersity T 
for (i) central 7 h.p. zones open, (ii) 
central 8 h.p. zones open, (iii) central 
Fig. 13-13. 10 h.p. zones blocked, rest open. 


13°15. From the phasor in Q. 13°13, how would you pass on 
to the phasors of (i) a zone plate, (ii) a phase reversal zone plate, 
(iii) an ideal lens ? 


| 
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14'1. Fresnel and Fraunhofer Classes of Diffraction i 

~ Fre d F ¢ . In Fig. 

p a (top), A'B' and C'D' are projections of the apertures AB and cD 

ee ae the wavefront. The gross structure of A'B' (for instance) 

S aS B but has nothing to do with the structure of the source 
. The modifications in detailed structure of A'B’ are called Fresnel 


diffraction, which we studied in Chapter 13. 


a In Fig. 14°1. (bottom), lenses Lı and L, are added so that{S’ is 

zy ‘page of the source S Now, the gross struture of S' has nothing 

etait i the structure of AB or CD. The modifications in the 

ed structure of S’ due to apertures which limit the wavefront 
called Fraunhofer diffraction, which we will now study. 


Fig. 14:1. 
Fresnel and Fraunhofer diffractions 


It is of interest to note that if in Fig. 14-1 (lower) lens Lı ‘ 
fied to infinite distance, 


or Lz or both 
at removed and correspondingly S or S’ or both are shi € 
the situation in effect does not change. For this reason, Fraunhofer diffraction 
case is also defined as that in which the source as well as the plane of obser- 
vation are at infinite distance from the diffracting element. As one result, the 
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angular inclinations are important here, whereas lateral distances are important 
in the Fresnel class. 


As we shall see, Fraunhofer class of diffraction can be treated 
in rigorous mathematical terms and has wide-ranging applications. 


14:2, Fraunhofer Diffraction at a Single Slit : (a) Qualitative 
Treatment. In Fig 14°2 AB isa slit of width a, and its length is 
perpendicular to the plane of paper and is large (treated as in finite), 
Source point S and lens L, make plane wavefronts which reach the 
slit, and lens L, produces an image S’, which should be a point im- 
age of S according to geometrical optics. To discuss how, according 
to the waveltheory, the finite width a modifies the image, consider 


Fig. 14-2. 


Diffraction at a slit 


secondary wavelets from AB in a general direction, like a direction 
OP inclined at angle 6 from the direct direction, OS’. Let ANM be 
a plane through 4 perpendicular to OP. Then, in reaching P the 
secondary wavelets from B have to travel an extra distance BM=i 


sin 0 compared with the waves from A. What are the conseque- 
nees ? 


Consider some special cases. Let 0 be such that BM=a sin? 
=À. Then ON=A/2, since O is mid-point of AB. Now divide AB 
into several equal elementary widths, say 2p. Then waves from succe- 
ssive elements 1,2,3,...p and those from the corresponding elements 
p+1, p+2, p+3.-+2p have a path difference A/2 each in reaching P. 
Hence they cancel out in pairs : 1 cancels p+1, 2 cancels p+-2--. and 
so on. Hence the disturbance at P is zero. This happens when 


asin 9=), for minimum (zero) intensity (141) 


Thus, when the path difference at P between extreme wavelets 
from a given opening becomes X, the intensity at P becomes zero. 


gets RIBS NS uy acon pias with, interterencé between waves from two 
Se intensity is ze è iffe i 
-)|2. Here we have one continuous slit of width Gok pen path cittersaret 
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If 0 is such that a sin §=3A/2, we can divide the slit width AB 
into three parts. The waves from successive elements from the first 
part and those from the corresponding elements from the second part 
mutually cancel out. We are thus left with waves from one-third 
of the slit only. There are path differences from 0 to A/2 between 
the extremes within this one part too ; if we omit detail and consider 
all these wavelets in one phase, then the amplitude corresponding to 
this angle is ~ 1/3 times of that at S’ ; the intensity is ~1/9 times. 
We put the condition 


A 
a sin ga for next maximum (intensity ~, (142) 
We generalise results (14°1) and (14°2) to say that 
a sin 0=A, 2A, 3A.--minima (zero intensity) .-(14°3a) 
3 3A , 5A AN L f Io, Io A 
a sin 0=73" > e Aaaa (intensity~ 9” 25 ws) ++-(14°3B) 


Notice that Eq. 14°3a and 14:3b are equivalent to dividing the open wave- 
front into even and odd number of half-period zones, respectively. The difference 
front Fresnel’s case is that angles are involved here, and rigorous deductions are 
possible (as you will see). 


In Fig. 14°3 we show the intensity distribution curve, as well as 
the schematic diffraction pattern observed. 


Intensity pattern in a single slit diffraction 

We draw particular attention to the fact that a sin, o=nà with 
n=0 does not give a minimum but a maximum. This is the centre 
-of the image (S’ in Fig. 14°2). 

(b) Phasor Diagram Method. In Fig. 142 the addition of 
the secondary wavelets from different parts of slit AB as they reach 
P can be done by the phasor diagram method (§ 11°2). 

Let us divide slit AB into P equal parts. Then the anumas 
contributed by each element is Alp, if Avis that if the entire slit 
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sends waves in the same phase (as at S’). Also, the phase difference 
between waves for successives elements is 5/p, where 


32 (a sin 0) (144) 


Fig. 14.4 now shows the phasor diagram to add p range p 
amplitude 4,/p each and succassive phase disturbanees 5/p. Fig. 


Fig. 14-4. Fig. 14:5. 
Stepped addition of wavelets Continuous addition of wavelets 


is the result as p tends to infinity ; the phasor diagram becomes & 
smooth circular arc OO with ò as shown. 


The resultant amplitude 4, at the observation point P (Fig. 
14°2) is given by the chord OQ in Fig. 14°5. We thus have 
Ao _ Chord OQ __2r sin (3/2) _ sin (8/2) (145) 
A, Arc OO 2r. 5/2 (3/2) 
For intensities we then get 


i| sin (8/2) 7? 


where pai asin t ...(14'6) 


if 5/2 
i 2 : aed 
-(2) where p=—"2 i! (14°6a) 


s How the phasor diagram changes with increasing @ (hence increasing 8) 
is shown in Fig. 14'6. For 8=0 (observation point S’ in Fig. 14'2) the phasor 
Curve isa straght line of length 4,. For 8=7 it becomes a semicircle, for 
8=27 a circle, for 3=37r it goes round one circle and a half, for 8=42r two full 
circles. Thus 8=27, 4T, 6T......correspond to chord OQ=0, which means zero 
amplitude (hence zero intensity). Also, 8=37r, Srr......correspond to (nearly) 


secondary maxima, the main maximum being at § =0. 


* Notice that sin 
th 


D 


. . i f 
x plp is the sinc function referred to in § 9'3. Discussion O 
e relation will lead us outside the scope of this book. 
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Fig. 14.6. 
Showing how the phasor diagram curls round as 5 increases 


(c) Method of Integral Calculus. The additioadf the secon adr 
wavelets reaching P from differ- 
ent parts of slit AB (Fig. 4°2) can 
also be done by integration. Fig. 
14°7 may be used for this. 


Let the disturbance caused 
at P by the wavelet from unit 
width of the slit at O be 

yo=A cost 
Then the wavelet from width dx 


at C when it reaches P has 
amplitude Adx and phase 


wt --(2n/A)x sin 6. Calling the Fig. 14.7. 
disturbancedy we have Diffraction at a slit 
27x sin 9 l 
dy=Adx cos { owt + aez sin ..(14°7) 


For the total disturbance at the point of observation at angle 0, we 


get 
talp sin 0 
= f ; A cos ete sae 
—al2 
=| 4 „sin (na sin 6/A) {eos ak ...(147a) 
e] x sin 0/A 
ore i + 2r x sin è 
* y=A cos wt | ae co yA sin orf al? sin —> dx. 
_al2 ald 


The second integral is zero. The first gives the result (14°7 a) 
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The quantity in brackets in Eq. (147a) gives the amplitude 
Ae of the resultant disturbance. For 6=0 it becomes Aa, which we 
call Ay. Thus the result is 


Ae  sin[na(sin 9/A] _ sin [8/2] 
Ay [ra(sin 9/A] [8/2] 
with ò=2xa (sin 6)/A- This is the same as Eq. (14°5). 
(d) The Minima and Maxima, The angular positions of the 
minima and maxima were deduced in Eqs. 14°3(a) and (b), and the 
same results may be found from the phasor diagram (Fig. 14'6). One 


may also use Eq. (14°6a) with (dJe/dp)=0 to get their positions. 
The results are 


sinp=0 (minima, excluding cea (14 
tanp=p (maxima, including p=0) s 

The first of these gives Eq. (14°3a), which we repeat : 
minima at | a sin 0=nA | „n=41, +2... (149) 


The second is best solved graphically*, and it leads to p=258°, 
443°, 625°,......which are close to, though not exactly equal to 37/2, 
5x/2, 7/2,.-. as stated in Eq. 14°3 (b). Thusthe maxima fall atp 
=0, and close to p=+(n+3)x. The intensities at the maxima, 
deduced from Eq. 14°6a) are as follows : 


ehcp ta is -( 52? jel 
0 P 
$ SES i i 
For a sin 0~(n+4) A. fs =( i ) SEFT 
5 ; 


oe relative intensities of successive maxima are, therefore, 
nearly 


BAA AAN ne 
On®) > 25n* * 49x"... 
. This means that the first secondary maxima on either side of the central 
Mckee have only about 4% the height of the central maximum (See Fig. 14°3)- 
e also recall that the central maximum has double the width of the secondary 
maxima. Thus, by far a very large amount of light falls in the central diffraction 


maximum. Hence for most purposes we may just disc sente 
i scuss the spread of the cent: 
tal maximum and neglect the secondary maxima. ni 


(e) Width of the Central Maximum. The most significant 
result of diffraction is the finite angular width of the central maxi- 
mum given by Eq. 049) with n1. It means that the energy 
passing through the slit spreads out upto angle 0 given by 


d= tein? Š (1411) 


i YA 


(14°10) 


Pan AN ES Wipe. 
Draw curves for e i ; 

A quation f(p)=tan p, and for an i tion 
Points give values of p which satisfy the equation Ales Eeen 


>` V EN 
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E The theory is applicable for all kinds of waves—sound waves, waves over 
liquid surface, and electromagnetic waves ranging from radio waves to gamma 
rays. Of course, the effects are meaningful only when a is not> à. 


Consider a slit of width a=1 cm, illuminated normally by light 
of wavelength A—5000A°. The intensity on the other side spreads 
upto an angle 0 given by 


AA ANS 5000X 10 S as 1 
10e] = EIR caine wv radian = 399 degree 


which is hardly observable. 


Consider now the case a='02 mm. (This is the order of width 
used in a spectrometer slit). For this case, for the same wavelength, 
| 6 { comes to about 1°5 degrees, which is not negligible. 


Consider a diffraction grating (see § 14°6), where each opening 
has width ~6 X 10-5 cm. The diffraction ‘spread’ 8 on either side 
of the normal is now given (for A=5000 A’) by sin 9= +083, which 
gives | 0 | =56°. Thus the intensity 1n this case spreads upto quite 
a large angle 

Example 14:1. Sound waves of frequency 3000 sec~? fall normally onan 
opening of width -50 metre. Calculate the angular positions of the diffraction 
minima. [Take speed of sound as 345 m/sec. | 

345 ny 
i ee L m, —=0.23 
Solution. 43990 0:115 3 2 

Minima occur at g=+ sin * mia. Since maximum value of sin 0 can be 

the only minima are at 
sin 0:23, +sin7? 0°46, +sin-2 0.69,  #sin™? 0°92 
or + 13°, #9795 +44°, +67° 

[Note. Note if an observer walks across at a large. distance D from the 
opening, then starting from a point on the perpendicular bisector of the opening 
he will observe minima of sound at positions given by Dtan 6. If for example, 
D=4 metre, the mimina appear at 

+0°92 m, +2:0 m, +3.8 m, +9°9 m] 
Example 14-2. Microwaves of 6900 Mc/s frequency are incident normally 


on a slit of variable width and large length, A receiver is placed at a large dis- 
tance on the other side at angle 20° with the normal. For what widths of the 


slit would the receiver show zero intensity ? 
Solution. Speed of microwaves=speed of light =3 x 10° cm/sec. 
10 
z 3x10" _5-9 cm 


Hence R= 6x 10° 
Let the variable slit width bea. Then for minima 
asin 20°="x 5:0; (n=+1, E2) 
sin 20°=0:34. Substitution gives 
5n L15, 29, 44....-.cm © 


a= 0:34 
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14°3 Fraunhofer Diffraction as Fourier Transform of the Aper- 
ture. The similarity between the Fourier transform of a square 
pulse, Eq. (9°33), and the Fraunhofer diffraction at a single slit, Eq. 
(14°5), may be noted. This is not accidental. A ‘slit? may be des- 
cribed by a transmittance function whose value is unity over a 
width a and zero elsewhere. Fig. 9°4 (left) with h=1 and b=a is 
therefore a pure mathematical description of a ‘slit’. Then, if the 
aperture a is infinite, its fourier transform, Fig. 9°4 (right), has zero 
Spread ; correspondingly, the Fraunhofer diffraction has zero spread, 
As a narrows down, the diffraction spread increases. 


A further consideration is of interest. Let a rectangular slit 
of length a along x-axis and b along y-axis intercept a plane wave- 
front (from a point source) travelling along the z-axis. Its Fraunho- 
fer diffraction will show spreads along x- and y-directions in inverse 
Proportions to aand b respectively. Fig. 14°8 gives a schematic 
representation. (The dimensions A/a and A/b are in angles ; ina 
photographic record they will have linear dimensions f times, where 
fis the focal length of the system). It is both exciting and educa- 


tive to view a distant halogen lamp through apertures with various 
a, b combinations. 


EA k, 
Pee] ee] a 
7 (ee Oe), eee: pe od 

op Na tris la elo ak Cr] 


4 Vaw 


„~ Hig. 14°8. A slit with bo tha and be finite, and its Fraunhofer 
diffraction (Schematic) (leftend) (right). The Fraunhoper diffraction 


gles show very approximate 
i , using Eq. (14°10). 


_ 144 Fraunhofer Diffraction at a Circular A erture. We have 
discussed the diffraction at a narrow slit (a finite and b infinite), and 


distinguishability of x and y axes, 
ds a series solution) and we will not give it 


UEN 
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(a( Rotate Fig 14-3 (bottom) about an axis passing through the centre 
and perpendicular to the plane of paper. You get alternate bright and dark 
rings. (Why rotate? The answer is not straight.) 


(b) If AB in Fig, 14-7 is not a ‘slit’, but a circular aperture of diameter a 
then the strip of width dx taken at C has a finite length (a’—4x*)'!*, which varies 
form a at x=0 to 0 atx=+a/2. This factor must be included in the expression 
(14:7) for dy, The step is rigorous, but integrating over x=—a/2 to —a/2 is not 
simple. 

(c) In Fig. 14-8, consider a=b case, i.e., a square aperture. Then consi- 
der how the diffraction pattern may change if the corners of the apertures are 
blocked-off to make it nearer a cireular one. 


The result given by rigorous theory is that the central images 


is a disc of angular radius 9, given by 
a sin 6;=1.22A (14°12) 


It means that intensity falls off with increasing @, reaching a 
minimum at 9=0,. Thereafter it rises, reaches a certain maximum 
(much less than that at §=0), falls again and so on. We are not in- 
terested in these secondary maxima and minima at present, particu- 
larly because they contain a very small fraction of the incident 
energy. 


The essence of wave theory is that the image of any distant 
point source (like a star) made by the most ideal lens of focal length 
f will not be a point image, but a disc image whose dimensions are 
given by 


4 oe deat 
angular radius 12., actual radius or ans 


This result is of far reaching significance in image forming instru- 
ments, and we shall use it in Chapter 15 in some detail. 


14.5. Emission by a Disc Source. The result of Eq. (14°12) is 
of much wider significance than just transmission. It applies to emis- 
sion as well as reception of waves. etre iper 
comprising a disc of diameter a and osci atin 
its face. Then the maximum intensity will be along the normaal (as 
expected), but the sound will necessarily spread upto a cone 0 a 
angle sin (A/a) nearly. It A>a, the spread will extend Au ; 4 
on the other hand if A=a/20 (say), the spread will be limited to P 
1/20 radian about the normal. We can reverse the siatemeni. n : 
order to limit the spread of the emitted waves toa come O ean 
angle 0 (considered small), the diameter over which v ue a 
in-phase (coherent) oscillations should be ~À/0. ef e sta 
applies to radar antenna and receivers also (see $157). 


Ga 
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14°6. Diffraction at Two 
Parallel Slits, In Fig. 14°9, let ee Al S 
A,B, and AB, be two slits of i SoS ee ee 
widtha each and separation 
e*. Lengths of the slits are 
perpendicular to the plane of 
paper. Consider monochro- 
matic light of wavelength A 
falling normally on the slits 
from the left. All the wavle- 
ets proceeding in a direction 9 
from the normal are collected 
by a lens at a given point in 
its focal plane. What is the 
resultant intensity and how 
does this vary with 0 ? Fig: 14:9. 

We here have interference Two-slit diffraction 
of two waves of amplitude A, each, havinga phase difference A= 
(2x/A) e sin 0. The resultant amplitude Re is therefore given by 

Re? = Ao?+ Ag?-+-2A Ap cos A=24,? (1-+cosA) 

=4A6? cos (A/2). 


.__ de is the result of diffraction at each slit (width a), and itis 
given by Eq. (145), Substituting for Ae we get, for intensity. 


2/ sin 8/2. \? aan 
yes A y\( sin ) (14°13) 
e 4h ( cos 7 y( 5/2 
Where AOne sin 8, and 3=(2n/A) a sin 0. ...(14'13a) 
and I,=intensity due to a single slit in the direction 0=0. 


Let us consider as example a case where e=4a, which makes- 
A=4 for al 


z l angles (see Eq. 
1 13a). In Fig. 14°10 the poe 
curve is plot of the diffraction 
term against è and is the same 
as in Fig. 143 except that phase 
is the x- axis here, (The minima 
Seana Pde, Ana. On: each 
side of the normal). The middle 
SENS 18 aplot of the interfer- 

erm agai ae ee A 
eel) area 

12.4% 4n,...0n each side: Da nee int A page ee 

e The lower curve is a plot of the Intensity distribution ue u se 
Product of the ordinates in the ?2@rallcl slits. Top curve : th 
upper two curves, i.e, of J lIe. ‘iffraction term; middle curve: 

sata eit" the interference term: bottom 
We note in particular that 


curve: the resultant distribution 
1 isthe distance of corresponding parts in A,B, and A,B,. If opaqe pat 
14.=5, then e=a-t, 


>V ON 


L 


V vi Vi 


Avs 
il 
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the central diffraction maximum is divided now into several interfer- 
ence fringes, whose maxima ocur at 

A=n.2n ie, € sin Bnd, (14°14) 
where n=0, 1, 2... The value of n defines the “order” of the interfer- 
ence maximum, marked 0 and I, II, 1JI...on both sides in Fig. 14°10- 
In the case taken by us (e=4a), the first diffraction maximum covers 
the 0 order and 3 more orders on each side. The fourth order falls 
at the zero intensity of diffraction. It is therefore absent.* 

Example 14:3. Two parallel slits have widths 10 mm each and opaqeu 
space between them is 20 mm. If light of wavelength 5 mm (this is in microwave 
region) falls normally on the system, deduce (i) the angular spread of the central 
diffraction maximum, (ii) the angular positions of the first 4 interference maxima 
on one side. 

Solution. a=1'0 cm. e=3'0 cm. ,=0'5 cm. 

Spread of central diffraction maximum is given by 
g=tsin™ Qla)=+30°. 
The interference maxima are given by Eq. (14°14) as 
@=sin™* (me)=sin* (n/6). 
Apart from the zero order maximum (6=0), the four maxima on 
a 


one side occur 


g=sin-? (1/6), sin“ (2/6), sin™ (3/6), sin (4/6) 

=9°36', 19°30’, 30°0, 41°48" 

However, the interference ‘maximum’ due to appear at 30° has 
since the first ‘zero’ of diffraction falls there. 


14.7. Diffraction at N Parallel Slits. (a) The intensity distri- 
bution. In Fig. 14°11(@) a number (N) of equidistant and equally 


zero intensity 


Wie 


| 


| oe 
fee 
\M 
| 
B 
al 
Fig. 1411 (a) 
N parallel slits Summing 


Fig. 14°11 (b) 

N waves of equal 

amplitudes and equal phase 
differences 

then qt” order diffraction 

pih order interference maximum (e sim 

‘h side become absent. 


* In general, if e=(p14) 4, with p and q as integers, 


minimum (a sin 6=4) coincides with 
e=p}). Then the pth order interference maxima on eac! 
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wide slits are represented, the extreme members being A and B. The 
slit lengths are perpendicular to the plane of paper, widths are all 
equal to a and separations* are all equall to e. 


The arrangement is illuminated by a monochromatic beam of 
light of wavelength A falling normally from the left. At angles 0 on 
the right we now have N waves, each of amplitude Ao (see Eq. 14°5) 
and having successive phase differences A =(27/À) e sin 0. We will 
find the resultant of these M waves by the phasor method.t In Fig. 
14°11 (b) we draw equal lengths OP;, PP2--»Px_;Px (to represent 
the equal amplitudes 4e) making equal inclinations A between 
successive ones (to represent equal phase differences). This gives a 
regular polygon and length OPn represents the resultant amplitude 
Ro. 


If C is the centre of the polygon, from simple geometry we 
find that angle subtended at C by each of OPi, PiP, PoP ...is A. 
Hence 
2.0. sin (A/2)=OP,= Ao, 
2.0C. sin (VA /2)=OPn=Ro. 
Eliminating OC, we get 
sin (VA/2) ( sin 5/2 sin NA/2 ) 
Re=Ag — At N | na l 
A A S |( N sin A/2 


substituting for A» from eq. (14:5). As 00 (normal direction), 
both the bracketed terms tend to unity. Hence the intensity I» at 
angle 6, relative to the intensity J, due to Single slit in the direction 
9=0, is given by 


: A ; 
ma EIGER] ars 

where we recall that 
8=(2n/A) a sin 0, A=(27/à)e sin 0 ---(14'15 a) 


Check that for N=2, Eq. (14°15) reduces to Eq. (14°13). 


* The separation is the distance between correspondi i i 
* ps A t a o slits, 

shown in detail in Fig. 14°9. If the Opaque width ig o kehen, Sree oe 

t An alternative method is this ; Resultant disturbance y is given by 
Y=Ap [cos wt-+-cos (et—A)-+-cos (wt—2A)-+-...... N terms] 
=real part of Ag etot 5 Uteis, teria + 
After some working this leads to the form 
_ , sin N A/2 

v=Apg sin A]2 COS (wt—¢), 

The amplitude of the expression is the desired Ro. 


RTA N terms] 


~N vet 
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: In Eq. (14°15) the first bracket term expresses intensity distrib- 
ution due to diffraction at the individual slit, and the second bracket 
term arises from interference between the N diffracted waves. 


Diffraction spread, The first minimum due to diffraction occurs 
at 9=-sin™ (A/a) as already discussed in § 14°2. 

(b) Principal interference maxima. The interference term 
becomes N? when sin A/2=0 and this is the maximum value it can 
take.* The maxima thus occur when A/2=nt, which leads to 


Jee 
| esind=na |, n=0, 1, 2,-+ (14°16) 
Sm 


i This gives the principal maxima ; n is called the order of the 
interference maximum. Condition (14°16) simply says that maxima 
occur when waves from successive elements reach with a path diffe- 


rence of a whole number of A. 

The intensity at the centre of any principal maximum is, from 
Eq. (14°15), given by N? times that due to a single slit at that angle. 
(1415) becomes 
(excluding cases 
A/2=rn, which 


(c) The minima. The interference term in 
minimum (=0) whenever the numerator js zero 
where the denominator js also zero), i.e., when N 
leads to 
a 
Iv e sin 9=ra | (14°17) 
asain VSL 

where r is any integer excluding 9, N, 2N,--nN 

Our interest is in the minima nearest to the n order maximum 
for which r=nN If this occurs at angle 080, 


e sin ow Jimi 


Taking difference with e sin 6=nA, we get 
e cos 0.0 =+ AJN 


À . 
30 | =——— (14°18) 
= | ra Ne cos 9 


This is called angular half-width of the n” order maximum. Note 
that it varies in proportion to 1/N ; the interference maxima become 


sharper as the number of opening: is increased. 


* Lim (sin Ne) =1 
p—>nw\N sin p k 
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Secondary maxima, Itis left as an exercise to the reader to show that 
‘econ X 


i n1] ill be 
inci i say, given by r=nNand n-+-1N) there wi 
jesse ee also that for large N the secondary 
fe a eee to a principal maximum will have relative intensities approxi- 
maxima 


(37/2) °, (57/2), (77/2)-8, etc. 


mately 


EE a T U 


PRE a0) 2 Ol Wy hans 


‘Fig. 14.12.* 
Intensity distribution in Fraunhofer diffraction due to N parallel 
equidistant sitts. The peak 


s narrow down as N increases 
The Secondary maxima a 


re shown exaggerated in fig. 14:12. Also, the 
horizontal scale i 


S Proportional to sin 0, not @. Ondgscale the maximi 
would not be equidistant, 


EN 


* 
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Fig. 14°12 shows the intensity distribution for N=2, 3, 5, 15 slits, keeping 
nand e the same. We have taken the case of e=4'5a, hence within the centra 
diffraction maximum (shown by the dotted curve) four principal interference 
maxima are seen on either side of the zero order. For two slits (N=2), there are 
no secondary maxima in between, and the curve is like the bottom curve of 
Fig. 149, For N=5, there are 3 secondary maxima between the principal maxima. 
For N=15 the secondary minima are not distinct in the figure, but the principal 
maxima are sharper. 


Example 14:4. A set of 10 parallel equidistant slits of width 0°50 cm each 
and spacing e=1'90 cmare used to study Fraunhofer diffraction of waves of 
,=0-60 cm falling normally on the plane of the slits. Deduce (i) angular position 
of the interference maxima, (ii) half-widths of these maxima, (iii) the effect of 
covering up 5 slits from one end, (iv) the effect of covering up alternate slits. 


Solution. The data given are: 


a=0'50 cm, e=1'90 cm, =0°60 cm, N=10. 
(i) Eq. (14716) gives the interference maxima : 
b -60 20°60 3x 0°60 
sin aioe TO” 1-90 
9=18°24’, 39°18’, 71°30 
(ii) Eq. (14:18) gives the half-width 
0°60 


30= 40x 1°90 cos 6 
—-033, ‘041, +100 radian. 
(iii) This step reduces N to 5, keeping € unchanged. Hence 6 remains 
unaltered, 86 becomes doubled. 
(iv) The step reduces Nto 5, and do ubles e. Hence the 6 deduced 


above now correspond to IL, IV and Vi order maxima, their half 
widths remain unaltered. [Positions and half-widths of I, Ill, V 
orders may be deduced too.] 


148. Plane Diffraction* Grating. The theory above would 
show that N parallel and equidistant slits, with large N, should 
produce dispersion with sharp maxima for different A values 


7 “E OPAQUE | 

_ | WIDTHb 
WIM ET 
7 t- WIDTH 2 

Í GRATING 

4, ELEMENT e 
Y 


FACE VIEW 


Fig. 14.13. Magnified view of a diffraction grating. Width a 
is usually~10~* em and e is usually~3a 


IN SECTION 


ao es 
i ion’ i i t. The 
* The term diffraction’ is not appropriate, put has become, current. 
spectra are produced by interference of N wavelets ; diffraction only 
serves to send light in the required directions. 
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However, for visible light the spacing e has to be of the order of 
~10~* cm (a few times A). Producing alternate transparent and 
opaque widths at equal spacings was first achieved by Rowland, and 
the device is called Rowland grating. Itis now one of the most 
important tools in spectroscopy. 


Diffraction gratings are of two types: (a) Transmission type 
and (b) Reflection type. We shall discuss the first in some detail, 
Most results being true in the second also. 


Spaces are left transparent. The width a+b=e is called the grating 
clement. In gratings used for visible light a is of the order of 10-4 
cm. Usually, e is about 3 or 4 times a. Fig. 14°13 shows a highly 
Magnified and simplified* view of a small part of the grating in face 


(ii) Formation of Spectrum by the grating. Let light fall on 

the grating as a parallel beam at angle 
| esin ĝ % from the normal (see Fig. 14°14)" Let 
| z eo us observe the diffracted light at angle 


8 from the normal on the other, side. 
als The path difference between waves 
ak: from successive elements is, from Fig. 


14°14, 
ete ello atin e (sin «+sīn B). 


For any wavelength A, we get a maxi- 
Fig. 14°14. mum in the direction 8 if this path 
Path difference for waves from difference satisfies 

successive elements 


e (sin «+sin 8)=nd, (n=0, 1,2,:.:) +(14°19 a) 
Here n is called the ‘order of interference’. If %=0, this reduces to 
e sin B=nA «(14°19 b} 


Put n=i. Then for different wavelengths A,, A,---there will be 
different angles Bi, Pas. for which eq. (14°19) is satisfied. Thus, the 
St order interference maxima for different wavelengths are separa- 
ve 3 » 4 spectrum is formed. We call this the first order spectrum 
=1 


Put m=2, Again for Aj, Ag-..there will be another set of angles 


Pis Be... for which eq. (14°19) is satisfied. This gives the second 
order spectrum. And so on. 


(iii) Dispersion. Let the difference of two wavelengths be 
AA and let their nth order maxima be formed at angular separation 


* One need not have a fully transparant and b fully opaque. Any variation of 
transmittance repeated at intervals e each will produce the spectrum given by 


Eq. (14°19), The first bracket term in Eq. (14°15) will differ, but not the 
second one, 


>. 


Diffraction of Light (1) 209 


Note that for n=0 all wavelengths satisfy (14°19) at one single angle 8. 


Rhingia tis ae order ‘spectrum’. But since there is no separation of different 
ba le pac this zero order image is of no use. It only gives the overall colour 


(iii) Dispersion. Let the difference of two wavelen 

] ; t gths be AA 

and let their nth order maxima be formed at angular separation 
. Then, by definition Ag/AA is called angular dispersion. From 

eq. (14°19), by differentiation we get (since % is constant) 


e cos 8. Aeon 


i $ AS n 
or d he: Se : ; 
ispersion BA Tene ...(14°20) 
Thus the dispersion is higher in higher orders due to (i) in- 
crease of n, and (ii) decrease of cos $. (See Example 14°7). 


di The significance of having N large, may be seen from eq. 14°18. We shall 
iscuss this matter in detail in § 15°4. 


: (iv) Different settings in spectrographs. A typical spectrograph 
using a grating involves a collimator, the grating, and a telescope or 
camera. The slit of the collimator is kept parallel to length of 
rulings on the grating. The angles of incidence and observation 
(« and §) are set up in many different ways, two of which are— 


(a) Normal incidence. Here a—=0, and various orders of 


spectra occur on both sides symmetrically according to €q. 14°19 b) 

_ (b) Normal observation. In this case is so set that the 
desired order of spectrum for the given region of A appears near 
8=0. The dispersion (given by eq. 14:20) then remains almost 
uniform over the observed spectum. Such spectrum is called a 


‘normal spectrum.’ 
Example 14°5. A plane transmission grating has e=2x10-* cm. Deduce 
the positions of first, second and third order maxima for (i) 7=5x10% cm, (ii) 


\=8x 10-5 cm. Assume normal incidence. 
Solution. Using €q- (1419b), 
(i) For x=5x10 cm, sin g=>0:25, 0:50, 0°75 (check) 
p—14°30", 30°, 48°36". 
sin g=" =0°40, 0.80, (1-20) 


p=23°36', 53°6'. (No third order) © 
=15x 10-4 cm. Calculate 
the position of the third order maximum for .=2'4x 107* cm. (This wavelength is 
in infra-red region). For which other longer wavelengths do the maxima fall in the 
same position ? Assume normal incidence. 
p m 3x24x10-* cm 
i M e e EN E, 1, B=29° 
Solution. sin B= 15x10 cm 0:48 8 


(ii) For ,=8x 1075 cm, 


For longer wavelengths giving maxima at the same angle, we have to consider 
smaller n, that is n=2 and n=1. If the wavelengths are x and x” we have 


gael’ > v=3'6x 10% cm, xw=72x 10t om © 
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le 14:7. A plane diffraction grating of e=17x 10° cm is used to 
PP ogi Pollen ue normal incidence. Calculate angular, - dispersion in 
the region of the different orders of the spectrum of »1=5 9x 10-5 cm. q the 
camera has focal length 25 cm, calculate the linear dispersion in the spectrograph, 
and also the separation between spectral lines 58904° and 5896 4° inthe second 
order. 


Solution. Eqs. (14:19b) and (14:20) are useful here. For the three 
orders— 


p=sin( ) =sin“! (-311), sin“! (-622), sin- ('933) 
=18°6’, 38°30’, 68°54’. 
Corresponding values of cos g are 0:951, 0°783, 0:360. 
AB" 5-7 x 103, 13-4.x 10%, 43°9x 10° rad/em. 
Ade cose 
=57 x 10, 13:4 x 107°, 43-9« 10° rad/A°. 
Linear dispersion is f. Ap/Ax. Calling it Ax/Ad, 


a for second order=25 x 13°4x 10-5 cm/A 


=3°35 x 10°? em/ A‘ 

For Ax=6A° we get 
-Ax 
AFTAN 
149. Plane Reflection Grating. Consider an optically plane 
surface wich its surface made reflecting by silvering or aluminizing. 
If a large number (N) of parallel Straight lines are scratched on it, 


each of width b and leaving equal widths a clear between them, we 
get a plane reflection grating. 


The reflection grating is used to obtain spectra just like the 
plane transmission grating, the theory and action being the same. 
Reflection grating has the particular advantage that it can be used 
also in the ultra-violet and infra-red regions where most materials 
become opaque. Hence it is very widely used. 


14:10. Blazed Grating. While higher order spectra are desira- 
ble for good dispersion, the intensity is maximum in the zero order 
and falls asn increases (see Fig, 14°12). Blazed grating is designed to 
shift the intensity maximum towards a desired high order spectrum. 

fooves will inclined reflecting faces are made in the grating surface 
_ (Pig. 1475), The inclination y is called the blaze angle, 


If light is incident along normal AO to the grating surface BB, 
the central diffraction maximum now falls not along OA, but at on 


angle 2y from OA, The spectrum seen at angle 8 from OA 
correspends to 


Ad=6 x 3°35 x 10-°=2:04 x 10-2 cm. © 


e sin B=na 
The important thing is that if 8 is in the nei 
the spectrum has large intensity, despite n b 


ghbourhood of 2y, then 
eing high. If one desires 
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to choose a grating blazed for a given order n fora given region À 
then one calculates 8 and sets y=$8 as the blaze angle. 


Fig. 14‘15. 
Blazed diffraction grating 


hi 14°11. Some Special Features of Grating Spectra. It is useful 
to‘discuss some special features of grating spectra, particularly im 
contrast with prism spectra. 

@ Intensity consideration in grating spectra. When a spect- 
rum is obtained with a prism, all light for each wavelength is collec- 
ted in the corresponding single spectral image. In contrast, with 
the grating the spectrum is very weak for two reasons. 

„0 Firstly, out ofeach width ¢ of the beam, only a fraction 
ale is used. 

(ii) Secondly, this light goes into several ‘orders’ of spectra. 
Of these, the ‘zero order’ which takes the largest amount of light, 
is wasted*, since the maxima for all the wavelengths coincide in this 
case. 

(b) Rational and irrational spectra. Prism spectrum depends 
on the variation of refractive index + with wavelength A, which varies 
from one glass to another considerably. And further, the deviation 
¢ depends upon and angle of the prism in a complicated way. 9° 
the spectrum is called ‘irrational’ (not following any well-defined 
Jaw between ¢ and A). In contrast, the grating spectum hasa defi- 
nite relation between @ and A eq. (14°19), The spectrum is 
called ‘rational’. 

Re) Overlapping spectra. In grating spectra there is overlap- 
ping of the different orders of spectra for different wavelengths- 
For example in the position of the second order for 6500A°, we also 


aN a iow a 
* Except in blazed reflection gratings. (Fig. 14°15). 
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get the third order of 4333A°, fourth order of 3250A°, fifth order of 
2600A°... The overlapping causes troubles sometimes. But it can 
also be used to advantage (see Example 14°8). 

(d) High resolution in grating spectra. This matter will be 
taken up in Chapter 15. But we may record here that the spectral 
image for each wavelength is far more sharp ina grating spectrum 
than in a prism spectrum. Hence a spectrometer using a grating 
can show lines of much smaller AA separately as compared witha 
prism spectrometer. This is called ‘higher spectral resolution’, and 
is of the greatest significance. 

All in all, itappears that the only favourable thing about a prism 
spectrum is high intensity. In infra-red region prism spectrometers are still used 
quite Cee ems of rocksalt, KCI, etc). In visible and ultraviolet regions 


pili alg used only when intensity isa special consideration (e.g. in Raman 
ect). 


._ Example 148. Inthe photograph of a spectrum three lines are observed 
at positions 12:3472, 123894 and 12-4037 cm. The first and last are known to be 
second order spectra of 3=5270-81 A° and 5272-14 A° respectively, Deduce (i) 


the linear dispersion, and (ii) the possible wavelength for the spectral line at 
12-3894 cm. 


Solution. Linear dispersio Ax 00565 cm 


Laas 33427 00425 cm per A? 
Let the third line also bz the second order spectrum of some. For small 
regions of ) we can use linear dispersion. Hence 


2=5270°81 A+ (12°3894— 12:3472) cm 


TENS 0°0425 cm/A 
But this line could also be the first order spectrum of 2x 5271:80, or third order 
Spectrum of $x 5271-80 A° etc. Thus the possible 2 values are 

10543-60 A°, 5271°80 A°, 3541.53 AP oe © 
_ 14:12. Concave Grating. Use of a plane grating needs a 
collimating and a focussing system. Rowland discovered that ifa 
grating is ruled on a concave spherial reflecting surface, then under 
Some conditions it produces focussed spectra by itself, 


=5271'80 A 


Pe tal ay 


4 
5S ROWLAND CIRCLE 4-7 
Pye 334 Pid 


Fig. 14°16. 
The Rowland grating and Roy land circle 


~~ s 
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hi Canda a spherical front-silvered mirror GOG (Fig. 14.16). 
et a large number of parallel lines of narrow widthsb be drawn 
ae this surface with equal spaces of width a left in between. This 
orms a concave grating. Width a+b~e is called the grating elem- 
an Tae usual rulings are 10,000 to 30,000 lines per inch. Their 
istances are equal not along the arc but in projection on the chord. 


Rowland circle. Fig. 1416 shows a plane section passing 
through the centre C of the spherical surface GG and perpendiculat 
to the length of the ruled lines on GG. With CO as diameter (not 
as radius) draw a circle in this plane (dotted circle in Fig. 14°16). 


This is called the Rowland circle. In practice OC may be a few 
metres. 


Focussing and spectrun formation. Let P and Q be two points 
on the Rowland circle specified by angles ~ and 6. Let Ay be a 
point on the r™ ruling on the grating. Consider the path 


d,=PA,;+ArQ 


Rowland showed* that for P,Q located on this circle there are two 
important properties — 


(i) As we vary the position A, ona given ruling, the path- 
length d, does not change. 


(ii) As we shift the position of A to a neighbouring ruling, dr 
changes by an amount p which is independent ofr and is given y 


| d.—dris | =p=e (sin a+siu 8) (14°22) 


The first of these properties means that the secondary wavelets from 
all parts of a given ruling reach Q in the same phase. The eon 
property means that wavelets diffracted by sucoessive rulings reac 
with equal path differences P. 


If this path difference is a whole number of a given à, then a 
bright maa of P for wavelength À is formed at Q. The condition 


is e (sin «+sin p)=nàÀ, (n=0,1, 2,++*) (14°23) 


For a given position of P(i.e., given x), this is sati A Not 
wavelengths at different angles ĉ. Thus spectra are ormed. Notice 
that no collimating or focussing device 1S needed. 


i ine i tion 
Theory of the Rowland Grating. In fig 14.17 the curved line is a sec 

of the grating surface with C as its centre. P and Q are the source pons u 
observation point in this section. We choose OC as x-axis, the y-axis tangen 


to the grating in this plane, and z-axis normal to the figure at O. 

With R as radius of curvature of the grating. the co-ordinates of C ate 
(R, 9, 0). Pand Q are general points in x-y plane. On the maung, Boa 
we choose a general point A (XY:2)» and then search for the kind of ru ing 


* See below. 
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on the grating and the relative locations of P, Q so that waves from P may bè 
focussed at Q for a given 2. 


C(R,0,0) 


Fig. 14°17. 
The focussing condition in concave grating 


Let the ruled area on the grating in y and z directions be so limited that 
(as compared to distances R, r1,r,) we can neglect (7) second and higher powers 
of z, and (i) fourth and higher powers of y. The x coordinate for A is already 
ot second order relative to yandz, hence x? terms can be neglected. In the 


llowing calculations we Shall keep these in mind, as also the facts that ni=xP+ 
Ja? and re=x2+y.2. Now— 


PAP =a +-(y i? Bart? —2xe1—2yy4 (14-24) 
But (ACP =R= (x—R)?4- 92-422 = R2IVR+-y2, 
2x=y?/R, 


Substituting in eq. (14:24) and arranging in powers of y 
PA= | royn ( 1— +) sF 
=r [l +fy+ gy (14 25) 
2y1 1 x1 ¢ 
whe: OLA Fees a AN ...(14'26) 
re ra f and ra ( 1 R ) g. ( 
Since fy+ey" <1, we expand (14:25) to terms upto y 


PASHA fyr DE EH 


SALE pre g -Epe L pay, «0427 
We note from eq. (14:26) that fand g- are related with the location of 


point P. If we locate P to satisfy the condition (e+ f*)==0, then both y? and 
3? terms in (14:27) drop out. The condition required is 


e—3f'=0, or 1 = Paha ...(14:28) 


rn 


va ee 
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This is the equation to Rowland circle, which is the circle on OC as diam- 
eter. The condition tells us that P should lie on the Rowland circle to make the 
coefficients of y? and y? yanish in eq. (1427), which then gives 

PA=n ( eee =n— iY _p,—y sin a. 
ry ry 

If Q also lies on Rowland circle. 
AQ=r—) Sin B 


Hence total path PA +-AQ is given by 
d—PA+AQ=(i +r) VSB a+sin B) 

To keep d constant as A moves along a given ruling, we req! 
ant. A given ruling on the grating must therefore be perpendicular to the plane 
of the Rowland circle (i.e., along the z-axis in our figure). 

Let successive rulings have a separation Ay=¢: 
successive rulings, path d changes by 

p=e (sin a+sin B). ..(14°30) 

same as eq. (14°22). To keep p constant for all pairs of rulings we must have Ay 
constant i.e., successive rulings must be equidistant along the chord. 

untings of a Concave Grating.” In using 

a concave grating it is necessary tO ensure that the slit and photo- 

nd circle. One of three different 


aphic plate are onthe Rowla : 
arrangements, called mountings, ate used to secure thes econditions. 


X 


..(1429) 
uire p=const- 


Then as A steps to 


\ Ea 
AX SECOND 
_---7\\ ORDER 


>ZERO 
ORDER 


Fig. 14°18. 
The Runge Paschen mounting 


* Rowland circle mountings only are described here. 
mountings also. 


There area few other 
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Runge-Paschen Mounting. In this a horizontal circle of cement 
and concrete is made in the laboratory with diameter equal to radius 
of curvature of the concave grating. A steel railing is set on this. 
The grating G (Fig. 14°18) is fixed at one location on the circle with 
its rulings normal to the plane of the circle. Slit S is mounted (Fig, 
14°18) on the railing at a suitable angle SOC=x, with the length set 
normal to the Rowland circle. Spectra of various orders for all 
wavelengths in the source are then formed as shown schematically 
in Fig. 14°18. Either a photographic film is spread into a groove all 
along the Rowland circle, or photographic plates in several parts are 
set along the circle to record simultaneously several orders of spectra. 


Rowland Mounting. This mounting (Fig. 14°19) has two fixed 
tailings SA, SB on which the ends of a rigid bar GP can slide on 
Tollers. The bar has length equal to R of the grating, and two posi- 
tions (not two different bars) GP and G’P’ are shown in Fig. 14°19. 


Fig. 14:19, 


The Rowland mounting 
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Now the slit is placed at the junction S, with its length normal 


to plane ASB. The grating G is mounted 
on the bar at one end such that its axis 
coincides with bar length GP and the len- 
gth of rulings is normal to plane ASB 
With this setting, as the bar GP slides 
the Rowland circle always passes through 
P and also throuth S. The photographic 
plate or film is moundet no the bar at 
the and P. 


As the bar GP is slided, the angle % 
changes. The angle 1s always in the 
neighhourhood of zero (it is zero at centre 
of the plate P). The dispersion n|(e cos 6) 
therefore remains invariant (=e): 


Eagle’s Mounting. In this arrange- 
ment, the grating GG (Fig. 14°20) is moun- 
ted ona stand in an ordinary optical bench 
AB. The garting can 
AB and can be turned about a vertical 


to having the slit at S’ where PS'=PS'. 

The photographic plate EF is placed with 

its middle passing through S’ ; the bellws 

B Bare rovided to allow setting of plates 
Fat a suitable tilt. 


_ Eagle's Mounting In using the arrangement, first the 
grating GG is set at a suitable inclination % Then it is moved along 
AB so as to get some spectral line in focus at S’. Finally, the tilt © 

FF is adjusted so that spectral lines all along FF are in fair focus. 
The Rowland circle is shown dotted in Fig. 14°20. It can be seen 
that if tilt æ is increased, distance OS ' must be decreased and tilt of 


FF must be increased. 

Example 1412. A concave grating of 60000 Jines/em and radius of 
curvature 5'0 metre is used to photograph sodium D-lines (5890,5896 A) in the 
second order with Rowland mounting. Calculate the Jiuear separation of the 
doublet on the photograph. 


Solution. From Eq. (1431), the angular dispersion is given by 
58 n deserts ‘i A 
OB og eT =0 wiand ting. 
3k TTY A (since 8 in Rowla mounti. g.) 
Linear separation 3x=R5p- Hence from the given data 
n=2, e=(1/6000) cm, §,=6x 1078 cm and R=500 cm. 


x= = 32.=2 x 500 cm x 6000 cm“! x 6x 108 cm=0°36 cm. 
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Comparison. When extensive regions of spectra are to be 
studied simultaneously, the Runge-Paschen mounting alone IS Useful, 
With rare materials this is particularly important. But this mounting 
needs a large room, and involves problems of temperature control, 


The Rowland and Eagle mountings take a small region of the 
spectum at a time. In Rowland mounting the region can be changed 
automatically and the spectrum is ‘normal’. Hence it is highly con- 
venient. But it occupies almost the same Space as Runge-Paschen 
mounting and unless the mechanical arrangement is very rigid, 
finer focussing has to adjusted each time. Also, all the deviation is 
in the incident beam, hence astigmatism is serious, In Eagle’s 
mounting deviations are equally divided between the incident and 
diffracted beams, hence astigmatism is least. But each time the 
region of study changes, the setting has to be done laboriously. This 
labour is compensated, because the cost is very low and spaces 
occupied is small so that temperature control is far easier. 


PROBLEMS 


141. In Fig. 14°3 if the central maximum has height Z, the 
other maxima have heights roughly 47,/9r?, 410/257? ... Estimate 
what fraction of the total light is in the central maximum. 


_ 142, The expressions for intensity in the first secondary 
Maximum as given in eqs, (14°35) and (14°10) differ by a factor 4/x*. 
Explain the physical reason for this. 


14°3. A rectangular plate 15 cm by 4'0 cm oscillates perpendi- 
cular to itself to generate longitudinal waves of A=2°0 cm. Deduce- 
ee angular spread of the waves from the direction of normal to the 
plate. 


14°4. Show that if light falls ona slit at angle of incidence ĝ 
and observations are made at angle 0, the minima occur when 


a (sin B—sin 6) =na 


where a is slit width, and 8 and 0 are both measured clockwise from 
the normal, 


14°5. Plane waves of A=2°5 cm are passed through a slit 
whose width varies from 10°0 cm to 20. cm. Discuss the Ae 
in the angular Spread of the waves on the other side, 


_ 146. The slit ina collimator has width 2x 10- cm, the lens 
having focal length 20 cm and aperture diameter 3 cm. Deduce 
angular spread of the beam due to the width of the slit, and due to 
diffraction at the lens (taking A=6 x 10-5 cm), ; 


147. Plane waves of à=5X 10-5 cm fall 


y Q a slit 
of width 0°20 mm. Deduce the total width of ees) eines 


e central maximum 
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observed on a screen placed 2'0 metres away, using a lens to focus 
the waves. 


148. Light of wavelength A falls normally ona slit of width 
a, whose transmittance is SO modulated that at distance x from the 
middle-line of the slit the amplitude of the transmitted wave per unit 
width is Ao COS (xx/b), with bya. Show that the intensity distri- 
bution of the transmitted beam is 


Io sin (qtp)_, Sin UZP) pa ny Gne oe Be 


le C OU 2(q—-P) x 
Show that for b> this reduces to €q. (1475), and for b=a it beco- 


mes 
To ia alo anif tog 
To L GINA Rs 

Plot Ial Io against 0 for the case a=2A. [Hint : Use Fig. 14°7 
and eq. (14°7) replacing 4 by A» COS nx/b.). 

149. Two long slits are placed parallel and illuminated with 
microwaves of A=2'5 cm falling normally. The spacing €_ 9 the 
slits is fixed at 20 cm, put opening @ ofeach slit is varied in steps 
3 cm, 5 cm, 10 cm, 20 cm. Discuss and draw the intensity distribu- 
tions for the four cases- (Use the method of Fig. 14°9. With a=20 
cm, the system really becomes aà single slit of width 40 cm. Check if 
your conclusions match this). 


44°10. A large number of oscillators, controlled by a common 
agency, are placed along a line equidistantly- The, spacing 1S much 
less than the wavelength A of their radiations. Discuss the space 


distribution of their main beam when total length of the line of osci- 
Show also 


llators is 10 A and all oscillators are in the same phase. Shi 
that if the line is made n-fold the central beam intensity increases 
n? fold. 

1411, Compare Figs. 13°12 and 14°6 and explain why the 
phasor diagram forms 2 spiral shape jn one case and circular shape 
in the other. 

1412. Eq. (1415) shows To is proportional to N*. But doubl- 
ing the number of slits would only double the available energy. 
How do you reconcile that Je is not proportional to ut to N?? 


1413 A plane diffraction grating has 5000 lines per cm. 
How many orders of spectra will it show for y=5x 107% cm using 


(i) normal incidence, (ii) normal observation, Gii) minimum devia- 
tion ? Also deduce which wavelengths in the soe 3500 A to 8000 A 


will overlap with the third order for A=5%1 Sem. 


1414. A plane diffraction grating may be set for viewing & 


spectrum under ‘minimum eviation’ condition. If the minimum 
deviation is $, show that 2e sin } d=". What may be the advan- 


| r 


tage in minimum deviation setting ? 
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R i i i i - I one caes 
14'15, Wire-gratings are used in far infra-red. a 
1000 wires of diameter 0'2 mm each are stretchd parallel to ate 
another leaving spacings of 0'05 mm each. Deduce the waveleng 


for which the third order maximum falls at 30°, incident light falling 
normally, 


an will this beaffected if (a) the grating is tis moved in own place 
b) th ing i i 


j i i is dlazed 
14°17. A blazed grating has 6000 lines per cm and is 
for the order third order of A=2500 A°. Calculate the blaze angle. 


14°18. Ina Concave grating with Rowland mounting the spec- 
trum shows four lines whose positions on the photographic plate are 
02174 mm, 0°1493 mm, 0:0897 mm, and 0°0127 mm. If the wavelen 
gths of the first and last lines among the four are 5134-6 A° an 
5172'34°, calcuate the wavelengths of the other two lines. 


1419, A concave grating with 6000 lines per cm and rad 
‘of curvature 2'4 meters is used to study the spectrum near 4000. 


in the second order. Deduce the linear dispersion if the mounting 
used is Rowland’s, 


14°20. “The theory of plane diffraction grating does not 
depend on assumin 


that widths a are fully transmitting and widths 
b are fully Opaque. It only requires that there are variations in the 
transmitting power With repetitive Spacing e.” Comment on this 


15 


Resolving Power of Optical 
Instruments 


15'1. ‘Geometrical’ and ‘Spectral’ Resolution. The capacity 
of an optical instrument to show two close things separately is called 
‘resolution’. If a fine wire gauge is placed several metres away, Our 
naked eye cannot see the details. Ifa source of light emits light of 
two wavelengths, whose difference is very small, an ordinary spectro- 
scope cannot show the two spectral lines separately. In both cases 
we say that the details are ‘not resolved’ by the instrument used. 
better instrument may ‘resolve’ the details. 


Throughout this Chapter we shall assume that the instruments, 
are free from all aberrations—i.e.. they are designed to give the ideal 
image, as far as nature permits. The wave character of light shows 
that this ideal image has a finite spread. The effect of this spreat 
on the resolving capacity of an instrument will be studied in this 
chapter. 


We must distinguish between cases where geometrical positions 
between two near objects are to be ‘resolved’ (geometrical resolution) 
and cases where small differences of wavelengths of light in a given 
source are to be ‘resolved’ (spectral resolution). A grating or a 
prism gives us spectral resolution. The definition is : 


À $ 
Spectral resolving power =; im AS 


where AAm is the smallest difference of wavelength which can be 
resolved by the instrument at the wavelength A. 


A telescope gives us geometrical resolution between two distant 
objects subtending 4 very small angle. e define 
HAD) 


Resolving limit of 4 teleseope="ms 
where 0m is the smallest angle resolved by the telescope: 


A microscope also gives geometrical resolutions but here E 
linear distance between two close objects is to be resolved. e 


define 
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Resolving limit of a microscope=Xm, -(15'3) 
where Xm is the smallest distance resolved by the microscope. 

Tt may be noted that 0m and xm will be smaller for instruments 
‘apable of showing finer details. In that sense, it is better to use the 
serm ‘resolving limit’, rather than resolving power, in the last two 
definitions. 

For the unaided human eye, 9,, is of the order of 1 minute of 
arc (~1/3500 radian) and xm is of the order of 0'1 mm. 


Example 15:1. Deduce the resolving power of an instrument which can 
show lines of A {=0-05 A at ,=6000 A separately. 


Solution. By definition, 


6000 A 
= =1,20,000. 
RP. 0.05 A 1,20,000 
The instrument should have RP above 1,20,000. (0) 


Example 15:2. Deduce the resolving power of a camera which can photo- 
graph details of 0:2 cm size from a distance of 100 metres, 


Solution. By definition, 


0-2 cm + 

RP= n= om -5 i 

min 10,000 cm 2x10% radian. 

The camera should have RP better than 2x 10-5 radian, © 


15:2. Distinction between ‘Magnification’ and ‘Resolution’. 
Let us consider geometrical resolution by a telescope ora micro- 
Scope. In Fig. 15°l we show the images and also the intensity cont- 
ours of a given pair of point sources by different instruments, It will 
be seen that (a), (b) and (d) resolve the images (show separately), 
(c) and (e) do not resolve, It will be noted that separation of image 
centres is the same in (a), (b), (c) (meaning equal magnification), but 


(a) 
(b) 
(c) 
(d) 
(e) 


ti) (it) 


Fig. 15-1, 


Cases of different magnifications and different 
resolutions 
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the intensity spreads are different, hence unequal resolution. Comp- 
are (a) and (d)—the latter has almost 3-fold magnification compared 
to the former. yet the resolution is much poorer. Compare (c) and 
(d)—the latter has higher magnification, and also higher resolution. 


The intensity distribution curves of Fig. 15°1 also apply to 
images in a spectrum ; and thus spectral resolution or non-resolution 
is also expressed by the same curv- 
es. In Fig. 15'2 we show a given 
pair of spectral lines (say sodium 
Dı, Ds lines) as seen through two 
different spectrographs. The disp- 
ersion (separation of centres) is 
more in (a) than in (b). But the 
intensity distribution curve shown 
just above (a) has only a small dip, 
whereas that shown above (b) has 
a larger dip. Thus the resolution is 
less in (a) than in (b). 


It may be noted that if the 
images are unresolved, then no a : 
amount of magnification can ever Fig. 15°2. 
show them resolved. Therefore, the Spectrum in (a) has more 
discussion of resolution centres on magnification but less re- 
the primary image. solution than that in (b) 


15:3. Rayleigh Criterion for limit of Resolution. Consider 
the three intensity distribution curves in Fig. 15°3. In all cases the 
images overlap. i.e , they are not totally separate. Yet in case (a) 
one can easily see that there are two images, case (b) is marginal, 
while in case (c) it is rather difficult. It is a personal judgment 
whether you call the images’ resolved’ or not. ; 

To have a definite quantitative rule, Rayleigh laid down the 
following criterion for resolution, which is generally adopted: Two 
images are just resolved if the central 
maximum of intensity curve for one image is 
falls at the first minimum about the other 
image. In Fig. 15:3 (a) the minimum of 
the left curve has not gone upto the 
central maximum of the right curve, but 
in case 15°3 (e) it extends even beyond 
the central maximum of the right curve. 
Hence by Rayleigh criterion images in (a) 
are resolved, while those in (c) are not 
resolved. Case (b) fits the Rayleigh limit. a 
g Rayleigh criterion applies only for two 
images of equal intensity. Consider cases (a) and 
(b) in Fig. 154. In both of them the separation i 3 
Sf the centres of the images is equal to half-width Fig. 15°3. i 
of one of them. But while in (a) the inten- For debning Rayleigh 

limit of resolution 
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sities are shown equal, in (b) the intensities are very unequal. The resultant 
intensity cure (dotted) shows a dip in case (a), but no dip in case (b), so that — 
in case (b) the weaker image gets lost in the tail of the stronger one. 


Still, for comparing the resolving eapacity of instruments, the Rayleigh 
criterion is taken as a standard. 


Fig. 15:4. Fig. 15°5. 
Images of unequal inten- To show need of a modified 
sity and the Rayl eigh Rayleigh criterion for 
criterion resolution 


However, the criterion has to be put in a modified form for another arè- 
son. Consider the intensity distributions of two images shown in fig. 15°5 at (a) 
(6) and (c). The separation of their centres and half-widths of images are the 
same in all cases (a), (b), (c) but shapes of the curves are different. As compared 
with case (a), the intensity distribution peak in case (b) is broad, while in case 
(c) it is flat. Looking at the resulant intensity curves (dotted) , we find that com- 
pared with case (a), case (b) shows a far weaker dip, while in (c) we have no dip, 
but a hump. Hence the resolution is in fact best in (a) and worst in (c). For 
such reasons the Rayleigh criterion has to be put in a modified form. 


sin? x, 
I= A Ue =I] 
x 
and the first minimum occurs for x7. Hence midway between the 
maxima, the intensity due to each source is given by putting x=n/2. 
The total intensity at the middle is therefore given by 
sin?x/2 


EuT TODS =-$ Imas 


Imiaar 8 +4) 
Titan = n3 = 0'81 approx. ws 15°4) 


Now, the Rayleigh criterion may be put in the modified from thet 
two images are just resolved if the intensity at the dip in the middle 
is 8/7? times the intensity at either of the maxima. 


For prism and gratin e 
: k g spectra, and also closely for telescop 
and microscope images, the two forms of the Rayleigh criterion ar? 


va 
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Example 153. Imagine an intensity distribution of the form J/Jo= 
sint x/x*. Deduce /,,;qa1e+ mae when Rayleigh’s original criterion is satisfied- 


Solution. The first minimum occurs atx=x. Hence, at the ‘middle”, 
x=7/2, substitution gives 


Imiaate sin’x/2 _ 32 
Fi. =2. trl eae ES 33. © 


15'4., Resolving Power ofa Diffraction Grating. Fig. 156 
shows the intensity contours of the spectral lines due to à and 


A+ Aa. 


for À for A+ OA 


E 7% 
Fig. 15°6. 


For discussing Resolving power of a spectral instrument 


The angular separation of their peaks is A0, and each line has @ 


halfspread 50. 
Now, for a grating the separation AQ is given by €q. (14°20) 
as 
Dae GE 
Ab= cos pg 
Also, if the grating has N lines, the spread 80 is given by Eq. (14°18) 
as 
yoe Ai (156) 
N e cos 9 


Combining eqs. (15°6) we obtain 


AO Na 05 
a AAN UAE 


: as Ray- 
The smallest AA which can be resolved is_ given by the 

leigh condition A0 ind. Putting this limit in eq. (15 7), we get 
Nn 1 (15°8Y 


l 


Resolving POWE = K Amn 
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Thus, the resolving power of a grating is equal to the product of 
the order of the spectrum and the total mumber of lines in the grating. 


The product Ne gives the total width of ruled space in the grating. Also 
if Nm, is the maximum order of spectrum, we have n m arvelx. There fore, it 
is sometimes stated that the maximum resolving power ofa given grating is = 
total width--). 


15.5. Resolving Power of a Prism. In Fig 15.7, ABC is a prism 
and BD is the wavefront for the incident light. For light of wavefront 
A the emergent wavefront is 
CE, which means that for 
this wavelength the optical 
path DA+ AE must be equal 
to optical path BC. If base 
length BC=t and refractive 
index of the prism for wave- 
length A is u, we have 


DA+AE=t.p  ...(15.9) 


However, due to diffra- Fig. 15.7. s 
ction, the maximum for A will For resolving power of a prism 
have a finite ‘spread’ on both sides of AE. If the minimum on one 
side occurs in the direction AE’, Fig. (15°7), the condition is that the 
extreme wavelets over plane CE’ must have path difference À, i.e., 


DA+AE'=p.BC—d=(t. u)—À ++-(15°10) 


For another wavelength A+ AA the peak intensity may fall at 
any angle from AE depending on AA. Butif AA is the smallest 
difference of wavelength resolved, then, by Rayleigh criterion, the 
peak for A+ AAm falls just along AE’. The refractive index of the 
prism for this wavelengh is given by 


du. 
ebay AAm: 


Since its maximum lies along AE’, optical path DA-+AE’=optical 
path BC for the wavelength A+ AAm. 


DA+ AE'=t (ut A Adm) „(1510 


From (15°10) and (15°11) we get 


tu—A=t ( b+ Aan ) 


h Resolving power= a ae 


Ta at 


Iving power of a prism is equal to the product of effective 
ase and the dispersive power | du/da | of its material, For 


(15°12) 


Thus the reso 
length of its b 


» 
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dense flint glass, used in spectrometers, the dispersive power i~ 
1000 cm~™*. With a large prism of 10 cm base the R.P. would be 
10,000. At A=6000 A, the smallest AA resolved would be 0°6 A- 
etical interest. 
esolving pO- 
lving power 
002A 


Study of very small wavelength differences is of great theor 
The two yellow lines in mercury spectrum (5770, 5790 A) requirea r 
wer of ~ 300 ; the two yellow in sodium (5890, 5896 A) require a reso 
of ~1000. But in some cases we need to resolve spectral lines as close as 
at~5000A, That needs a R.P=250,000. 


aie typical grating spectrometer may. have R.P. of about 50,000. In larget 
gratings one may go upto 200,000. For going still farther we need special devices 
like Fabry-Perot etalon, Lummer-Gehrcke plate etc. (§ 15°6) 


In contrast, about the largest prism spectrometers have R.P. of 15,000 
only (in the visible spectrum). Thus, as regards resolution, it is poorer than even 
the most ordinary grating spectrometer. It is unlikely that materials of | duldn 
much higher than~1500 can be developed ; also prisms of bases longer than, 
say, 15 cm are exceptionally difficult to make. 


It may be remarked that in theoretical physics, the wavenumber val] xis 
more important than 2. Hence it is better to express the resolution limit in 


terms of AVmin rather than Admin- The relation is 


= AAnin T 1 Le v 4 
| Avete |= Sar eee ARIE: A513) 
À v 
RP. = ———— = i 
is AAmin Avmin 


It may be noted if and Ax are expressed in cm then v and Av would be 


incm-!. (The name Kayser is given to the unit 1 cm~’). 
th 20,000 lines is used in the third 


Example 154. A diffraction grating wi u 
the smallest Ax it can resolve ? 


order in range of wavelength 5500 A. What is 
Calculate also the Ay resolved. 


Solution. R.P.=Nn=20,000 x 3=60,000 
5500 A _ 69,900 > ax=0°091 A 


Axin A 
Ad 1 =0° -1 
| v| =- KRP. = Av=0'3 cm™. © 


Example 15:5. The slit of a spectrometer has width 2x 103 mm, and the 
collimator has focal length 30 cm A 2inch grating with 16900 lines per inch 
forms a spectrum with normal incidence. Deduce the contributions to the angular 
width of the second order spectral image for 15000 A due to (i) the slit widrh, 
(ii) the grating . 
4 Rootes 2x 10-4 cm 
Solution. Angular width due to slit width= 30 om 


—0'7x 10% rad. 
The second order spectrum falls at angle given by 


É nÀ 2x5x10% 16 ; i 
NES eE r 6. cos 0=0:78 
soom 25416000 254 G 


From eq. (15°8), angular width due to diffraction is 
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x 5x 102% ‘ -6 : 
36= Wa cose 7 OYT IT 13x 10-* radian. 
Thus, total width will be 2ʻ0 x 10-* radian. 
Example 15:6. The refractive indices of extra dense flint glass at)= 
6500, 6000, 5500 and 5000 A are 1:6420, 1:6464, 1:6516 and 1:6600. Deduce the 
resolving power of a prism of 8 cm effective base for 1=6200 A and for \=5200 
A. Also deduce the resolving limits Av. 


Solution. dy/d, may be obtained from a graph of p versus à. As a close 


approximation, 
jae 1°6464—1°6420 995 cm-a 
A | at 6200 4= — aoig = 880 em 
dy 1-6600—1:6516 _ bs 
zl at 5200 A= Sy = 1680 om 


Hence the resolving powers at the two given wavelengths are 
8x880 and 8x 1680. 
Ay is given by 1/(,xR.P.). Simple substitution gives 
Av=18 cm1 and, 12cm™ © 


156. Some Devices for High Spectral Resolution. (a) Fabry 
and Perot etalon, In § 12°9 we described the F.P. interferometer, 
the intensity distribution in which is given by eq. (12°28), so that 
very sharp maxima occur as shown in Fig. 12°20. The FP etalon 
has the same description, except that beth the ‘mirrors’ are at a fixed 
separation e (a few mm). : 


Pein ake Fig. 15.9 

inges whe A Fig. 15.9. 

ai i me For discussing R.P. of a 
prism spectrum Fabry and Periot etalon 


EN 


Y 


“© 


Pa 
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The F.P. etalon is used along with a prism spectrometer, being 
placed generally between the collimator and prism. In Fig. 15°8 in 
the absence of the FP etalon the strip PQ represents a spectral line 
as given by the prism. There is no evidence whether it contains & 
few lines too close to be resolved by the prism. When the FP etalon 
is inroduced the single vertical bright line PQ changes to a number 
offringes— apparently these are parts of concentric circles, and 
there is a double set, A and B, belonging to wavelengths à an 
A+ Ad. We have to determine AA. 


Let Ado be such that men order for A+ ^d falls on the next 
(n-+1) 1 order for A. Then 


2 
n (A+ Ard )=+lr = Ane tage . (15°14) 


if now the separations of nearest AB and AA (Fig. 15'8) are 
measured, the A? value is given by 


AA= Aro (4B ears . (1515) 


where f=AB/AA. The crucial feature is that since the maxima are 
very sharp, f as small as ~1/20 can be resolved. From eqs- (15°15) 
and (15°14), with fm for the minimum f observable, we get 


A A 
a ee aM 15°16) 
RP= rm Arofm ad ( 


where / Añ =n and we have put 1/f m as the effective number of 
interfering beams N in the F.P. etalon. 


Example 15°7. A Fabry-Perot etalon has plates of reflectivity 0°85 and 
separation 4°0 mm. Deduce the resolving power for .~5000 A’. 


Solution. First, €q: (12:29) gives 


Next, Fig. 15°9 with Rayleigh condition tells that at separation 44B, 


I AE E i 
17 THF sin?) p:405 
Substitution{for F leads to 

3=25| V F=0:20 radian 


Since AB corresponds to 28 and AA to 2T phase difference, We get 


fm=28/2m = 1116 > N=1|f m=16. 
—2el,=12000 > RP =190,000 © 


w 
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(b) Lummer and Gehrcke Plate. This isan optically plane 
plate of glass PQ (Fig. 15°10), with one end prismatic, such that the 


Fig. 15°10. 


Lummer and Gehrcke Plate 


incident beam suffers total reflection at the prism face and then falls 
on the upper face of the plate at angle of incidence r just short of 
the critical angle. A typical one may have length L=10 cm, thick- 
ness e=5 mm and lateral width~1 cm. 


For r near the critical angle the reflectivity becomes very close 
to unity. Therefore the several emergent beams on both sides (figure 
shows on one side only) may be treated as of nearly equal amplit- 
udes. Since path difference between successive coherent beams is 
Que cos r (eq. 12°5) the maxima are formed according to 


2ue cos r=nÀ 


_ The Lummer-Gehrcke plate (like the F.P. etalon) is used in 
conjunction with a prism spectrometer, so that a pattern like that of 
Fig. 15°8 appears. 


$ For deducing the resolving power we shall not gointo the 
intensity distribution, but use the rule-of-thumb formula R.P.=nN. 


For plate length L simple geometry of Fig. 15°10 gives N=L/2e tanr, 
whence 


Quecosr L ~ AUAI) 
À petna A 1517) 


since r is nearly sin“(1/4). In the approximation taken, R.P. is 
independent of thickness e. But R.P. really equals nN. and 


R.P.=nN= 
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this Ners falls short of N by larger and larger factor as € de- 
creases. 


(c) Michelson’s Transm- 
ission Echelon. Another device 
using large order of interferene 
(n) with small effective number 
of beams (N) to get high spect- 
ral resolving power is the Mich- 
elson’s echelon. Fig. 1511 
shows the transmission type. 
A series of glass plates, each 
of thickness t, are arranged as 
a flight of steps of width e each. 
N is the number of steps, and 
nis in the neighbourhood of 
(u—1) t/A. The theory is exa- 
ctly that of a plane diffraction t 
grating. But high n makes Fig. 15'S. 
overlapping of orders a serious  Michelson’s Transmission Echelon 
problem and the echelon has to be crossed with another low resolu- 
tion device, as in the case of the F-P etalon or L-G plate. 


Reflection echelons have also been conceived in which the flight 

faces would be aluminised and the order of interference would be 
near 2t/A. These could be useful in regions where glass is not tran- 
sparent. But in practice they have not been successfully made. 
f (d) Fourier Transform Spectroscopy- In Michelson’s Interferometer the 
intensity distribution for an ideal single wavelength light (à) is cos? ks type. If the 
line has finite spectral width (all practical sources must have), then the intensity 
distribution correspondingly changes. If there are two spectral lines, one gets con- 
sonance and dissonance [g2"6 (b)]. If there are many lines, then again the inten- 
sity distribution represents all that information—the spacing and relative intensi- 
ties of the member lines. 


Now the reverse process is Fourier transform spectroscopy (TS). In 
Chapter 9 we saw that while. f (^) is the integration of the components F (k) 
multiplied with exp (ikt) dk, we may go the opposite way to deduce F (k) from 
the observed f (t) by, integration off (1) exp. (ikt) dt. In FTS the observed inten- 
sity distribution is f (t) ; electronic circuits do the Fourier integration for difte- 
rent k values turn by turn and the resultant F (k) values are plotted against 

That is the spectrum. To eliminate errors, the intensity in the Michelson fringes 


type). Twin-beam interference alone satisfies this requiremen 
ferometer being one such case. 


15°7. Resolving Limit of a Telescope. Resoving limit of a 
telescope is defined as the smallest angle Omin subtended at the obser- 
ver’s place by two distant objects (of equal brightness) which can be just 
seen as separate ones through the telescope. The resolving power 
may be expressed by the reciprocal of Omn. 


In Fig. 15°12, lights coming from two distant objects Aand B 
subtend an angle 6 at the telescope objective PQ. The centres of 
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their images formed by the objective are A’,B' and their angular 
separation is A'OB'=40B=9. Now, due to diffraction effect each 
of images 4’ and B’ isa disc of finite angular radius 4. In this 


from Teak 


from 4 
from B ._ 
from A — y a 
from B- i : mm ; 7 
àa > e 
OM A Se fp TT ISLS $ 


Fig, 15°12, 
For resolving power of a telescope 
diagram 0 is greater than 24, so that the disc images are well] resol- 


ved. If the angle subtended by A,B (i.e., angle @) js smaller, the 


disc images would overlap, Rayleigh criterion Tequires that at the 
resolving limit, 


Omin=ġ 


But Fraunhofer diffraction at a circular aperture (§ 
lar Spread g=] ‘22A/d, where d is diameter of the te 
and A is the effective wavelength for observation. 


14°3) gives angu- 
lescope objective 
Hence we get, 


À 
resolving limit =0,, in =1'22 oo ee »+6(15°18). 


d 
: Note that the Spread $=1:22n/d occurs even under the hest optical condi- 
tions of image formation. Aberrations (if any) will cause further spread. Hence, 
actual resolution limit may be larger than that given by eq. 15:18, 


another signifi- 
e resolving limit of the objec- 
f the human eye be On. Then. 


EO MS fr 


The least value of Mf desired, often called normal magnification My, 


is given by 


02M, =0r, 
One can see that 


— 2perture of the objective 
Met aperture of the eye ~ E U 


gular separation resolved by the 
i 500 Ifa scale with 


s is viewed by the unaided eye, deduce the largest distance to 
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Solution. Omin 1:22) ___122x5:5x10* cm 


d 2°5x 107? cm 
=2°7x 10 rad. 
From distance x metre the angle subtended by 1 mm markings is 
1x107 
aa asi A A B Tacs 


xx 100cm x 
Equating this with Omin we get 
x=4 metres, © 


_ Example 15°9, Calculate the smallest angle resolved by a telescope with 
an objective of 5'0 m diameter. What minimum magnification is needed to enable 
the human eye to utilise such high resolution ? (aperture of the eye=2°5 mm). 


Solution, We take effective \ as 55x10cm. Then 


1:22x 55x 10-5 cm 
N EE —— MMM =l’ -7 
Omin 300 c ——=1'34x 107 rad. 


The minimum magnification Mo needed is given by eq. (15°19) as 
5:0 x 100 cm 
ae ee 
Mo 25x10cm po © 


Example 15-10.* A radar antenna is 3 metres across and the wavelength 
used is 1cm. Estimate the limit of (i) angular resolution, (ii) linear resolution at 
2000 metre distance. 


1 i 
Solution. Omin = a= eo 399 Tadian 


Xmin-~2D x Omin~13 metre. 


[Factor 1:22 is omitted because only the order of magnitude is desired. Actual 
factor depends upon the shape of the radar antenna] (O) 


Example 15:11. Ultrasonic waves of frequency 50,000 Hz are produced 
in water, the radiating disc having a diameter 40 cm. Calculate the width of the 
main beam at a distance of 100 metres. (Speed of sound in water=1500 m/sec.) 


i speed -1500 ms™*__3,, 19-2 
Solution. \= eaey i — 50000 s7 3x 10m, 


3x102 m 4 a 
Angular spread=1:22-}- =122x J0x10" m =0°92 radian. 


‘Linear spread at 100 metres taking both sides of the normal © 
=2 x 100 x 092 m=18 m. 


15°8. Michelson’s Stellar Interferometer. 


Figure 15°13 shows the principle of a Michelson’s stellar inter- 
ferometer. The telescope objective is covered with two slits S1, S2, so 
* This gives the principle cf radio detection of targets, called RADAR 
Without using waves of very short A the beam would spread too much to 
be of any use. 
This gives the principle of SONAR (sound wave detection and ranging), 
used to locate objects under sea, like icebergs, submarines, etc. ried 
very high frequency (small 2) is necessary to produce a beam of smaller 
angular spread. 


+ 
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. . 

i al plane ABeach point source shows interference 

| ra aa ean Light enters through a system of mir 
Mı to M,. If there are two point sources separated by 0, set ; 
two sets of interference fringes are in first dissonance Pua =2/: 
One varies D till the fringes disappear. That leads to 0= /2D. 


Actually Michelson used the device not to measure the separa- 
tion of two stars, but to determine the angular diameters of stars. 
(The expression is stightly different). Intensity loss isa serious 
problem; but to get high D values without making the lens aperture 
Jarge is a tremendous advantage. 


Fig. 15-13 
The Stellar Interferometer 


159. Resolution ina Microscope. If ds is diameter of the 
entrance pupil of the human eye, the smallest angle between objects 
which it can resolve is 1°22A/de. F urther, the nearest distance from 
which the eye can distinctly see is D=25 cm. Hence, the smallest 
linear detail which an unaided eye can resolve is xo— 1'22AD/ds. 

18 Comes to ~0'1 mm 


— ọọ — 


Fig. 15-14 


Resolution in a Microscope (incoherent illumination) 


In Fig. 15°14 the microscope objective js (for convenience) 
TN bya Single lens PQ. Let A and B be two close object points. 
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with separation AB=x. The centres of their images are A' and B’ 
respectively, and each image shows an angular spread ¢ as shown by 
the intensity curves onthe rightend. The figure shows A and B 
well resolved. As B goes nearer to A (x decreases), image B’ goes 
nearer to image A’. In the Rayleigh limit of resolution B’ would 
coincide with C’, the minimum near A’. The corresponding X=Xmin 
gives the resolving limit of the microscope objective. 


That C’ is the first minimum around A’ leads to relation 


AP+PC'=AQ+QC'+1'22A «(15°20 a) 
and that in the resolution limit B’ would coincide with C’ gives 
BP+PC'=B0+QC'’ „(15°20 b) 
Combining these equations gives 
(AP—BP)+(BQ—AQ) =1'22A (15°21) 


The geometry of fig. 15°13 shows that if «is the semi-augle subten- 
ded by the objective PQ at the object, we have AP—BP=<Xmin SIN % 
=BQ—AQ. Hence eq. (15°21) reduces to 
A ; 
eye pa G io 
%min=0'61 aad (15°22) 
If the space between the object and the lens is filled with a 
liquid of refractive index 1, the effective wavelength becomes Alp, SO 
that 


À i 
ing limit Xma = 6 „..(15°23} 
Resolving limit Xmin="6L a sin & 


The quantity v. sin % is called Numerical aperture of the objec- 
tive. For an oil-immersion objective, it has been possible to reach 
numerical aperture about 1°6. With A~5500A°, the resolution limit 


comes to 


5 . <$ 5 

061x55x10 eM 2x107" cm. 2000 A 
1'6 

i i Il the chromatic or other aberrations in 

rein eat ponte en gare of, there is stilla fundamental limita- 


image formation are properly tak fundan 
tion due to which each image must have some spread, which limits the resolu- 


tion. 


Xmin™ 


on Xmin are ultimately to be seen by the 
the magnification M should be such that 


M xmyn>XE= 1222 
By 


d ‘normal magnification” 


If objects of separati 
eye through the microscope, 


The minimum magnification required, calle 
Mao, is given by 


wee AD SUAD p sina ...(15'24) 


c dz Xmin de 
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ini $ i for lower- 
Electron Microscope. Examining eq. (15:23), we notice that y 
ing the resolving limit there is little hope of improving a aperti by 
any large factor. Hence, the only choice is to decrease A. If ultraviole ilies 
(e.g., mercury 2536 A) is used in place ot visible light, we may ionroyE soe ig 
1 mit by a factor of about 2. Modern theory [see chapter 22] tells us that elec 
trons of momentum p behave as waves of wavelength ) given by 


A=— (de Broglie equation) 5015:25) 
Pp 


where h is Planck’s constant. Typically, for electrons accelera ed across a poten- 
tial difference of 100 volt, Naay: It has been posssible to construct ‘lenses’ for 
focussing beams of electrons*, and hence to construct the ‘electron micro 
Due to design problems its numerical aperture is small, Even then because o 
great reduction in À the resolving limit is considerably improved. For a micro- 
Scope using 100-volt electronst and numerical aperture 0:1. 

1:24 

eT ; 
Electron microscpes are now widely used to examine the smallest details 


in materials like liquid films, coatings, bacteria, macromolecules, etc. They give 
information only about thin layers or surface coatings. 


Ion microscopes, Ti ese work on the same principle as the electron micr- 


oscope. They use a beam of ions. Since p=./2mE, you get a smaller ) for the 
same energy. That is the advantage. But lenses are more difficult to make. 


Example 15:12. A microscope objective has aperture diameter 8 mm and 
focal length 2:1 cm. Estimate its resolving power. 


Solution. We assume that effective }=5°5x10-> cm and also that the 


objec. has to be placed only a little beyond the focal distance ; so this distance 
may be taken as~2'5 cm. Then 


Xmjn=0°6x 


tan a= = =0°16, sin «=0°16 (check it) 
EER X : 55x 10-5 us 
Xmin= 0.61 —=0°61 x ae =2x 10-* cm, ® 


Example 15°13. A microscope has an oil-immersion objective, witha 
herical lens of diameter 6 mm and ..=1'60. Deduce the numerical aperture. 


_ _ Solution. For an oil-immersion objective, the object distance is 1/y times 
radius (see fig. 6°12) 
0°3 


osre 1% sin 70°85 (check it) 


hemisp! 


tan a= 
NA=u sin 2=1'6x 0°85=1:36 © 


1510. Resolution with Coherent Illumination : Abbe’s Theory 
The theory of § 15'8 applies 
where the objects are self-lumi- 
nous, or are illuminated by a ——~ 
source sharply focussed on them, —— 
Then waves from separate points 
of the object are not coherent t 
and intensity comours for diffe- Fig.15.15 (a) 
tent parts are added. However, For Abbe’s theory 


* 


FIRST ORDER 
æ FIRSTMIN 


ZERO ORDER 
> > *FIRST MIN 
PIRST ORDER 


The ‘electron lenses’ are actually current-carrying coils, whose magnetic 
fields deflect the moving electrons. 
* 


% Larger voltage would mean smaller A. But 


‘lenses’ then beco 
difficult ; also the beam then damages the sample itself, eg 
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in most cases, the object is illuminated diffusely, so that waves 
from different neighbouring objects have definite phase relation- 
ships (coherent). For such cases Abbe has given a different theory. 
He considers a pair of close points, such as A and B (fig. 15°15), as 
a diffracting element of width AB=x. The first minima on either 
side of the zero order maximum occur at angle ¢ given by 
x sin d=A. 

Abbe now states that the separate existence of A and B is reali- 
sed through the microscope if at least the first minimum on either side 
of the central maximum participates in image formation. 


This means that (for 
axial illumination) in the limit 
the semi-angle % subtended by 
the microscope objective at A 
must be given by “= 

'. Xmn Sin A= A 


or Linn nme i, 
min sin % 


Fig. 15°16 
increased resolution by oblique For an oil immersion objective 
illumination effective wavelength is A/t. 
À 
Xmin=—— (1526) 
p Sin & 


In fig (15:16) the illumination is not along the axis, but along the edge 
AQ. In this situation the ‘first minimum’ is able to enter the objective upto ths 
limit $=2«, This limiting substitution, including possible oil immersion, gives ue 
Xmin = “rain Za (1527) 
It may bë noted that eqs. (15°23), (15°26) and (15°27) all tell basically the 
same story, except for a numerical factor which depends on the manner of illumi- 
nation. In fact, proper illumination of the object is itself a complicated question 
in microscopic vision. 
15°11. Phase Contrast Microscope. Frequently we come 
across specimen which do not show variation in intensity in the 
transmitted light, but variations in phase—whether due to differences 
in thickness or of refractive index. Images in such cases show only 
the outlines, not the details. In biological specimen we have the 
regular art of ‘staining’ the sample by suitable dyes, which gives 
different tinges of colour to different parts of the specimen in order 
to identify them. 


Zernike developed a microscope jn which phase variation in 
passing through different parts of the specimen are converted into 
intensity variations in the image. This is called the phase contrast 
microscope. The principle is as follows. The centre of the image 
of any part has contribution from the zero-order diffraction due to 
that part, superposed by the first order diffraction from the neigh- 
bouring parts. Under coherent illumination the resultant distur- 


bance is obtained as 


a cos otta" (cos wt—5) 
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where a, is the amplitude due to the zero-order and q’ that due to 
the first order. Here 5 is the phase difference to be converted into 
intensity variation. 3 
By the interference theory (see eq. 11°5 a) fractional intensity 
change f for phase difference ò is given by 
_ AI _ 2a,a' cos § : 
Aae arpat T +-(15'28) 
We note that f will be large if a’=a). That is one aspect. We fur- 
ther see that df/dò comes out proportional to sin 8, which tends to 
zero for small 5. To get large df/dS we would be advised to cause 
an extra phase change x/2 in the zero-order beam. That is the 
second aspect. These two steps together modify the expression for 
fractional intensity change (for a'=a)) to 


Of asin 3 ortsin 8 (15°29) 
depending on whether the zero-order has been given a phase change 
+x/2 or —x/2. 

Fig. 15°17 shows the typical setting in a phase contrast micro- 
scope. Light through a narrow annular diaphragm D is focussed on 
the specimen, and a matching phase plate P is introduced at the 


A 


SPECIMEN 
PLANE 


=r ANNULAR 
DIAPHRAGM 


Fig. 15:17. 
Phase Contrast Microscope 


mage of D is formed by the intervening lenses. 
4 Ting-type groove or elevation to cause an extra 


POsition where the i 
\ The phase Plate has 
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phase difference —n/2 or +7/2 relative to rest of the plate. Also, 
this groove or elevation has a thin metallic deposit to reduce ap to 
make it match a’. 


Since the phase plate P is in a position conjugate to the 
annular diapragm D, the zero-order light passes through the groove 
or elevation in P and light of other orders in the diffiraction passes 
through rest of the plate. Eq. (15°29) means that forsmall phase 
changes 5 we have A I/I proportional to ò. Typically for a speci- 
men 0°01 mm thicka variation 0°001 in refractive index would 
amount to 

6 
6x 107° 


This will cause ~ 10% intensity change. Such is the sensitivity. 
It follows, however, that if changes in tornof the specimen are 
large, serious difficulties in interpretation can also arise. 

15°12. Determination of Spectral Resolving Power. (a) Diffrac- 
tion grating. For this purpose, typically, the spectrum of a sodium 
lamp is obtained in the desired ‘order’ with the given grating. It 
shows the two yellow lines A1=5895'93 A, Ag=5889°97 A for which 
Amen = 5893 A and AaA=5'96 A. Nowa variable graduated slit is 
mounted on the face of the collimator. This slit is gradually narro- 
wed down, till we find that the two yellow lines in the spectrum 
merge into one. The width of the slit for this setting is measured. 
Let this bew. Let W be the total width of the ruled part of the 


grating. Then we have 


<0°001 X0°001 cm=0'] rad 


2n 
(= = 
X Apis 


l 5893 W si 
Resolving Power= -z596 Xr «-(15°30) 
The grating must be used with normal incidence. If the vari- 
able slit is used on the telescope objective, w must be replaced by 
w/cos 6, where 0 is the angle of diffraction. 
(b) Prism. The same arrangement may be used fora prism 
spectrometer, except that a mercury source is more desirable. It has 


Fig. 15°18. 
Determining R. P. of a Prism P 
a fyellow doublet (579065, 5769:60 A), with Amean=5180 A° and 
AA=21'0 A. If these lines merge when the beam width is reduced 
to w, the R.P. is calculated in two steps, Fig. 1 5°18 shows that the 
effective prism base x corresponding to beam width w is given by 
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W 5 
x= Tosk AFS) (sin 44)x2 


For the full prism of base t we then have 


' A S980 Nsg ; 
Resolving Power= 0 x p «. (15:31) 


15°13. Determination of Resolving Power of a Telescope, 
Several black stripes of equal width a and equal spacing b are drawn 
on a white paper, This design is placed a few metres away from 
the telescope, with its plane perpendicular to the axis of the teles- 
Cope. The design is focussed in the telescope. Now, a variable 
graduated slit is mounted on the telescope objective, with its length 
parallel to the stripes. The slit is narrowed gradually till the design 
shows uniform shade, not black and white stripes. Let this critical 
Width of the slit be w. Let d be the total diameter of the telescope 
objective, and D the distance from the objective of the telescope to 
the drawing, Then, 


For aperture w, smallest angle resolved =" $A- 
a+b w Y 
9? d, 99 Onam x d x1 22 


The factor 1°22 is introduced because the aperture d is circular, while 
wis fora rectangular slit. 

, Tt may be noted that a+b appears in the calculation, not just the white 
Spacing a or the black width b. It is not necessary to have a=b, although the 
Judgement is difficult when a and b are very much unequal, 3 

.,_, Lt is instructive to do the same experiment with a distant wire-netting if 
available. If a square netting with, say, 5 wires percmis fitted ona distant 
window or door, say, 20 metres away then an ordinary telescope will resolve it 
with full aperture, but not when the aperture is reduced below about 6 to 8 mm. 


PROBLEMS 


. 151. Among two spectrometers, one resolves lines of separa- 

tion 0'20 A° at A=5000 4°, the other resolves lines of separation 
0°02 micron at 100 micron (1_micron=10-* m). Compare their (i) 
resolving powers, (ii) Av values for limiting resolution. 

Cn aS 2, Calculate the aperture for a telescope objective which, 
using visible light, would show details of ~1 metre on the moon, 
whose distance from the earth is ~4X 108 metre. The largest tele- 
Scope in use has objective of diameter ~5 metres, What is the smal- 
lest detail on the moon it can show ? 


15:4. A radar antenna lyi i 
ying horizontal has length 20 m along 
gorn gath and 50 m along east-west. It uses waves of A=2'0 cm. 
eect its resolving limit in the north-south and east-west vertical 
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15:5. A diffraction grating has 5000 lines per cm, and the 
total ruled width is 5 cm. Calculate for A=6000 A in second order 
(a) the dispersion, (b) the resolving power, (d) the smallest AA re- 
solved, and (d) the smallest Av resolved. 


15°6. A diffraction grating used with normal incidence gives 
the first order spectrum of a spectral line at 48°. What happens 1 
(i) half the ruled width is covered from one end, (ii) two thirds of 
the number of rulings in the middle part of the grating are 
covered ? > 
157. Light of A=4'31 x 10~* cm is incident normal toa diff- 
raction grating of e=1°62x 104 cmand N=60000. For the third 
order spectrum deduce (i) the angular position of the spectral line, 
(ii) the dispersion A@/AA, (ii) the angular half-spread of the line, 
and (iv) the smallest AA resolvable. 
total ruled 


_, 158. A concave grating with 4000 lines per cm, 

with 15 cm, and radius of curvature 2 m is used in Rowland mount- 

ing. Calculate (a) linear dispersion in second order for A=50 

(b) the resolving limits AA and Av. How would these values be 

affected if we change in turns (i) the number of lines per cm, W 

total ruled area, (iii) the radius of curvature 2 

6 15:9. A plane grating just resolves the sodium doublet, AA= 
A, when the effective width is reduced to 0'3 cm. What is the 

smallest AA resolved at 4000A in the same order by the full grating 

in this region if total ruled width in 3°0 cm 9 

du/da of its material is 

allest AA it can resolve in 

o towards. 


> 


15°10. A prism has base 4'0 cm and 
—860 cm™ at A~=5460A. Deduce the sm 
this region. Discuss how this value may change as We g 
the shorter wavelengths. 


15°12. A microscope objective has numerical aperture 0.12. 
incohe- 


Deduce its resolving limit for (i) coherent illumination, (i) 3 
rent illumination, (iii) hollow-cone illumination. (A=6 10 cm). 


45°13, In a Millikan oil-drop experiment almost all the drops 
appear to be of the same size, though they fall under gravity with 
very different speeds. Interpret this in the context of resolving limit 
of the observing microscope. 


_ 15°14. A person claims that he 
a shirt with stripes about 1 cm wide. 
_ 15°35. A wire gauge, with its plane vert 
wires at 2 mm interval and vertical wires at 4 
seen in daylight from 100 m distance through a telescope of aperture 
diameter 2'5cm. Discuss what details of the gauge are seen. What 


saw a man 50 m away wearing 
Comment on this. 


ical, has horizontal 
mm interval. It is 
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would happen if a slit of width 1 cm is placed in front of the teles- 
Cope with its length (7) vertical, (ii) horizontal ? 


15°16. Compute the resolving power of a Fabry-Perot etalon 
of F=64 and spacing 6'0 mm near A=5000 A, Why can we not 
increase the RP by making the spacing (and hence n) very large ? 


1517. If the intensity distribution in a spectral image is 
Z/I,=sin' x/x* (see Example 15°3), deduce the smallest phase angle 
x for which two images of equal intensity would be resolved accor- 
ding to Rayleigh’s revised criterion. 


15°18. An electron microscope using 100V electrons and 
numerical aperture 0°08 has resolving limit ~10A. Compute the 
resolving limit for a 400 V electron microscope of N.A.=0'02. 


15°19. What is a phase plate of a phase contrast microscope, 
and where is it located ? Explain its function. 


16 


Polarization of Light and Double 
Refraction 


__ The phenomena of interference and diffraction would occur 
with light whether the waves are transverse OT longitudinal. But 
in Chapter 9 we have seen that waves of light are identical with 
electromagnetic waves, which are of transverse character. In this 
chapter we will deal with some special results arising from the trans- 
verse character of light. 

161, Evidence that Waves of Light are Transyerse. For 
electromagnetic waves in the microwave region (A=1cm) the trans- 
Verse character can be demonstrated using a wire-grid polarizer. 
It has a number of straight parallel wires 
(Fig. 16°1) of an electric conductor. Let 
the plane of the wires be xy plane with 
wires along x-direction, and let the 
waves travel along the z-direction. If 
One more wire-grid (not shown) is 
placed parallel to the first and is rotated 
inits own plane, then no waves pass if 
the wires in the two grids are mutually 
Perpendicular, while waves pass if the 
wires in the two grids are parallel. 


__ The explanation is simple. The x- 
oscillations of electric field E in the e.m. 
waves make the electrons in the wires 
oscillate and the energy is thus dissipated 
as heat. The y-oscillations of E field are 
unable to do this (assuming wire diam- 
eter <A) and hence pass through.* 


Fig. 1671 
The wire-grid polarizer 


For visible light the transverse character may be established 


by an experiment like that described in fig. 16°2. Light from a source 
S is passed through two plates A and B of a crystalline material 
called tourmaline.t The receiver may be the eye or a photoelectric 

work 


BERR rea mre ores rf 
* With visible light (,=5 x 10~* cm) the wire-grid polarizer would not 
because we peed eee more than ~10! wires per centimeter width. But 
in infrared regions wire-grid polarizers are used. ? ; 
+ The same may be observed with a pair of polaroids or Nicols which we 


will later describe. 
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cell. If plate A is kept fixed and B is rotated in its own plane, then 
in each rotation there are two positions (at 180° separation) for 
which the transmitted light is large, and two other positions (at 90° 
from the previous positions) for which. the transmitted light is 
almost zero, The same is observed if plate B is kept fixed and A is 
Totated in its own plane. 


To understand the observations described above, imagine that 
Source S gives vibrations as shown at P (lower diagram in fig. 16°2), 
that is, equally possible in all directions in a plane perpendicular to. 


Fig. 16°2. 


Polarization of light 


line of sight SE. When these pass through tourmaline plate A, it 
Somehow permits only those vibrations which are alonga particular 
axis@. Thus the emergent vibrations, shown at Q, are only along 
a particular direction, The next tourmaline plate B, in the given 
Position, allows vibrations along an axis b only. If this axis is par- 
allel to a(0=0), the vibrations shown at Q pass through plate B fully. 
If axis b 18 at 90° to a, the vibrations shown at Q are totally cut off 
by B. This explains the observations. 

However, this model makes a detailed prediction. If the angle 


a is in general 6, th i i li- 
tude would be a in gener: en a fraction cos 0 in amp. 


wed through by plate B. Since intensity oc (ampli- 
tude)’, we should have intensity varying as é 


To=IJ, cos? 6 
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This is called the Jaw of Malus. lt has been extensively verified, so 
that the model is satisfactory. F 


Fig 16°3 shows a simple arrangement. A collimated beam is 
passed through a pair of nicols Ny, Ne (which we will later describe), 
one of which may rotate about the beam axis. Pis a photo-cell 
measuring the intensity of the transmitted light as @ varies. 


C 


Fig. 16°3. 
Experiment to check the law of Malus 


The beam with vibrations shown at P in fig. 16'2 is said to 
be unpolarized, meaning that there is no preferred direction about 
the beam axis. The vibrations are randomly oriented with equal pro- 
bability. The beam shown at Q is said to be plane polarized, meaning 
that the vibrations are only along normal to a particular plane* con- 
taining the beam axis. In between, we will later come across partially 
polarized \ight, containing vibrations unequally distributed in the 


plane normal to the beam. 
arizer, so is ap 


A tourmaline plate is called a pol 
In Fig. 16°3 the second Nicol (though similar to the first 
Example 16.1. An analyzer examines two adjacent plane polarized beams 
A, B whose planes of polarization are mutually perpendicular. In one position of 
intensity. From this position a rotation of 27° 
Deduce the intensity ratio I ally of the beams, 


as described, the vibrations transmitted 
beam A. Hence, in the position 


olaroid or a Nicol prism. 
)is called an analyzer. 


Solution. In the zero position, as 
by the analyzer are parallel to the vibrations in 
27° from this, 

Ia cos? 27°=I Cos? (90°—27°)=/8 sin? 27° 
Tii, Ip=tan?27° =0.26 


onin many instraments.] © 


[This principle is used in intensity comparis' 
Brewster’s Law. Arrange 


16°2. Polarization by Reflection : 

a lamp, a clean glass plate (not mirror), and a receiver (eye OT & 
photocell) for the reflected light. Let the angle of incidence be i. 
Now hold a polaroid (or tourmaline plate) in the path of the reflec- 
ted light and rotate it about the beam axis. You will notice that 
the transmitted light changes in intensity, i.e., the reflected light 1s 
not symmetrical about the ray direction. In each complete Bik vor 

nd two 


of the polaroid we get two positions of maximum intensity @ 
eneral, not 


of minimum intensity. The minimum intensity is, in ' 
zero. The beam thus becomes partially polarized on simple reflection. 


+ A direction ina plane is not uniquely defined ; direction normal to a plane 
is unique. 
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If we now change the angle of incidence i and 
experiment, we find that for a particular angle i, 
intensity become zero. This means that the reflecte 


' repeat the above 
the minima of 
d beam is now a 


Of LATE 
FACE RORI 
paS —— 


| >E 


Wy à A 
UNPOLARISED 


x {POLARISED 
Fig. 16°4, 
Polarization by reflection 


Plane polarized beam. This particular 
as the polarizing angle or Brewster’s 


Brewster determined this angle for different reflecting surfaces 
and established the relation 


It is interesting to note that at the polarizing angle the paths 
of the reflected and refracted beams are mutually at right angles. We 
eave the proof of this (from Eq. 16°2) as an exercise for the reader. 


Note that the above statements and Jaws apply for reflecti 
Surface of any transparen 


on at the simple 
€ t medium, but not for reflection 
like mirrors, 


at silvered surfaces 


Example 16-2, The refractive indices of glass and water are 1:54 and 1:33 
respectively, Calculate the polarizing angle for a beam incident from (i) water to 
glass, (ii) glass to water, 


(iii) glass to air, (iv) air to glass. 
Solution. For Case (i), u=154/1:33=1:155 
?,=tan-1 (1°155)=49°8" 
For case (ii), u=1:33/1:54=0:866 
i =tan~1 (866) 40°52’ 
Similarly, for case (iii), 1, =33°, case (iv) 1, =57° © 
Fresnel gave a detailed theory of 


the boundary of two transparent media. 
explanation of polarization 


reflection and refraction at 
This theory included an 
by reflection and also for Brewster’s law. 
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in eiit < eae ae Fresnel’s theory was on the basis of ‘elastic’ waves 
theory of ‘light ; the equatigns ie) oy hes now obtained on the electromagnetic 
heir menita tain the same character, only the symbols changè 


0.6 f 


R 
o 9 
> a 


0.3 


REFLECTIVITY 
o 
N 


0.1 


200 40 60 80 
ANGLE OF INCIDENCE i 


N ; à 7 Fig. 165. 
Se ll the vibrations in the incident beam may be resolved into 
oe ioni n and perpendicular to the plane of incidence. For brevity 
s nal ca them || and L” components. Fresnel deduced the coeffi- 
a reflection (R) for the intensity of || and L vibrations separa- 
y for different angles of incidence, and got the following results 
shown schematically in Fig. TOS : 
Eo (i) R for the 1” component starts with a small value Ro for 
i and increases continuously as i increases. 
ben m R for the || component starts with the same value Ro first 
s and reaches zero value at a particular incidence angle i=ip, and 
then rises, as i increases : 
(iii) The angle i, satisfies Brewster's Law, Eq. (16°2). 
liv) Rg, the reflectivity at normal in incidence, is given by 
ee 2 
R-( «+(16°3) 
In diagrams it is coustomary to show L” vibrations by dots (.) and the 
|| vibrations by lines as shown in fig. 16°6. 
This figure shows that dots are reflected 


more favourably, so that the transmitted 
beam is left with more of the |] vibrations. 


163. Polarization by Refra- 
ction through “‘Pile of Plates”. The 
‘pile of plates’ consists of several 
clean plates of glass separated by 
air gaps and arranged as shown in 
fig. 16°7, so that the beam is incid- 
ent at Brewster’s angle. At each 
plane, the refracted beam carries 
all the || vibrations ; only some Ar 
vibrations are reflected. By suffering 
a large number of reflections, the 
transmitted beam becomes successi- 

Fig. 16°6. vely poorer and poorer inL” vibra- 
Representing \| and :Ł" tions and yet transmitting all the || 


components in a wave 
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Vibrations. The transmitted beam is thus plane polarized with vibr- 
ations in the plane of incidence. 
4 


Fig. 167. 


Pile of Plates 


Example 16:3. Ata particular incidence angle the cofficient of amplitude 


i i i i ibrations. Calculate 
reflection of glass plate is 2% for || vibrations and 8% for -L vibra t 
the degree of polarization ofa beam passing through a pile of 10 plates at this 
incidence angle, neglecting absorption. 
? 
| 


i h of one and 
Solution. 10 Plates have 20 surfaces. At each surface 98% o e an 
92% of the other vibration is transmitted (in amplitude). If æ is the initial 


amplitude in each Plane ( |} and Lto plane of incidence), the emergent beams 
ave amplitudes 
airmax (98)°— +6674, 42=4 x (-92)°—-189g 
The corresponding intensities are (on squaring) 
L=Ipx +445 h= x +036 


Degree of Polarization== Peseta 1445036 =0:85 © 
Tmas +I min “4454-036 


164. Double Refraction. There are several crystals in which 


the simple laws of refraction are not followed. We find that in these 
crystals 


(i) there are, in general, P 
two refracted rays for each 
incident ray. 


(ii) the two refracted 
rays may not, in general, lie in 
the plane of incidence, 


I —B 

(iii) the angles of refrac- 4 OF ee a a 
tion ry, ry vary with ï in sucha 1 BS. 
way thet, in general, neither 1 &% 
sin i/ sin "y nor sin i/ sin ry 1 S3 
Temains constant, and j x 

(iv) each of the two ref- i à, 22 
Tacted rays is plane-polarized, 1 
the polarization in one being Fig. 16:8. 


Perpendicular to that in the other. Double refraction 


t This phenomenon is called double-refraction, Those crystals 
in which this occurs are said to be optically-anisotropic.* 
_—_— a 


Anisotropic=not having identical Properties in different directions, 
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In some anisotropic crystalline media one of the two refracted 
rays follow the laws of refraction, only the other ray does not follow 
these laws. These crystals are called uniaxial crystals. The ray which 
follows the laws of refraction is called ordinary, that which does not 
follow the laws of refraction is called extraordinary. But both of 
them are plane polarized, 


When both the refracted rays disobey the laws of refraction, 
the medium is called a biaxial crystal. But we shall limit our discu- 
ssion to uniaxial crystals only. The most important example of 
uniaxial crystals is Tceland spar, also known as calcite, CaCOs. 


Fig. 16°9 (a) shows the view when an object is seen through 
a plate of calcite crystal. Ifthe calcite plate is rotated, one image 
does not alter in position, but the other moves round the first one. 
This other image is due to the extraordinary ray. 


A 
ene 
D Cc 

(a) 


Fig. 16°9 
Viewing through calcite crystals 


In fig. 16°9 (b), let 2 be that image which rotates (round 1) if 
the crystal is rotated. Now if a second calcite crystal is placed over 
the first, four images are seen (fig. 16°9 c). For 1 of fig. (a) there are 
two images 1, 1’, and similarly, for 2 of fig. (a) there are two images 
2, 2'. Further, if the second crystal is rotated, 1’ and 2’ rotate aro- 
and ! and 2 respectively. 

It is further interesting to look at these four images through a 
polaroid or a Nicol. In one position, images 1’ and 2’ disappear 
with 90° rotation, images 1 and 2 disappear. Thus, the waves which 
show all the images are plane polarized, and the polarization for 1, 
2' is perpendicular to that for 1, 2. 

* The above 


165, Huygens’ Explanation of Double Refraction. a 
o 


observations may be explained, using the following postulates, 
which the first three were made by Huygens : 


(a) Every point of the crystalline medium, when disturbed, 


sends out not one but two wavelets. 


* This is for uniaxial crystals only. Fresnel gave a mathematical theory 
applicable for biaxial crystals also. It is interesting that Huygens consi- 
dered longitudinal waves ; the postulate (d) vas added by Fresnel. 
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(b) One of these wavelets expands with time as a Spherical 
(O) wavefront and the other as a spheroidal (E) wavefront, 


(c) The Oo (ordinary) and E (extraordinary) wavefronts touch 
along a line, called the Optic Axis, whose direction is fixed relative 
to the crystallographic axes. In some crystals the O wave-surface 
is outside ; these are called positive crystals (Vo>Vz). In others the 
O wave-surface is inside ; these are called neg ative crystals (V <V»), 


(d) Any given part of a wave-surface can carry vibrations in 
one direction only (plane polarized), and for a given wave-normal, 
the direction of vibration in one wave is perpendicular to that in the 
other waye.* 


Fig. 16°10 (a). Fig. 16°10 (b). 
Positive crystal, Vn<V, Negative crystal, Vw>V, 
Examples : Quartz, ZnO Example : Calcite 


___ Fig. 16°10 shows the Wwave-surface at unit time. For any 
direction the wave-velccities are Vo and Vn’. Vp’ equals V, along the 
Optic axis ; its other extreme value Vy occurs ina plane perpendi- 
cular to the Optic axis and is called the extraordinary wave velocity. 


2) 2 We “now. define the ‘ordinary’ and ‘extraordinary’ refractive 
indices by the relationst i 

Ho=¢/Vy ; uz=c¢/Vx « (164) 
where c is the Speed of light in vacuum. 


In § 10°3 we had used Huygens’ Principle to deduce the refrac- 
ted ray corresponding to an incident ray for ordinary media. Huy- 
gens used the same Procedure for uniaxial crystals, in which two 
Secondary “avelets arise from each disturbed point on the surface of 


the crystal. The growth of the extraordinary wavelet depends upon 
laa AEE 
* 


iven Ho and pw are constants, but:e/Va’ is not constant. 
It varies in the range Ho tO un, 
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how the surface of the er i i i 
surfac ystal is cut relativ i 
shall consider just two cases. apari oS R NA 


Fig. 16'11 (a) shows the case ofa, siti i i 
i e ssitive crystal with optic 
ar nora to its face SS. For oblique incidence PA we get iio 
ie ware BW, and BWs, travelling in different directions 
o and AQz, respectively, with different speeds. In fact the extraor 


Fig. 16°11 (a) Fig: 16-11 (b) 


Optic axis in the surfaee of 
separation and in plane 
of incidence 


Optic axis normal to 
surface of 
separation 
ncide with the wave normal. For this reason 
e velocity for the E wave- 


he wave velocity V's is 
fronts would 


dinray AQ! does not coi 
the ray velocity is different from the way 
front.* (Inthe expression us=c/V's t 
involved.) For normal incidence the O and E wave 
coincide and also travel with equal speeds 


Fig. 16°11 (b) shows the case when the optic axis is in the sur- 
face of the crystal and in the plane of incidence. For oblique inci- 
dence we again have two refracted wavefronts travelling in different 
directions. For normal incidence the two wavefronts Wo We will 
now be parallel, but travel with different speeds Vo and Vx. 

Refraction. The 


16°6, Electromagnetic Theory of Double 
Eand dielectric 


most general relations between the electric field 
displacement D ina crystalline medium are 


Dz™ Fae Est Eev Eyt Eez Ez, 
and two similar ones for Dy and Dz 
* Leta straight file of soldiers march at speed V at angle 6 from the line: 


perpendicular to the file. Then the file advances along the normal at 
speed V’=V cos 6. The situation is similar here. 


sy 
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i i i three 
But energy conservation requires that in every case you have 
mutually P endicular axes, fixed relative to the crystal axes, such 
that the coefficients ¢,; are zero for t#j. Using these axes we can 
‘write 


Dr=t,E, > D,=<yEy ; D.=¢,E, 


where single suffixes are now used (¢,==c,, etc.) Notice that the axes 
are now not our choice ; they are fixed relative to the crystal axes. 


If e=ey=¢, (=e), then the medium is electrically isotropic. It 
is also optically isotropic, showing a wave velocity V=I/ue 
(Eq. 8°8) for all directions. If s; are unequal, the medium is electri- 
‘cally and hence optically anisotropic. We will limit our discussion 
to the case when two of *; are equal. That is the case of a uniaxial 
crystal. Let us put 


E= Eye, and E= a (165) 
The reason for using suffixes O and E will soon become obvious. 


Consider a Plane wave with Wave-normal in the x direction, 


The E vector will be in the yz plane and let us call it Ez. Then 
we have 


D=2,E,+ &nE, 


The D lies in the yz plane, but its direction does not agree, in gene- 
Tal, with yz. So the medium would Not transmit a wave with the 
general electric vector Ey. Its component £,=F, will travel with 
Speed 1 /¥ve=V,, and Component E,=E, with Speed 1/Vucr= Vn, 
Thus there are two waves, each being Plane-polarised. In the same 
way, a wave wit wave-normal along y direction will Split into 
Polarized waves with £\=E£, and E. i i i 
Vo and Vx respectively, The wave with wave-normal along z direc- 
tion has a Special situation, E has components E, and Ey, so that 
=F obey Ey=s E, In this case directions of D and E agree for all 


travels on with velocity V,. This z direction of wave-normal reper- 
Sents the optic axis, 


„Let us also consider a general direction of the wave normal, 
Say, in the xz plane, Fig. 16°12 shows the situation, The £ vector 
v perpendicular to xz plane 
; 0 € zz). The first gives a polarized 
wave travelling with velocity K For the second, we note that fy Fey, 


ez in direction, Component 
of Drz along the Wwave-normal (i e., the longitudinal one) will not 
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and the component transverse to: 


contribute to wave-propagation, 
the wave-normal (i.e. along Ex: 
alone will contribute. Calling this 
component D'az, We NOW see that 
the magnitude ratio D'al Bas 18 
neither €ọ nor €x, but is in between 
these extremes. Thus as angle 6 
(fig. 16°12) is varied from 0 to 2/2 
the velocity V of wave with Ex; 
polarization varies from c/V vex to 


c/Vve,. In fact one can establish 
that 
Düz 
a oe cos? 6+¢ sin? 6 
...(16°6 a) 
The left side is ©’. and taking 


V=1/Vpe'=c/Ve' leads 0 5 
V2 cos? 0 , V sin? 
y E 
This is the ellipse, 
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Z 


Fig. 16.12. 


To deduce the extraordinary 
wave-velocity in a uniaxial 
crysta 


.(16°6 b) 


as proposed by Huygens (Fig. 16°10). 


Thus the electromagnetic theory gives a complete and quanti- 


tative explanation of 
character of the components. 
ercan be determined 


16.7. Experimental 


double refraction, 
It is notable that the quantities Sọ an 
by electrical experiments. 


frequency values are applicable to optics. 
Determination of Ho and px. 


and the plane-polarized 
Only the high- 


In terms of 


the Snell’s equation sin i/sin r= we Can determine t alright by the 


prismatic deviation method, 
has, in general, no meaning 


ever, it is so arranged that the refracted 
direction perpendicular 


medium in a 
sin i/sin r= gives US Ve. 


Hence, for determination of p) and 
we choose a prism which is so cut from the crystal 
f the prism, or (ii) parallel to 
prism as shown schematically at (a) and (b) 
In each case the rays inside the prism 


axis is either (i) normal tO the base o 
the refracting edge of the 
respectively in Fig. 16°13. 


travel perpendicular to the optic axis. 


but for the extraordinary Tray this ratio 
since it varies widely with i. 


If, how- 
ray travels in the crystalline 
to the optic axis, then 


ux by a prism experiment 
that the optic 


If the vibrations are 1n the 


plane of paper in the upper Tay and perpendicular to it in the lower 


Fig. 16:13. 


Prisms for determining Vo and ym. Di 
indicate the optic axis 


Dotted lines or dots 
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Tay in fig. (a), it is other way in fig. (b). The actual thing depends 
on whether the Crystal is positive (Vo>>Ve) or negative (V)<Vu), 


With these prisms the refactive indices are given by the usual 
equation 
pa sin $ (4+8) 


sin $ f 
._, We give below the ¥o and uy values (for Sodium D light) for some typical 
uniaxial crystals 


Substance 


0 BE HE — Ho 
Calcite 1-658 1-486 —0'1/2 
Quartz 1°5442 1:5534 -+0°0092 
NaNO, 1:5874 1:3361 —0:2513 
Ice 1:3091 13104 +0-0013 
Tourmaline 1:659 1:638 —0'021 


Note that the difference of vo and x is very large for calcite and sodium nitrate 
Crystals, i.e., these Crystals are Strongly anisotropic. 


Example 16:4, Calculate the angular deviations of E and O rays passing 
through a 60° prism of NaNO, in minimum deviation Condition, optic axis being 
Perpendicular to the base, 

Solution. Using the equation above with A=60° 

sin 3(60-+80)=1'587 x 0-5=0-794-9 8, 45° 12’ 
sin 4(60-+32)=1:336 x 050-668 Sy a-33049" } 
[Note that the difference between Ho and um is much larger than the vari- 


ations of y with Wavelength in most cases. For extra-dense-flint glass difference 
of u from Violet to red light is less than 0:03.) 3 


168. The Polaroids. Certain double refracting crystals not 
only split an incident unpolarized beam of light into two mutually 
l polarized beams, but also absorb one of the 
rams as it travels in them, while passing the other without much 
absorption, The behaviour is called dichroism, and tourmaline is 
one example ofa dichroic crystal, A plate cut from a dichroic 
crystal, therefore, Produces plane Polarized light by transmission, 


To get large Polarizing plate on this principle a Special process 
was developed, Todosulphate of quinine shows dichroism but its 
crystals are very small. We have to arrange a large mass of these 
microcrystals with their optic axes all parallel. In one such process 


uo] 
3 
oO 
i=] 
S 
O 
£ 
3 
iS 
i=) 
$ 


Tegular Orientation getting disturbed after passing through the slit on 
e other side, The sheet of Quinine Todosulphate thus enclosed 
between glass sheets js called the polaroid. 

Polaroids of Other types are also available. One is obtained 
from Polyvinyl alcoho] films by Stretching. Stretchin g orients the 
complex molecules with their long axis parallel to the direction of 
Stress, Then the film js impregnated with iodine, with the result 
that vibrations In One plane are absorbed selectively, while those ina 
perpendicular plane are passed well. This is called H polaroid. If 
instead of iodine impregnation, the stretched film is heated with a 
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dehydrating catalyst, dichroism is again developed. This is called 
K polaroid. 

__ The absorption in the polaroids arises from the high electric conductivity 
provided by the iodine atoms alcng the length of the long-chain molecules. 
The arrangement is equivalent to a wire-grid polariser (§ 16*1) and that compo- 
nent of the wave which has electric field vibrations parallel to the long chain of 
themolecules is absorbed, while the other component is passed through. In an 
ideal case we expect 50% transmission, but a typical transmission is around 35% 
eny: The eii losses are partly due to reflection at the two surfaces, inside 

e material, 


Polaroid sheets may be fitted incar headlights’ and wind 
screens to avoid glare. Ifthe headlight sheet allows vibrations at 
45° clockwise from the vertical, and the windscreen sheet also allows 
vibrations at 45° clockwise from vertical, then a driver of vehicle 
opposite will not be dazzled by your headlight, nor will you be daz- 
zled by the headlight of the vehicle opposite you. 


If two polaroids are put one behind the other on a window, 
and one of these can be rotated, then the amount of transmitted 
light can be controlled easily. Use is made of this in big hotels, 
aeroplanes, etc. 


Sunlight reflected from a horizontal surface (like ice or lake 
water) has more of the horizontal vibrations than the vertical ones. 
If your sunglasses are of polaroids so arranged as to cut horizontal 
vibrations, then glare will be considerably reduced. 
ural crystal of cal- 


16.9, Nicol Prism. This is made from a nat 
prism on 


cite (CaCO; hydrated), also called iceland spar. It is a slant 


LAYER OF 
CANADA BALSAM 


Fig. 16°14. 
nicol prism. The natural end faces 
AB', CD' are cut off to AB, CD with the purpose that for 


Principal section of a 


a cone of rays of 14° angle, with chief ray parallel to length 
of the prism, the condition for total internal 
reflection of O-rays is satisfied. 
a rhombus base (Fig. 16°14). We cut a piece with length AD three 
times the edge AB. The crystal is cut along BD in the manner des- 
cribed below and after polishing the cut surfaces to optical flatness. 
they are cemented with a layer of Canada balsam. Calcite is a nega- 
tive crystal (po>ue) and Canada balsam has a refractive index bo 


lying between to and px. When an incident ray parallel to the length 
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of the prism falls on one face, it breaks into O and E-rays. When 
these reach the Canada balsam layer, for the O-ray this layer has 
lower refractive index than calcite and the angle of incidence is 
greater than sin-} (c/o). Hence the O-ray suffers total internal 
teflection.* The purpose in choosing the length 3 times the side of 
a face is just to satisfy this condition. The E-ray alone passes 
through the prism, and thus we get plane-polarized light from an 
incident unpolarized beam, 


The manner of cutting the calcite to get a Nicol will now be 
described. Every crystal has certain natural faces along which it 
can be easily ‘cleaved’, and the angles 
between natural edges are characteristic, 
In calcite the most important edges are 
B'F’, B'G', BC, As regards lengths, for 
a Nicol we choose B'F'=B'G' and 
B'C=3B'F. 

Now, in this crystal the three edges 
at B’ (and at the diagonal corner D') meet 
in obtuse angles, which are all equal, 


= 


A, 
YY) 
: ney 


B’ and D’ are called the blunt corners. M // 

The optic axis in calcite makes equal i | 4 
angles with the edges meeting at B’ (or eas 
D'), AB’ and cp’ are shorter diagonals Mitra ac 

of the end faces. Oe 

i In preparing a Nicol, the first step c 

1s tocut the end faces such that angles Fig. 16:15. 

B’ AD’ and B' CD’, which are 71° iu the Cutting a calcite prism 
natural crystal, are reduced to 68°, The to make a Nicol 


___, The electric field vibrations in the light which comes out of the 
Nicol are parallel to t i i 


ABCD (through the short diagonals) is called the Principal Section, 


* The values of Vo vm and He for sodium yellow are as follows : 


Vo=1°658, um=1°486, Ue=1°552 
The critica] angle for total reflection of O-ray is, therefore, 


$ [i MEAN 1:552 
sinmi _gin-1 zes =69°, 
n yo Sin 1658 69 


= 
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16°10: Double Image Prisms. These are prisms of double 
A _ refracting uniaxial crystals made 
“i. „Y with the purpose of getting both 
the plane polarised beams out 
with an angular separation. 
ene ; One such is shown in Fig.16°16. 
bth hey % It has two right angled prisms 
y ae A and B, such that the incident 
Pa a aed beam PQ, the optic axis in A 
Fig. 16°16. ate vay eet all mutually 

A double image prism PHE $ 


3 The vibrations in the unpolarized incident beam PQ, on enter- 
ing prism A, break into vibrations |land 1*to the plane of paper. 
Both these plane-polarized vibrations travel along the same line QR, 
although one travels with speed V, the other with speed Vx. On 
entering the second prism B, the O-vibration becomes E and E-vibra- 
tion becomes O,* hence the speeds interchange. In other words, 
the refractive index of B with respect to A is Vo/V= for one ray and 
Vu/V, for the other ray. Therefore, the two plane-polarized beams 
are separated, as shown by RS, RT. 

A typical instrument using a double image prism is a spectrophotometer, 
which measures the absorption by a medium at different wavelengths. White 
light from a slit is passed through a double image prism ; the separated beams 
travel through two equal paths, one of which contains the medium under test. On 
emergence both the beams are focussed to form adjacent images along ihe length 


of a spectrometer slit. In the telescope of the spectrometer we get two spectra 
in juxtaposition. We see it through a polaroid. The polaroid adjustment 
needed to match intensities at a given à gives a measure of the absorption by 


the test medium at that à. [See Example 16-1.] 


Example 16:5. Let a double image prism like that of Fig. 16°16 be made 
of a material for which po= 1'662, u=1-474. Deduce the angular separation of 
the emergent beams. 


Solution. The angle of incidence at R (Fig. 16°16) is 45°, 


refraction are : 
sin-(—5x i ) =52°50" ; sin? (<r % Ln )=38 50’ 
These rays fall on the opposite face at angles of incidence+7° 50’ and—6° 10’ 
respectively. The angles of emergence are 
sin? (1°474 sin 7° 50’)=11° 34’ 
sin (1°662 sin—6° 10’)=—10° 12’ 
s is therefore 21° 46’. © 


The angles of 


The angle between the emergent beam 


1611. Phase Retardation Plates. These are plates of uniaxial 
crystals cut with optic axis parallel to the faces of the plate (Fig. 
16°17). When a plane polarized beam is incident normally on suc 


* This is because the optic axis of Bis L” to that of A, 
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a plate, the vibrations in the beam break at the first face into one 
vibration along the optic axis and the other vibration perpendicular 
to it. These components 
travel through the plate in 
the same direction (along the 
normal) but with different 
speeds Vy, Vv. If the thick- 
ness of the plate is d, the 
difference of time taken in 
traversing the plate by the 
two beams is 


1 1 
In terms of equivalent length 


Fig. 16°17. 


_ A phase retardation plate in vacuum, the relative retar- 
dation is 


Ax=cAt=d | Yo He | 


i Thus a relative phase retardation (27/A)A x is created between 
the two mutually perpendicular and coherent* vibrations. For this 


for a quarterwave plate we require Ax=(n+ł), where A is the 


(n£D)A=d | po—un | for QW plate...(16°74) 
For a half-wave plate, similarly 
(n£b)A=d | u—ur | for HW plate...(16°7b) 


In practice the QW or HW pl 
SPS a fee plate has to be supported between 


Example 16:6. For calcite =I; i 
16:6. » Yo=1'658, uy=1'486 fi d llow. 
Calculate the thickness of the thinnest ow plate oft calcite cela yellow. 


Solution, d= 5893 x 10-8cm ___ 5893 ne vs 
4(1°658=1-486) 4x177 * 10° = "86x 10-tcm. 


(0) H . . 
[Obviously such a thin plate will have to be supported between glass plates]. 


Example 16:7 A i 
What phase ret ` p p quarter-wave plate is meant for >)—5:893x10- cm. 
baad ue with et ¢ will it show for .=4-358 x 10-*cm ? (Neglect changes of 


* They are coherent bec: 
plane polarized beam. 


If i 
t Phase adver (MEDA causes a phase lag x/2, retardation (n—})a causes 
xl« in one vibration relative to the other perpendicular 


coherent vibration, 


ause both of them are components of the same 
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Solution. Assuming that QW plate is of the smallest thickness. 
| vee | d=}x5'893x 1075 cm 
Phase retardation for »=4°358 x 10°° cm 


2ar 5°829x 10% _9, 
$ 4358x105" 4 =0°677 radian. 
[Thus a QW plate for yellow is not a QW for other colours]. © 


16°12. Elliptically and Circularly Polarized Light. Consider 
two coherent waves travelling in z-direction, and polarized in mutu- 
ally perpendicular directions : 
E,=a cos (wt—kz) ; Ey=b cos (wt—kz+$) --(16°8) 
These are coherent if phase difference ¢ is independent of time. 
; The superposition of two such waves makes the E vector rotate 
in the x-y plane, with its tip following an elliptical path. We may 
see this for ¢=--x/2 by writing the coordinates of the tip of E vec- 
tor at z=0: } 
x=a cos wt; y=b cos (wt+n/2) -+(16°9) 


Fig. 16°18. 

and E,=b cos (ot+¢) producing 
variations depends on ¢. Thick 
0. E rotates clockwise for 


x>¢>0, and antickwise for 2x>$>r. 


Oscillations Exz=a cos wt 
an E-vector, whose time 
arrow shows E at t= 


Elimination of t between them gives 
Label (16°10) 


which is an ellipse. Spee 

The direction of rotation of E is settled by considering the 
coordinates at t=0 and a little later when wf is very small. Eqs- 
(16:9) gives the coordinates as (a, 0) and (~4, +%t)., Thus, for $= 
-7/2 in Eq. (16°9) the vector makes clockwise rotation as seen by 


the observer. For ¢=7/2 the rotation 1s anticlockwise. 
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Fig. 16°18 shows more generally how the E vector changes with 
time for various ¢ values. With ¢=0 and d=x the resultant wave 
Temains plane polarized, but with the plane of polorization making 
angles tan“ (bja) and tan~? (—b/a) respectively with the E vibra. 
tion. 


If the E, and E, waves have equal amplitudes (a=b), then for 
$=+7/2 the wave becomes circularly polarized. 


may be apprectiated frem Fig. 16:19, Ellipses are shown at a number of equidi- 
Stant points along the line of sight. Each ellipse is divided into eight equal 
Sectors. The thick line represents the E vector at a given instant of time. The 
wavelength ) Corresponds to the smallest Separation for which Æ vector repe- 
ats in value. Notice that value here means vector valve ; in fact in circularly 
Pola rized magnitude of E does not change, only the direction changes, 


OBSERVER 


Fig 16°19, 


For visualizing the E vector changes in space and time in an 
elliptically polarized wave 


With passage of time each £ moves one step 4/8 ahead in time 7/8. For 
the observer in Fig, 16-19 it means that the vector rotates anticlockwise. 


Producing Elliptically Polorized Light. Fig. 16°20 (i) shows 
the arrangement. Unpolarized light is passed through a Nicol to 
get plane Polarized light. This is Passed through a quarter wave 
Plate*, which does two things : (i) breaking the polarized wave of 
amplitude ay into two mutually perpendicular components of ampli- 
tudes a=a, cos 0 and b=ay sin 9 as Fig. 16°20 shows and (ii) 
Producing a phase difference 7/2 between the two components as 
they travel throngh the plate. Thus we have two emergent waves 


Fo=4 cos (wt—kz) Ey=b cos (wt—kz-+-2/2) 
The result is an ellipti 


etween the short diagonal of the Nicol and optic axis of the QW 
plate determines f ; : j 


axes of the ellipse, le. | E| max and | E | 


mine 
a phase retardation Plate would do, except one with ¢ near nm. OW 
pemut convenient, because major and minor axes of the ellipse are then 


t In the case of light, coherence can be obtained i icularly 
i $ 4 if both the perpendicu 
Polarized wayes are obtained from a single plane polarized wave. 
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O! 
OF NICOL 
PLANE ELLIP. 
UNPOL. POL. || POL. OPTICS AXIS 
i OF PLATE 
nege RETARDATION 
(i) PLATE 
Fig 16°20. 


(i) Setup for producing elliptically or circularly polarized light, 
(ii) Angular relation between axes of the 
nicol and the retardation plate 
_ Producing Circularly Polarized Light. The same arrangement 
of Fig. 16°20 with 0=45° or 135° produces circularly polarized. The 
direction of rotation will be opposite in the two cases. 


3 16°13. Analysis of Polarization in a Givea Beam of Light. 
og the point of view of polarization a given beam of light may 
(a) Unpolarized, (b) Partially plane-polarized, 
(c) Plane-polarized, (d) Circu arly polarized, or 
(e) Elliptically polarized. 
where we do not consider mixtures. Befere we proceed to describe 
the experimental procedure for anlysis, let us note that 
(i) There are two cases of complete symmetry, viz., unpolari- 
zed light and partially polarized light. 
(ii) There are two cases of partial asymmetry, viz., elliptically 
polarized light and partially polarized light. 
(iii) There is one case of complete asymm>try : plane polari- 


zed light. 
Let us now apply the tests and analyze the observations : 


_ Test A: Pass the beam through a nicol and note the changes in 
intensity as the nicol is rotated. 

Observation (i) : No change of intensity whatsoever. The beam 
must be either unpolarized or circularly polarized. 


Observation (ii) : Intensity shows variations—two maxima and 
two minima in one rotation—but minimum intensity is not zero. 
The beam must be partially plane polarized or elliptically polarized. 
The short diagonal of nicol i1 the position of maximum intensity 
gives us the major axis of the elliptical vibration or the direction of 


maximum vibrations in the partially polarized beam. 
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ion (iii) : i iati d the minimum 
Observation: (iii) : Intensity shows Variations an : Y i 
intensty is zero. The beam must be plane polarized, with vibrations 


along short diagonal of the nicol in the position of maximum trans- 
misson. 


EXAMINE THROUGH A 
ROTATING NICOL 


~ A 
VARIATION VARIATION WITH VARIATION WITH 
pe INTENSITY Paci MINIMA ZERO-MINIMA 
TONPOLARISED OR! ELTIPTIGALLY Ow [SGN 
iCIRCULARLY POL. i, PARTIALLY POL. '! POLARISED 


— 


PASS THROUGH QW-PLATE 
IN ANY POSITION AND 
THEN THROUGH A 


ROTATING NICOL 


PASS THROUGH QW-PLATE WITH 
PRINCIPAL PLANE || OR 1 TO 
NICOL DIAGONAL IN MIN. INT. 
POSITION OF LAST TEST; 

THEN THROUGH ROTATING NICOL 
OAR 


NO VARIATION VARIATION WITH VARIATION WITH VARIATION WITH 
OF INTENSITY ZERO MINIMA NON-ZERO MINIMA ZERO MINIMA 


| UNPOLARISED CIREULARLY || (PARTIALLY POL. ELLIPTICALLY POL 
== POL — nt 


Fig. 16.21. 
Analysis of polarized light 


If the beam is circularly polarised, the QW 
plate will break it into t 


wo 1" vibrations of phase difference 7/2, 
them in passing through the plate a further 


So, on rotating the 
1 > there will be two positions of zero intensity. This 
will show that the inc 


If, however, the original beam is unpolarized, them the infinite 
number of plane vibrations of all orientations will be converted by 
the OW plate into an infinite set of elliptical vibrations of all orien 


and an examination through a rotating nicol will show no 
f intensity, 
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Test C : To settle between elliptically polarized and partially 
plane polarized light, pass the beam first through a QW plate, so 
placed that its optic axis lies parallel or perpendicular to that position 
of short diagonal of nicol where it showed minimum intensity in the 
previous test A. Then examine the emergent light through a rotating 
nicol. If the incident vibration is elliptical, then OW plate (placed 
as described above) will break it into two 1” vibrations of phase 
difference =/2, then in passing through the QW plate a phase differe- 
nce -+7/2 or —z/2 will be added, so the net phase difference will be 
0 of x. The emergent beam will be plane polarized ; examined by 
a nicol it will show two zero-intensity minima in each rotation. 

If the incident beam is partially polarized, each of its vibra- 
tions will be converted by the QW plate into an elliptical vibration 
and examination through a nicol will show vibration of intensity 
with a non-zero minimum. 


Summary of the analysis is given in Fig. 16°21. 


PROBLEMS 


161. Show that for incidence at Brewster’s angle, the aagle 
between the incident and refracted rays is 90°. 


162. Sunlight reflected from still water in a lake is observed 
through a polaroid. When the polaroid is rotated in its own plane 
the intensity changes. Explain. 


163. Calculate the polarizing angle for an air-diamond inter- 
face when light is incident (i) from air, Gi) from diamond. (Given 
n of diamond= 1'80). 


16'4. Deduce Eqs. (166a) and (166b) for the e.m. theory of 
double refraction in a biaxial crystal. 


16'5. A biaxial crystal has wave-velocities Vo and Vx. mbe 
optic axis is designated as x-axis. For a wave, with wave 
along the z-axis, deduce the velocities and directions of E vectors for 
the two polarized waves possible. 


16°6. Repeat Problem 16°5 with wave-normal in the xy plane, 
making angle 0 with the y-axis. 


167. A ‘polarizer’ is that which would convert ordinary ae 
polarized light to plane polarized light. _ The ideal polarizer B : 
which would give 50% of the original light as plane polarized one. 
Discuss this 50% business. 


i i id. On 
168. A beam of light is passed through a polaroid 
rotating the polaroid the intensity varies, the maxima occurring i 
9=12° and 192°. The minima are of zero intensity. Deduce or e 
angular positions of the minima, and (ii) I/ima at positions 0= 


and 6=72°. 
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16°9. Define ‘ordinary’ and ‘extraordinary’ refractive indices 
for a uniaxial anisotropic material. For the extraordinary beam the 
ray and wave normal generally do not coincide. Explain. 


: 16°10. In some photometers two side-by-side beam A and B 
are obtained, plane polarized in mutually perpendicular directions, 
In a particular case these were observed through a polaroid. From 
a setting where A showed zero intensity, the polaroid had to be tur- 
ned by 18° to get A and B equalized in intensity. Deduce the inten- 
sity ratio Za/Jn. Also deduce the ratio of observed intensities for 2° 
error in the setting. 


1611. Explain the action of a tourmaline plane in producing 
plane polarized light. What will be the polarization of the transmit- 
ted light if the incident light has (i) circular polarization, (ji) ellipti- 
cal polarization ? 


16°12. Explain the Possible polarizations you can produce 
from an unpolarised beam using combinations of (i) a nicol and a 
OW plate, (ii) a nicol and a HW plate. 


16°13. A transparent plate is given, Using two nicols (or 
Polaroids) how would you find whether the plate is a OW plate, a 
HW plate or a simple glass plate. 


_ 1614. In making a nicol prism what are the reasons for (i) 
having the length~3 times the edge width, (ii) cutting off the end 
faces to reduce the angle from 71° to 68°, (iii) using Canada balsam 


layer, and (iy) polishing t i ada 
tiene (iv) polishing the cut faces before applying Cana 


1615. For calcite Yo=1°659, ua=1'488 for A=5461 A. Cal- 
culate the Possible thickness of a plate which would act as (7) a half- 
wave plate, (ii) quarter wave plate for this light. 


16°16. A sheet of cellophane is so made that it is a half wave 
Plate for light of A=4200 4. How would it act for light of A=8400 


Ae neglecting change of u—uu with A. Would this result always 


16°17. A half-wave Plate is introduced in the path of a plane- 


polarized beam. Discuss the emer ent bi i ientations 
Of the haeie nlite Tg eam for various orientatio 


A) will it act as (i) a OW late, (ii i ; 
and v..= 1°5533, aiterence oc ARIA aa ae 


16°19. From an unpolari 
are obtained with a double-ima 


EN 


Polarization of Light and Double Refraction 265 


16°20. Consider the following waves : 
(a) E,=E, cos (wt—kz), Ey=O 


(b) Eg=E, cos (wt—kz), Ey=E2 cos ( wt—kz— Š) 


(c) Es=E; cos (wt+kz), Ey=Es cos ( wt+kz+ +.) 


(d) Es=E;, cos (wt—kz), E,=E; cos (wt—kz) 
Now answer the following— 
(i) Which of these is plane-polarized, circularly polarized, or 
elliptically polarized ? 7 
(ii) Which of these has right-handed rotation, and which a 
left handed one ? 
(iii) What will be the result of superposition of (a)+(6); of 
(a)+(d)? 


17 


Rotation of Plane of Polarization 
eee ee 


171, Optical Rotation, ‘In Fig. 17°1, let P represent a pola- 
tizer and Q an analyzer (they may be polaroids or nicols). c is 
either a glass container filled with some solution, or a sheet of some 
crystal. In the absence of C, let Q be “crossed” with respect to P. 
This means that if P transmits plane-polarized li ght having vibrations 
in some plane PP, then Q is set to transmit vibrations ina plane qq 
which is perpendicular to Pp. So the net transmission is zero. 


Fig. 17:1. 
Optical rotation 


Now let C be introduced. We note 
the System now transmits light. But by r 


_ This phenomenon is calle 


d “optical activity” or “rotatory pola- 
rization” or, more fully, “rotat 


ion of the plane of polarization”. 


rotatory or left-handed. 
Several Crystals show the phenomenon, the most important 
example being that of Quartz, when a beam travels in it along the 
i ution also show the 


that of e-sugar, 
which is right-handed, ng that of cane-sug: 


Da 
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wel Laws of Rotation of Plane of Polarization. The follo- 
wing laws have been observed experimentally. 

(i) The angle of rotation (0) of the plane of of polarization 

for a given medium (solid, liquid, gas or solution) for a given wave- 

length of light is proportional to the length (/) of medium traversed : 


bal 


(ii), For vapours and solutions, the angle of rotation of plane 
polarization for a given path length is proportional to the concent- 
tation (c) of the vapour or solute : 


bac 


_ This law, however, holds for small ranges of conly. For example, in 
potassium tartarate solution if we increase the concentration 8-fold (from 8 gm/ 
100 cc) the rotation increases 9-1 fold. 


(iii) Wf several media used separately cause rotations 9}, 2, 83> 
etc., then if they are mixed together and are chemically non-reactive, 
the resultant rotation of the plane of polarization by the mixture is 
the algebraic sum of 9's. 


a=b HH it 
This law does not rigorously hold in all cases. 


Specific Rotation is defined differently for (i) solids, (ii) liquids, 
and (iii) solutions. 
For solids, the defining equation is 
0=4 l 


where 0 is the rotation measured in degrees, lis the path length 
measured in millimeters, and « is the specific rotation in units deg. 
mm. 

For liquids, the path length is measured in decimeters (10 cm.), 
so that specific rotation is given in units deg. dm™, eq. (17‘1)_ being 
still applicable, 


For solutions, the defining equation for % is 


6=2 cl, ROAT ZY 


the solute in gm per ¢.C- of the solution 
din decimeters (10 cm). Hence units 
of ware deg. dm~. (gm/cc) *. Sometimes the concentration 18 
given in gm of solute per gm of solution and symbol ¢ 1s replaced 
by d in eq. (17 2), Then % has the units deg. dm. 


We give below the s eific rotations of a few substances in 
, > essed by-+and—sign 


solutions. Dextro and jaevo-rotations are expr 


where ¢ is concentration of 
and l is path length measure 


respectively. The solvent is water, temp. 20°,A= 5893 A 
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TABLE 17:1. Specific Rotations of Some Materials 


Substance Specific rotation 

Cane Sugar +66°5° dm (g/cc)! 
Invert Sugar cnt A 

d-glucose MIZA 

&-fructose —11'4 

Rochelle Salt +29°7 

Nicotine —T1 


Example 17-1. 20 gm of of Cane-sugar is dissoved in water to make 50 


cc of solution. A 20cm length of this solution causes-+-53° 30’ optical rotation, 
Calculate «. 


Solution, 
0=53:5°,  c=20/50=0:40 gm/cc l=2 decimeters. 
107 1 vn deg ( a)" © 
i oy Que. 40 x2 avi dm cc 


Example 17:2. If 20 cm length of a certain solution causes righthanded 
rotation 38°, and 30 cm path of another solution causes left-handed rotation 24°, 


Solution: The 30 cm length of the mixture may by treated as 10 cmo 
the solution and 20 cm of the second (ratio 1 : 2), 


» ie second ,, 24° x 20/30=16° (—) 
- Total rotation=19°— 16° = B02) (1) (O) 


Example 17:3. Quartz has specific rotation 21-7° per mm for )—=5893 A. 


A plane polarized beam is passed through a dextro-rotatory quartz plate of 
thickness 1:92 mm, Deduce the optical rotation. 


Solution. 


0=o/=+21-7 deg x192 mm=+441-7 deg, © 


of different wavelengths will have their planes of polarization rotated 
by different amounts. This ph 


In general, light of shorter wavelength suffers larger rotation. 
In fact, for Several substances « A Varies approximately as 1 /A*, but 
this law is not quite rigorous (see Table 17°2). 


TABLE 17:2 : Variation of optical rotation of quartz with wavelength 
À «À %y.A2 A ay ty A? 
4358 4° 41°55°/mm 7191* 5893 21°72/mm 7543 
4861 32°76 7745 6438 18°02 7298 
5086 29°78 7709 6708 16°53 7439 
5461 25°53 7614 7281 13°92 7379 


fact that angle of 
that the action of 
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effect, i.e., occurs inside the medium continuously. Further, the laws 
öx concentration and @=™0, for a mixture show that it isa molec- 
cular phenomenon. each molecule of the active substance playing 
its role Jargely independent of the presence or absence of other 
molecules. Substances which show optical activity in liquid state or 
in solutions must therefore have in their molecules some rotational 
symmetry. It is further interesting that mostt optically active 
substances have both dextro 
and laevo-forms, e.g., d-lac- 
aic acid, /lactic acid. The 
two have all physical and 
chemical properties identical, 
except that the optical rota- 
tions are of opposite sign 
and that they crystallize into 
hemihedral forms in oppo- 
site directions, like mirror ~ / 
images. It follows that the './ 
phenomenon of optical rota- 
tion in orean a Fu. 172 
olutions is direc . $ x 

ted with AA asym- Mirror-image symmetry c 
metry in the molecules. Fig. 17'2 shows a carbon gion f 
(tetravalent) surrounded by 4 different atoms P, Q, R, Sin n 4 
ral arrangement. On the left diagram P, Q, R ace panenna oc i 
wise (as seen along line SC), while on the right eke F e ETS 
arranged anticlockwise. Seen along PCiiwe -apat o Q, Seed 
arranged in opposite order in the two cases, and so on. Qae ore 
ture is mirror image of the other. No rotation in space can 

one structure coincide with the other. If this micro he peel 
metry is the cause of optical rotation, it is apparent 5 at differen i 
valent atom, e.g., carbon, sulphur, etc., attached to tour 


p S nt al 1 rs y 
atoms or groups 1 an essentt requ rement fo uch as mmetry an 


hence for optical activity in liquids and solutions. 


has been widely found to hold true. DEE E 


Tartaric acid presents an interesting illustration. oe Acta cof the WO 


dextro (d_), laevo (t—) and meso tartaric acid are given be t 
Ç ees hae four adiar groups (H, OH, COOH and ae other ©) ata € 
it, and there are two such C atoms in each molecule. In -tartarl id again both 
atoms have H, C., OH, COOH in one cyclic order ; in Frater ore to that of 
C atoms have H,C, OH, COOH in one cyclic or or hich yr COOH in the two 
the former ; in meso-tartaric acid the or rye eee Arst two the optical 


roups are opposite to one another. We find 1 Hag 
SOLANO PLEN but opposite, while the third molecule (meso tartaric acid) is 


$ 


t 
1 
1 
' 
t 
' 
t 
` 
' 
1 
1 
' 
1 
1 
1 
i 
1 


resin eee 


COOH ayes COOH 
H -boH OH—C—H OH—C—H 
OnO H i alah oOH—C—H 
) COOH 
COOH COOH 
(a) (b) (Q) 


E SS AA LE 
+ Cane-sugar is always dextro-rotatory, whatever the source. ' 


Structural formulae of (a) dextro-, (b) laevo-, and (c) meso-tartaric acid 
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not optically active. Thus, we may attribute some optical activity with each group 
within the molecule. In case (a) the activities of the two groups add up, so also 
in case (b), but in the third case (c) the activitives of the two groups, being op- 
posite, cancel out. 


Another situation for optical activity arises when the molecules 
have spiral-like arrangement in them- $ 
selves, as schematically shown in Fig. 
173 (a). The explanation of optical 
activity in inorganic crystals (e.g., 
quartz), is on the same lines, except 
that the screw-like arrangement 
comes from the crystalline arrange- 
ment. This is shown schematically 
in Fig. 17°3 (a), where the dot tepre- 
sents a typical atom and in successive 
layers in the crystal its position is 1, 
IEE A Ro ea , that is, turned by 
27/3 radian in each steps. The spiral 
arrangement could as well be the op- 
posite way, causing opposite optical 
rotation, 


d 


Y0000 


200001 


Fig. 17°4 shows the Spiral ar- 
Tangement of silicon (Si) and oxygen 
atoms in quartz in successive 
crystaline layers perpendicular to the 


$ a 
axis XY, (a) 
¿n Reuch gave an interesting demonstr- Fig. 17:3. 
ation of this theory. Mica is optically Spiral-like arrangements 


inactive, From a single cleaved thin sheet, several pieces were pcut and then 
piled one over the other with their principal planes Systematically turned in 


Successive sheets, The pile showed optical rotation ; an Opposite arrangement 
produced the opposite rotation. 


n pus be mentioned that these are not theories, but attempts 


to seek p ysical explanations and correlation of facts, on which a 


Fig. 17:4, 
Spiral arrangement of Si.and O atoms in quartz ( SiO.) 
theory is to be built. The electromagnetic theory of optical activity 
18 given by Born and others, but it is outside the scope of this book. 


17°4, Fresnel’s Explanation of Optical Activity. For rotation 
of the plane of polarization of a beam as the beam travels in some 


solutions or materials, Fresnel gave the following explanation : 
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$ (a) A plane-polarized vibration on falling on an opticatly 
active medium breaks into two circularly polarized beams of equa 
amplitude and opposite senses. 


_(b) The right circalar and left-circular vibrations travel in the 
poum with different speeds Vx and Vx, so that a relative phase 
ifference is created between them as they travel ahead. 
_ (c) On emergence, the two circular vibrations recombine to 
give a plane-polarized vibration. 


In Fig. 17°5 (a) consider two equal vectors OA, OB and their 
resultant OP. (For convnnience, A and B are shown on circles of 
slightly different radii). Obviously P lies on the bisector of AOB 
Now, if OA rotates anticlockwise and OB clockwise, with equal time 
periods T, their resultant will always lie along a_fixed line COD, 
oscillating with amplitude 2a, where OA=a. Converse of this is 
Fresnel’s first assumption. 


(b) 


(a) Fig. 17'5. Oya 
For Fresnel’s explanation of Optical rotation 
Now let the beam travel a length / in ihe medium. Then the 
tighthanded vibration at emergence is behind the corresponding inci- 
dentjvibration by an angle 


ducal an TF x (174) 
R 


17:5 [b], Here we show 
by angle fr, Similarly, 
hown by OA’ behind 


The situation at emergence is shown in fig 
OB’ behind OB in its right-handed motion, 
the state of left-handed circular vibration 1$ $ 
OA in its left-handed motion by angle 

Pine war .(17'5) 


¢r=—— Xa 


Vu Ts 
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In this figure we show ¢u> dr, ie., Vi<Vr. 


The resulant of OA’ and OB’ is OP’, which does not lie on 
COD but lies on another line C’OD’. From the geometry of the 
figure, the rotation is right-handed and amounts to an angle Or given 
b 


y 
w) .. (176) 
Vu Vr 
Multiplying the numerator and denominator on the right by 
c, the speed of light in vacuum, and temembering that 


#x=COC'=4 ($1.—dn)=} 


2nl 
T 


cT=A, ¢/Vi,=px, c/Vr=ur. +6(17'7) 
we get 
O= H (urun) (178) 


If Vu>Vr, we get ¥n<pe and hence eq. (17'8) gives dr nega- 
tive, i.e., the rotation is left-handed. 


Eq. (178) tells us that the specific rotation would then be = 
(Ur—pr/A. If it is to be Proportional to 4", then ur—pn should 
have A~ dependence, This is not quite rigrously true. 

Note carefully T, the period of circular vibration, is the same for right 
-handed as for the left-handed polarization. Itis the of speed forward propa- 
gation of the two vibration that is different. 

If Fresnel’s assumption are true, a prism of (say) quartz should 
Separate out the R and L circular vibrations (fig. 176) and we can 

etermine ur and ur to verify the theory quantitavely.* 


N 7 
— 


Fig. 17°6. 
Right handed quartz uy > px (schematic) 
. Because | pr—pr | is small, Fresnel used a train of alternate 
right-handed (R) and left-handed (L) quartz prisms, as shown in fig. 
‘7, each having its optic axis normal to the end faces of the 


System, The left-handed and right-handed components separte more 
and more at successive Interfaces. At emergence one can examine 


ow circular vibrations in opposite 
* It may be mentioned that the difference 


| ¥R—uL | is quite generally of 
a smaller order than the difference | vo—uo |. T l hown 
in fig, 16°16 is realistic, while that leeh PE e a rd ah 


a large exaggeration, 
D 
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PLANE 
POL. LIGHT 


-A 
QWP NICOL 


Fig. 17°7. 


Train of R and L quartz prisms 


175. Polarimeters. A device which measures the angle by: 
y a given medium 


which the plane of polarization of light is rotated b 
is called a polarimeter. By measuring this angle we. can evaluate 


the specific rotation %, if concentration and path length are known. 


This measurement can be used to identity a substance. % may vary 
tly, with various 


with wavelength or temperature or, more prominen 

chemical substitutions in the molecule. Such measurements are 
widely used in chemistry to study the structure of molecules. Con- 
versely, if « is known, then measurement of angle of rotation by a 
given path length leads to a knowledge of concentration of the active 
solute. Use is made of this principle in industry ; when used for 
evaluation of sugar content, the instrument isin fact named a 


saccharimeter. 


(a) Simple Polarimeter. Fig. 17°8 depicts the schematic 
arrangement of a simple polarimeter. C is acollimator witha 


circular hole (H not slit) at the left. Light from source S is rendered 
parallel by the collimator. Polarizer P may be a polaroid or a nicol; 
"L contains the liquid or 


it makes the beam plane polarized. Tube 


Fig. 17°8. 

The simple polarimeter 
its two ends are covered by flat and’ 
parallel glass plates, whose separation is accurately known. This 
tube can be removed from position at will. Analyzer A may bea 
polaroid or a nicol ; it can be ro 
and the angle can be read on a circu 4 

is observed through a telescope T,-which sees the ima 
H. An optical filter F may be introduced anywhere in the path, the 
measured rotation will them be for the mean waveleng 

by this filter. 


solution under examination ; 
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The procedure is simple. Set the analyzer A till the image of 
-H has minimum intensity first without sample L and then with it, 
The difference of two readings gives the optical rotation. 

This simple arrangement measures the rotation correct only 
to +2° at best. For greater accuracy special devices are used, two 
“of which we proceed to describe. : 

(b) Laurent’s Half-shade Device. The arrangement in this 
polarimeter is the same as that shown in Fig. 17°8 except that (i)a 
half-shade device is added just after the polarizer P, and (ii) the 
‘telescope is focussed not on the hole H but on the half-shade device, 

The half-shade device 
‘consists of two semi-circular 8 S 


plates one being of simple . N THE 
glass and othera half-wave OPTIC VIBRATION 
plate for a particular wave- axis oF SV 


ength (usually sodium D line HWPLATE a 
A), 


4 

5893 
The principal plane of 

‘the polarizer is set to make a 

-small angle 0 with the optic 

axis of the HW plate Fig. 17°9 

(a)]. The action of the HW N, SN 

Plate is such that the emer- NO YV 

gent beam is again plane S 

Polarized but with vibrations 

inclined at engle 8 on the tb) 

otherside of its optic axis 

‘{Fig. 17°9(6)]. The glass plate, 

‘of course, passes the vibra- 

tions unchanged. Fig.17:9 


Now, when the principal The half-shade device of Laurent : 
Plane of the analyzer is set (a) incident vibrations, and the 
Parallel to the optic axis of the optic axis of HW plate (b) the 
HW plate of the device, vibra- emergent vibrations 


tions from both fields of view Pass equally through the analyzer. 


the analyzer js turned a little counter-clockwise, the left field of 
wiew becomes Stronger and right one weaker. If the analyzer is 
ens. Thus a cont- 


_ If the princip: 1 plane of the analyser is set perpendicular to the 
Optic axis of the HW plate, there is again equality of intensity in the 


two fields of view. For small 0, this Setting is more sharply sensi- 
tive than the parallel Setting, 


The half-shade device 
of that wavelength for whic 
i ice. in the true Setting, the principal 


L” to the bisector of the two vibrations, hence it makes 
an angle (90—69) with each vibration, 


Yau 
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If Io is the intensity of light from each half of the half-shade device, 
the intensity of light passed by the analyzer is, by law of Malus, 
I=I, cos? (90—8)=Io sin? 6 «(17°9) 
For a small change in angle Al=2 Ip sin 0 cos 8. Ad. 
The intensity increases in one-half of the field of view, and decreases in the other 
half. Hence contrast may be expressed by 
— difference of intensities _ 4 Io sin 0 cos 6A8 
mean intensity To sin? 6 


or S=4 cot 6. A9. 


This shows that for a given AQ, the contrast is larger. when 9 is smaller. of course, 
we cannot make 6 too small, because the intensity 18 proportional to sin? 0 (eq. 
Ilumination is needed for the eye to judge the 


17-9) and a certain minimum i 
contrast. ~ 
(©) The Biquartz Device. It is a a combination of two semi- 
circular discs of quartz, ome left-handed 
(LHQ) and the other right-handed 
(RHO), both cut with faces normal to 
the optic axis. Thickness of each is 
such that it rotates the plane of polari- 
zation for yellow light (~5900 A) by 
90°. For longer wavelength the rota- 
tion is less, for shorter ones the 
rotation is more. Fig. 17°10 depicts 
what the Land R quartz plates do to 
incident plane -polarized white light. 


Now let an analyzer be set with 
its principal plane A142 parallel to the 2 A 
original incident vibrations. It can be 
seen that in this setting the emergent gra 
vibrations are equal for the two hal. es 
for each colour. Hence the two fields 
of view appear identical in overall KA 
colour. If the analyzer is turned a 1 
little clockwise, it more favourably e 
passes red from the right half and Fig. 17:10. \ 
violet from the left half. Thus, a sharp The biquartz device : (a) ins 
contrast of colours is created between cident vibrations (white), (b) 
the two halves. In a little anticlock- emergent vibrations (dispersed) 
wise turning the opposite contrast of 
colour occurs. Thus the analyzer can be set very accurately. The 
colour in both halves in this position is that arising from cutting off 
middle part of the visible spectrum and mixing the extreme colours. 
It is called ‘tint of passage’ and any change in colour composition 
changes the tint very sharply. Hence the great accuracy of the 
device.* 


R 
Y 
v 


* Another position of analyzer perpendicular to ArAt gives, equal tinge 
on the two halves. But that position is not sensitive. Why ? 
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i i ice is fitted just after 

ith a polarimeter the biquartz device is fi 
the ise 17°8), and the observing apa gid wie bi 
the biquartz. The light used is not monochromatic bu w ; 


Rees i art 

It is to be remembered that rotatory dispersion occurs ke poppe thos 
device but also in the sample medium which is under ae beam they subtract, 
Fersions due to quartz and the sample add up, in the ot er equality of cola 
The result is that no setting of the analyzer can truly bring gl sample au CiS 
tinge in the two halves. Hence, if biquartz is to be used, . ee is only a small 
taken dilute or of small length so that total dispersion due to 
fraction of the dispersion in the biquartz device. 


i i i i dia (e.g., glass) 
Faraday, in 1845, discovered that even isotropic me e 
cause RAN of the plane of polarization if they a g 
magnetic field parallel to the line of propagation. In g nee 
in Fig, 17°8 may be replaced by the concerned dielectri | 


The effect is most pronounced in media of high refran 
index, and is absent in vacuum. Hence, it is to be stented ne 
Steps : the magnetic field causing a suitable anisotropy in the 

Tial, and the material then Causing the optical rotation. 


The amount of rotation is given by 


where / is lengt 
Magnetic field, an 
is called Verdor’s constant. 


ypical values of K for organic substances fall in the range of 


0'1 minute per cm per weber/m?, Thus the effect is small. va 
is characteristic of the material. For CS, flint glass etc., the v. 
are~10?-fold higher, 


Rotation of the plane of polarization is also observed nodeg 
nsverse magnetic field, The effect is called Cotton-Mouton effect, 


and is an order of magnitude smaller than the Faraday effect, 


- AS one result they rotate the plane of pola 
ation of light passing through them. This effect is called Kerr effect. 


beam of light. The chamber is called a Ke 
alreadyshown one use of the Ke 


= 
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In fact, when a plane polarized beam of light falls on the poli- 
shed face of an electromagnet, the plane of polarization of the re- 
flected light is not the same when the magnet is on as it is when the 
magnet is off. This was also discovered by Kerr and is referred to as 
Kerr effect by some authors and Kerr Magneto optic effect by others. 


PROBLEMS 


17.1. A solution of concentration 6'0 gm per 100 cm? used in 
a tube of length 33 cm causes 14° 30’ rotation in the plane of polar- 
zation of light of A=5500 A. Deduce the specific rotation. Also 
estimate the rotation it would cause for A=4500 A. 
_ _ 172. State the reasons to conclude that optical rotation in 
liquids (i) is not a surface effect, (ii) has molecular origin. Discuss 
the origin of optical activity in liquids and solutions. 


173, 20 cm path of a solution containing 10 gm of material 
A per 100 cm? causes optical rotation-+25°, and 30 cm path of a 
solution containing 3u gm of material B per 100 cm® causes optical 
rotation—15°. Deduce the optical rotation due to 40 cm path of a 
solution containing 8 gm of A and 6 gm. of B in 50 cc of the solu- 
tion. State any assumption made. 


174. A material which is optically active but is not double 
refracting is put in the path of (i) an elliptically polarized light, (i) 
a partially plane polarized light. Discuss the, nature of the transm- 
itted beam in each case. 


175. An unpolarized beam of light is passed through a 
double image prism. Then one beam is passed through a quartz 
plate to rotate the plane of polarization by 90°, and this is then 
superposed with the other beam. Discuss if interference fringes 
would occur. How would things change if the starting beam itself 
were plane polarized ? 


_ 176. Outline Fresnel’s explanation of optical rotation. 
Discuss (i) the dependence of rotation on A, (ii) the experimental 
evidence in support of the assumptions. 


17:7. In a Laurent half-shade device (Fig. 17°9), should the 
optic axis of the HW plate be parallel to the diameter ? Could the 
portion covered by the simple glass plate be left just vacant ? Where 
should the telescope of the polarimeter be focussed and why ? 


178. In measuring concentration with a polarimeter, a sample 
tube of length 20°0+0°1 cm is found to show an optical rotation 
4-32'6-L0°1° with A=5893 A. The specific rotation is known for 
this A to be+58'2+01° per dm per gm/ce. Deduce the range of 
error in the concentration as obtained from these measurements. 


179. The setting ofa Laurent half-shade ina polarimeter 
was such that the optic axis of half-shade made 10° angle with the 
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principal plane of the polarizer. Deduce the transmitted intenstiy 
and ‘contrast for A0=0'1”, How would these change if the setting 
is changed to 5° ? 


17°10. For quartz the refractive indices for right-handed and 
left-handed circular vibrations of A=4000 A are 1.55810 and 1°55821 
respectively. Deduce the specific rotation for A=4000 A. Also 
calculate the optical rotation caused by a plate 0°32 mm thick with 
its faces perpendicular to the optic axis. 


. , 1711. Describe Faraday effect. What proves that the magne- 
lic field does not act directly on the e.m. wave but only changes. 
the configuration of the medium ? 


i 1712. Describe the Kerr cell, and any one situation where it 
is used as a very fast optical shutter. 


18 


Spectrographs and Various. 
Kinds of Spectra 
E e SOLS a E 


TS: spectrograph is an instrument to study the wavelengthwise 
distribution of light. The word ‘light’ in the spectroscopic sense is. 
not limited to the visible range only. All the electromagnetic waves 
may be put under this name. However, our immediate interest is 
in the visible range and its neighbours—the ultraviolet and the infr- 
ared. We shall therefore, deal with instruments in these ranges- 


only. 


TABLE 18:1. Different Regions of Electromagnetic Waves 


a~10™ cm 

a~10ë cm 

y~2x 10-8 to 2x f0" cm 
4~2 107° to 4x 10° cm 
3~4x 1075 to 8x 10-* cm 
~y~8 x10 to 3x 107 cm 
4~3 x 10°? to 3x 10-* cm 

p—~10° cm 

3,~108 to 10° cm. 


y-rays 

X-rays 

Far ultra-violet 

Ultra-violet 

Visible 

Infra-red 

Far infra-red 

Micro-waves 

Radio waves 
The optical components of a glass prism spectrometer ate 
familiar to the reader. If its eyepiece is removed and the cross-wires 
are replaced by a photographic plate, the instrument becomes & 
spectrograph. If, instead, a slit is placed in the position of the cross 
hair and parallel to the spectral lines, the instrument becomes a 
monochromator. Quite often these terms are used indiscriminately. 
and where general reference iS meant, we shall use the terms 
‘spectro graph’. J 

There are innumerable details in & modern spectrograph, parti- 

cularly about the recording devices used. But our attention will be 
tt i.e., the formation of the spectrum.* 


on the optics pa 
* Several interference devices for high resolution have been described in 
Chapter 12, and the concave diffraction grating in Chapter 14, with an 


eye on the wave theory. ; 
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18'1, Littrow Spectrographs. _In Fig. 18°1, S is a slit, TRP 


In a Littrow Spectrograph for use in the ultra-violet, TRP is 
teplaced by a front-silvered plane mirror, L is a lens of fused quartz 


Fig. 18:1. 


Littrows Pectrograph with prism 
(silica) and P is a fused quartz prism. The Photographic plate is then 


the silica lens varies considerably with 
region. (See Fig. 18:4). 


We may also use a plane reflection grating in place of the prism 
P. By changing the inclination of the prism or the grating, different 


parts of spectra are brought in focus at the centre of plate PP in 
turns, 


The Littrow arrangement is compact. Firstly, the 
» the prism or grating disperses twice, 


3 nes out misis OF special use in monochro- 
mators, where a Straight exit slit is to be used. In § 18°3 we shal] describe another 
r is kept separate from the prism. 

i Example 18:1, A plane diffraction grating with 5000 lines/cm is used 
- än Littrow mounting with angle of incidence 20°, and focal length of collimator/ 
camera lens 50 cm. Deduce for the Second order Spectrum (i) the wavelength 


falling at the Centre of the field of view, (ii) linear dispersion in the spectrum (in 
Angstrom/mm). 


Solution, (i) grating element €=1/5000 cm=2 x 10-74 cm. In the 
w mount 0=i=20° (given), Hence, for second order, 


2=e (sin i+sin 9)=2 x 10-4 (0°3440-34) 


ss 2=6°8 x 10-5 cm=6800 4. 
Àe i 


Littro 
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(iiy Angular dispersion dold» for Littrow mount is given by 
e cos 6'd6=nd 


., Linear dispersion dx|dp is given by 


dx do n 
Gh eer | =f -cos 0 
50x2 
= -8 
34107x 94 x 10-8 cm/angstrom 
~5:3x 10-2 mm/A 


dijdx=19 A/mm. © 


182. Constant Deviation Spectographs. The Littrow spectro- 
graph of Fig. 18°! is jtself a constant deviation type, the ‘constant 
deviation’ in the case being 80°. In Fig. 18'2 we show a 90° cons- 
tant deviation prism KLMN. As L 
shown by the dotted lines LN 
and OM, the prism is equiva- K 
lent to two 30°-right angled 
prisms KLN, MON and one 
45°-right angled prism LOM. 
The 30° prisms cause disper- 
sion, while the 45°-prism pro- 
vides internal reflection to de- : \ 
flect the beam by 90°. Hence a | i 
the total dispersion is equal TO TELESCOPE j } 
to that of one 60°-prism. That Fig. 18:2. 
light which is deviated by 90° A 90° Constant Deviation Prism 
passes through the prism in ‘minimum deviation condition’. By 
rotating the prism with a suitable screw and drum-head, we can 
bring successive wavelengths in focus at the centre of the photogra- 
phic plate or an exit slit. The drum is calibrated to read this wave- 
length directly. 


FROM 
COLLIMATOR 


Constant deviation spectrograpls of this design are made of 
glass (for visible) as well as quartz (f-r ultraviolet). 


18'3. Monochromaters. For intensity measure ments in 
spectra we need to separate out a narrow range of the spectrum at 
atime. In priniciple this can be done in any spectrograph by repl- 
acing the photographic plate with a narrow slit whose length is 
parallel to the spectral lines. That would make the spectrograph a 
monochromator. 


But two special considerations limit our actual choice. Firstly, 
for working at different à values we should not have to move the 
exit slit, because other instruments (like photometer) are linked 
with it. Hence, only constant deviation spectrographs can be converte 
to monochromators. Secondly, the spectral image should not be 
curved too much. For this reason arrangements with large astig” 
matic errors are not suitable for conversion to monochromators. 
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In Fig. 18°3 we show one monochromator. It uses a Littrow 
arrangement like Fig. 18°l and hasa constant deviation of 180°, 


COLLIMATING 
& FOCUSSING 
MIRROR LITTROW 
MIRROR 


| ENTRANCE SLIT 


Prism twice, so the dispersion is double. 
mirror of Fig, i i 


width w by the dispersion dxd. But wi 
also is important. 


18°4, Quartz Spectrograph, Glass is opaque for light of 
wavelength below~4000 A, while quartz is transport down to a 
Wwavelength~2000 4. Hence in the region 4000 to 2000 A quartz 
prism Spectrographs are used.* Fig. 18°4 shows one. 


A To avoid this effect a combination 
o! two half-prisms is used, one of left-h 


‘ anded quartz and other of 
‘ight-handed quartz. 


This is called Cornes prism. 


Quartz melted and re-solidfied is called 
This i 


_ is isotropic, i.e., does not show double refraction or optical 
rotation. The lenses of the collimator and camera in a quartz spec- 
trograph are made of fused quartz (silica), 


* Quartz is also transparent for visible light, 


But the dispersion dujd for 
glass is much larger than that for quartz in t i 


Sused quartz or silica. 


: he visible region, So prism 
Spectrographs for the Visible region use glass Prisms only, 
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Fig. 18°4. 
Quartz Spectrograph 
th from 4000 A to 2000 A varies widely, but we 


Their focal leng 
cannot get achromatic combination in these lenses as we do for the 
visible region. Hence the difference of focussing distance for both 
collimating and camera lens has to be compensated by inclining the 


photographic plate (P) by a large margin (see Fig. 18°4). 
High degree of homogeneity, required in prisms, is difficult to get in fused 
quartz. But in recent years technical advances have been made, so that prisms 


of fused quartz (silica) have replaced Cornu prisms in several instruments. 
Incidently, they are transparent down to 1850 A, which is an extra advantage. 


185. Spectrographs for Far Ultra-Violet. The spectral range 
4000 to 2000 A is often called the “quartz region” OT “near ultra- 
violet”. Below 2000 A is called far ultra-violet. Fluorite (CaF) 
is transparent in this region and spectrographs using flourite prism 


are therefore used. 

There are other considerations. Since lenses of flourite are very 
expensive and have very large variation of focal length with varying 
wavelength, the collimation and focussing is usua i n 
silvered concave mirrors. The arrangement is either as given in 
Fig. 18°3, or separate mirrors may be used for collimation and focu- 


sing as in Fig. 18°7. 

Further, there is heavy absorption due to the atmosphere- 
(mainly due to oxygen and water vapour) in the region of wavelength 
below™1850 A. Hence the whole system from the source to the 
spectrum must be enclosed in & chamber which is evacuated. For 


this reason this region of the spectrum is 0 


ultraviolet and the spectrograph 

The fluorite (CaF) prism spectrograph js useful down to~1200 
A. Below this we have not yet found a prism material sufficiently 
transparent. Then, we go over to grating spectrographs.* 


* In fact grating spectrographs are useful for all regions of the spectrum 
from far ultra-violet to the infra-red. We have already described the 
concave grating and its mountings in detail in Chapter 14. Since no 
collimating or focussing device is separately needed with a concave grat- 
ing it is really a very widely used spectroscopic equipment. However 
whenever prism spectrographs can be used, we choose to use them from 


intensity cosideraticns. (see § 14°8)- 
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Fig. 18°5 shows a concave grating spectrograph used for A< 
2000 4. Note the enclosure and pump connection for the entire 


SPECTROGRAPH 
CHAMBER 


_ SOURCE 


es CHAMBER 


Fig. 18°5. 


Concave grating spectrograph for 
vacuum ultra-violet region 


or any gas) keeps entering it. The slit 

ing narrow, continuous pumping keeps a 
lower pressure in the grating chamber than 
in the source chamber. Note also that with 
the usual grating element e about 16000 4, 
(sin i-sin 6) must be very small to record 
these lower wavelengths. For this reason 


the setting is such as to keep 8 on the other 
Side of j. 


ae arrangement of Fig, (18°5) has 


>>> NORMAL A. For still shorter 


GRATING aluminium 
CHAMBER 


Concave grating becomes very 
SOURCE 16)" 


Then oblique incidence is used (Fig. 
vity becomes far 
L ge of oblique inci- 
EAR dence is higher dispersion, since d0/dr=n/ 
rge on 9 approaches 
> Rowland Circle is | 


18°6. Spectrographs for the Infra-red, 
ted region are stated in the unit ‘micron’ (sy 
for 1 micrometer—10-6 metre= 10-4 


The useful prism materials are fluorite, rock-s I 7 and KBr 
‘The regions transmitted by them are Ios fee ee RCI an 


as follows : 


Wavelengths in infra- 


mbol 4), which stands | 
cm=10,000 4. | 
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Glass* : 4000 A to 2°5p 
Quartz 3 2000 A to 3'54 
Fluorite : 3p to 9p 
Rock salt : 8u to 16u 
KCl : 15p to 20u 
KBr : 18u to 28h 
Fo í i 
secs Varena na roca alin fen, pre 


their general use. Blazed grati i i 
reir § il use. atings ($ 14°11) are now available to get 
high intensity in a desired pee i 


E i and focussing in infra-red spectrographs is done in- 
E y with concave mirrors. Various mountings are used, one © 
ay we have already described in Fig.18°3. In Fig.18°7 we describe 

adsworth mounting. In this, separate collimating and focussing 


FOCUSSING 
¥ MIRROR 


EXIT 
SLIT 


PRISM OF 
A NaCl, KCI, KBr, etc. 


‘WADSWORTH 
MIRROR 


ENTRANCE 
SLIT eea on COLLIMATING 
MIRROR 


Fig. 187. 


A typical prsim spectrograph for Infra-red. Recording part is 
placed behind the exit slit and is not shown 


mirrors are used ; the Wadsworth mirror just deviates the refracted 
beam in a convenient direction. Gradual rotation of the prism- 
mirror combination makes successive wavelengths reach the exit slit. 
As detector for infra-red spectroscopic work a linear thermo- 
pile placed behind the exit slit is generally used. Its galvanometer 
shows deflections depending upon the intensity for the different 
wavelength regions prought at the exit slit. 


Fig. 18°8 shows a typical grating spectrograph for infra-red. 
Notice that both the collimator and focussing concave mirrors are 


_* Itis notable that even glass transmits upto 25000 A but its dispersion in 
this infared region is too small to give 4 useful spectrum. 
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used at normal incidence to avoid astigmatism. Normal incidence 
working is achieved by the use of plane mirrors with an aperture to 


PLANE 
MIRROR 


ENTRANCE 


COLLIMATING 
suT ™ MIRROR 


FOCUSSING 
MIRROR 


PLANE 


MIRROR PLANE 


GRATING 


Fig. 18:8. 
A grating spectrograph for infra-red 


permit light to pass. The grating is turned by a graduated drum to 
‘scan’ the Spectrum, i.e., to bring different wavelength regions at the 
exit slit. 


Fig. 1£+9, 


containing the sample under test or a thin layer of 
the absorber placed directly in the path, E is 
entrance slit of a Spectrograph, 


In most absorption Studies now the double-bea inciple is 

r \bsor e-beam principle is 

bak depicted in Fig. 18710, The incident beam is split at P, into 
Wo beams—one beam A Passes through the absorption sample; 
ž hrough a variable intensity contro 

he beams 4’ and B’ are then to be balanced at each A. The 
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percentage cut-off of intensity needed at Rto secure balance gi 
A ives 
the percentage absorption by the sample in path A. The double- 


SPECTROGRAPH 


Fig. 18.10. 
Principle of a double beam spectrophotometer. Plate Py 
splits the beams into A and B. One passes through the 
cell,the other passes through a variable rotating sector R 


beam system makes the working independent of time variations in 
source intensity. 
10°8. Some Typical Spectra. Spectra are studied in emission, 


absorption, reflectance, scattering etc. Each gives us information 
about the related syetem. But we will limit curselves to spectra 
in emission and absorption. Fig. 18:11 is a schematic drawing, to 
be treated like the photographic negative—i.e., black parts corres- 
pond to light present. A broad description of the spectra is as 
follows. 

(A) Continuous Spectrum. Such a spectrum shows no discon- 
tinuity even under the best resolving spectrometer. It is emitted 
when matter in bulk is heated. A heated filament (as in bulbs), hot 
charcoal, hot iron, the photosphere of the Sun, etc., all give a 
continuous spectrum. The word “white” is usually employed to 
convey the sense of a continuous emission spectrum. This spectrum 
is largely characteristic of the temperature of the body and is only 
marginally dependent on the material of the body. 


(B) Band Spectrum (in emision). 
Such a spectrum is emitted when- 
ever matter in molecular free state 
is excited. Usually, each band has 
one end sharp [Fig. 1811 (B)] 
and the other side shows tapering 
intensity.*. CO2, HCI, Os, co, AlO 
etc. when excited in vapour phase 
give band spectra. For each com- 
pound there could be several char- 
acteristic groups of bands falling in 
different spectra! regions. 

(C) Line Spectrum (in emission). Fig. 18.11. 
Such a spectrum is emitted when Some typical spectra 


* Under high resolution instruments each band is seen as made up of 
several discrete Iines—crowding up at the end which shows as ‘head’ and 
spreading out at the ‘tail’ end. In contrast, the contjnuous spectrum (A) 


does not show discreteness eve ! under the highest resolution. 
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‘ r ining H 
matter in free atomic state is excited. Discharge iubes e 
Na, etc. and arcs using Cu, Fe, etc. as electrodes s AES ie 
The line spectrum is as characteristic of the emitting 

band spectrum is for the molecule. 


e$ PARTEY: s d 

(D) Line Spectrum (in absorption). When “white light y Pi 

through matter in Sree atomic state the continuous ire 18'11 (D)I, 

light is cut by several discrete sharp black lines | ae ate 

hese are called absorption lines and are characteristic ion Eee 

bing elements. A notable feature is that all the absorpti 1 
an element have their corresponding emission lines for 

element [compare Figs. (C) and (D)|.* 


sto light j d 
(E) Band spectrum (in absorption). When white eles 
through matter in the free molecular state, the rar te mpound 
dark bands [Fig. 1811 (E)]. Every absorption ee tricturer ai 
has a corresponding emission band, but the detailed s 
not identical—the absorption band has simpler structure. 


X IEE WEMA : d thro- 
(F) Continuous Absor tion. When “white” light is passe ' 
ugh matter in bulk, a shi very broad part of the spectrum nt) oil 
absorbed (with no discreteness). Comparing Fig.(A) (white lig mie 
(F) we find that in the latterc ase the left end of the nee or 
absent, and the right end is also somewhat weakened. A gre 


: j a 
lue glass interposed between.a white source and a spectrometer may 
Produce such a spectrum. 


as in Fig. E), but in Solution the bands are so broadened that there 

are no sharp edges, and no Complete gaps of absorption appear in 
between the bands. Matter in molecular state (or ions) in dilute 
Solutions, in general, produce such absorption, 


This is only a broad description of the very vast variety of spec- 
tra observed, and which any Proper theory of emission and absorp- 


tion must try to explain. In the next chapter we make a beginning in 
that direction, 


18°9. A Note on Spectroscopic Measurements. Spectroscopic 
measurements are generally expressed in terms of wavelength, 


The corresponding frequency v is given by 


vee)? ..(18'1) 


The reverse ig Not true. Thus the emission spectrum is always richer in 
the number of lines, 


* 


>. 
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ae" er, = becomes such a large number that we find i$ conve- 
a nt to introduce “reciprocal wavelength’y or wave number defined 

xy 
v=1/A. ««(18°2) 


EPEE 3 
yisem—, and a symbol K (named after Kayser) is 


The unit for 
eciprocal 


introduced for it. Where there is no chance of confusion, T' 
wavelength is often denoted by » (without the bar on it). 


; One feature of spectroscopic measuremeats is the great degree 
o precision, often 1 part in 107. The corresponding requirement 
on any theories of atomic structure is that the theories have to expl- 
ain details upto such degree of accuracy. 

ference of wavelength 


ample 18°2. Deduce Av values per angstrom di 
A, and at .==5000 A. 


al Ax=28 
Solution yal = Av=—Anli 
For An=1x 10- cm at }=2500 x 107% em 
aya ü x 1073)](2°5x10-9)¥= 16 om 
For Ax=1x10-® cm at = 5000 x 10°* cm 
—(1x10)/Gx 40-8)?=—4 cm™ 
means that for ‘greater a they 


Av= 


{The minus sign only value is smaller-] 


3 © 
oscopy. When light of wavelength ^o 
passes theough matter, some light is always scattered, and most O 

this scattered light has the same wavelength A, as that of the incident 
light. Kaman discovered in 1928 that there is also some modified 
scattered light, though it is quite weak. This is called Raman scatte- 
ring, as distinct from coherent scattering. The modified spectral 
lines are called Raman lines, and the frequency shift 


1819. Raman Spectr 


Avy=Vo7 R= Ny i 


is called the Raman Shift. Raman lines occur generally on the 
put with much lower intensity they also 


longer wavelength side of Ao, , 
occur on the shorter wavelength side, in which case they are called 
anti-Stokes lines. 

The important feature about Raman effect is that the Raman 
shift Avy, tS characteristic of the scattering molecules and is indepen- 
dent of the incident frequency as also of the direction of scattering. 

This makes Raman effect one of the most powerful tools in 
chemistry to investigate molecular structure. Previously, infra-red 

rresponding to mole- 


absorption spectra alone gave frequencies CO 
cular vibrations, rotations, etc- Now, the corresponding data are 
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available through Raman effect in the visible 
What is more, some vibrations which d 


red, show up in Raman effect and vice-versa, Further, the Raman 
spectra show characteristic polarizations, which give added informa- 
tion about the molecules. 


and ultraviolet regions, 
o not show up in infra 


enim aas SaS DAISSA REFLECTOR 


EE a Ea e LAMP 


pien 


J- FILTER 


3 TO 
= ——— SPECTROGRAPH 
1. FILTER 


LAMP 


SAMPLE 


Fig. 18°12. 


For Studying Raman Spectrum 

Fig. 18'12 shows a typical conventional arrangement for 
observing a Raman spectrum. The sample is surrounded by a 
number of discharge lamps (typically Hg) with reflectors, and suit- 
able filters are arranged in between to select one irradiating line or 
to filter out heat or both. The scattered radiation in the lateral 


~> À INCREASING 


Wi Dy ‘ V 


ANTI-STOKES 
Fig, 18-13, 
A Typical Raman Spectrum (Schematic) 


direction is focussed on a spectro 
A typical spectrum (with t 


St 


graph of hi 
wo Raman lines) 
aa With the advent of lasers (see ‘Cha 
‘ble to illuminate the sample 
ence Raman spectra can now 
Example 18-3. Excited by 5460°7 4° radiation a sample gives a Raman 
Jine at 5542'6 4°, Compute (i) the Raman frequency, (ii) position of the corres- 
“ponding anti-Stokes line, 


gh light gathering kind. 
is shown in fig. 18°13. 


Pter 21) it has become possi- 


with over a million-fold intensity. 
be had very fast, 


3 
Solution v= = 18312 cm~ 


o= aE 19042 omai 
R= 55476 18042 cm 


«. Raman frequency Avr=vo—yp 
anti-Stokes freq 


=270 cm-1 
UCCy V’R=Vv9-+ Avp—I18 3124-270=18582 cm~! 
“a 
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anti-Stokes wavelength ede, =5381°5A 
YR 


18°11. Luminescence Spectra. Several substances, after absor- 
bing the incident light, emit light over a wide range of A, charac- 
teristic of the sample. This phenomenon is called luminescence- 
If the emission is immediate (time-lapse~10~* s), we call it 
fluorescence. In some cases the emission is delayed (time-lapse~107*s 
to several hours), and then we call it phosphorescence. The 
important thing is that the emitted radiation is characteristic of 
the sample ; it does not depend on the exciting (incident) radiation, 
only the A of exciting radiation has to be smaller than that of the 
characteristic emission. 


The commonest use of fluorescence is in the mercury discharge 
tube used in homes. Fluorescent material on its inner walls absorbs 
the ultraviolet and other short A radiations, and emits its own char- 
acteristic radiation, which falls in the visible range. Dyes are essen- 
tially fluorescent materials, and various dyes are available with their 
fluorescence peak A falling in different regions. A yellow fluorescent 
paint in daylight shows larger intensity than the yellow part of solar 
radiation, because it converts a good part of the lower à radiation 
also into its yellow emission. 


Phosphorescence is a little more ticklish. affair ; the substance 
gets excited by the incident light, but emits its characteristic light 
over a prolonged period. A study of the gradual decay, of phos- 
phorence with time under varying environment 1s of great interest. 


PROBLEMS 


18'1. Why is quartz spectrograph not suitable for wavelength 
(i) above 4000 A, (ii) below 2000 A? 


f ; : BN : i d by 
182. Linear dispersion in a spectrum may. be increase 
increasing the focal length of the camera. Why 1s this not use 
beyond reasonable limits ? 


18:3. A plane reflection grating is used in a Littrow spectro- 
graph. If the be element is 1°680% 1072 cm, and the grating E 
set at i=41° 30’, deduce the wavelength at the centre of the gate 3 
in second order. Deduce also the linear dispersion, given f 0 en 
=]'2 metre. 

18'4. Why should a monochromator be always based on @ 
constant deviation! principle ? Describe the optics of monochromator 
arrangements suitable for ultra-violet, visible and infra-red regions. 

he prism 


18:5. - In the monochromator of fig. 18°3 replace t re ee 
and Littrow mirror with a plane reflectio ating. e= 
10-* cm, deduce (i) the setting of the grat 
order of A=5461 A at the exit slit, (i) the sp 
by a 0°10 mm wide exit slit if focal length of t 
(iii) the rotation of the grating to change A 
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186. In a quartz spectrograph explain (i) the need ofa 
Cornu prism, (ii) the large inclination of the photographic plate. 


187. The dispersion in a particular spectrograph at 5000 4 
is 60 A/mm, Deduce (i) the range of spectrum passed by an exit 
slit 30 micron wide, (ii) the Av value for this band. 


18°8. | Classify the various kinds of emission spectra, and give 
examples of sources which emit them. 

18°9. Describe a schematic arrangement for observing the 
absorption spectrum of a gaseous material. 


18°10. One spectrograph resolves 2A at A=6000 A ; another 
tesolves 34 at A=4500 A. Deduce the widths resolved in cm for 
the two cases. Also compute A/A A and v/ Ay values. 


1811. An infra-red spectrograph resolves 0°31 micron at A= 
16 micron, Deduce the Ay resolved. Compare it with Av for an 
instrument of resolving power 200,000 at A=2500 A. 


18°12. With exciting radiation of Ay=4358°3 A°, a substance 

shows a Raman line at A=4624°2A°, Where will the corresponding 

aathatikes line fall ? Where will the Raman line fall for Aj=5460'7 
22 


18°13. Fora prism in minimum deviation: position show that 
the angular dispersion is given by. 
do du 
“dN dk 
where K is nearly constant for a given setting. 


18°14, State the advantages of a double-beam spectrophoto- 


meter over a single-beam one. What does the variable rotating 
Sector do and why is it used 2 


__, 1815. A grating of e=20000 A° is used to measure A in the 
neighbourhood of 500 A°. Deduce the dispersion in the first order 
for angle of incidence (i) 0°, (ii) 75°0’, 


_ 18°16. Absorption Spectroscopy is more widely used tham 
emission spectroscopy. Explain why ? 


18°17. In what way does Raman Spect help us ip 
studying molecules? pectroscopy help 


= 


19 


Origin of the Quantum Theory 


A complete study of light involves two distinct aspects : 


(i) the distribution of light energy in space when it passes 
across media, apertures, obstacles, etc. 


Gi) the exchange of energy between light an 
interact in various ways. 

So far in this book we have examined the first aspect. The 
PEPA ER ER of light and its distribution in space could be quantit- 
atively understood on the transverse wave theory of Fresnel. 
Mazel s theory of electromagnetism fitted nicely into this, with 

e apparent advantage that the theory of matter and of light could 
now be unified. 

However, just here the classical theories (i.e , Newtonian laws, 
thermodynamics and electromagnetic theory) gave results in conflict 
with experimental facts. The interaction between i 
could not be explained by the usual wave picture, and aroun 
1900 A.D. the house of physics was on fire. 

The most important experimental facts which could not be 
explained on the basis of the existing theories at that time ate: 

(a) The Black-body Spectrum. The wavelength-wise distri- 

bution of light emitted by a hot enclosure. 

(b) The Photoelectric Effect. The emission of photoelectrons 
from a given surface. 

(c) The Atomic Spectra. The characteristic wavelengths of 
light emitted and absorbed by different elements. 

(d) The Specific Heats of Solids and Gases. The low temp- 
erature specific heats of simple (elemental) solids and © 
diatomic gases. 

The failure of classical physics forced physicists to search for 
a new framework of laws. That was the background of the quantum 
theory. In this Chapter we will introduce this background. 

The crucial point that comes out is that the exchange in 
energy and momentum between light and matter occurs not ina 


d matter when they 


d the year 
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continuous manner (as in waves), but in “bundles” or quanta of 
Specified sizes. Since atoms and molecules are the ultimate emitters 
and absorbers of light, we necessarily have to introduce quantum 
concepts about the energy (and momentum) states of atoms too, 

How are the energy states of atoms quantised ? A full answer 
to this question is beyond the Scope of the present book. But we 
will attempt a partial answer. 

In fact two distinctly different mathematical procedures (which have 
been shown to be equivalent in the final results) have been builtup. One ig 


called Wave Mechanics, and the other is called Matrix Mechanics. Usually the 
term Quantum Mechanics includes both. 


Notice that any new theory must explain all the facts which were ex- 
plained by the earlier theory, and in addition explain the hitherto unexplained 
facts. It may also predict some new results, which can be checked by further 
experiments. The quantum theory has this Status. It leads to the same results 
as given by classical physics for gross observations ; but when it comes to details 
it leads to distinctly different results, in line with the experimental facts. As of 
date, all atomic, molecular and nuclear phenomena can be understood only 
through the quantum theory ; so also the properties of solids (like semiconduc- 
tors), and new devices (like lasers, for instance). 

We now turn toa survey of the experimental observations 
which lead to such interesting and exciting conclusions. 

191. Black-body Radiation and Planck’s Theory. A hollow 
enclosure maintained at a constant temperature T is called a “black- 
body’’.* 


enclosure. These characteristics depend upon the temperature alone. 
The measurements Presently of interest to us are the following : 


(1) Spectral Energy Density u) : the radiant energy per unit volume of 
the enclosure,which falls in unit range of wavelength at 4. 


(2) Spectral Emissivity ed + the energy radiated per unit area per unit 
time in unit range of wavelengths at , 


It can be shown that for diffuse radiation vÀ and € are related as 


eA=—un, (191) 


and therefore we may discuss any one of the quantities ed and uy, 


In fig. 19° we show an experimental plot of e) against A. This 
is called a spectral distribution curve for black-body radiation. We 


and is entirely independent of shape, size, or material of the enclo- 
sure. If the temperature js increased, there is increase of ey at all 


* A small hole made in it will absorb 100% of iati i i 
Hence, the name “black-body’’, % OF the radiation She RAs 
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wavelengths, and the peak shifts to a smaller wavelength. But again 
for all isothermal enclosures of that temperature the same curve is 
always obtained. 


Among attempts to give a theor- 4 T= for 1300°K 
etica} deduction of this distribution £ 2-tor 1600°K 
curve from classical considerations, two D. ae 
important land-marks may be menti- & 
oned. Wien proved from thermody- @ 
namics that i 
jee} 
1 ba 
e=- FAT). CAINI Be 
where F is some function of the prod- 0 2x104 4x104 
uct A T. But it was shown that this NLS 


function F could not be deduced from Fig. 191. 

classical considerations. Rayleigh and The black-body spectrum 
Jeans (independently) used the method 

of statistical mechanics to show that 


uy da= (5 ar\(kr) .-(19°3) 


This has two parts : (i) Snda/A* gave the number of standing 
wave modes per unit volume in the wavelength range A to At+da, 
and (ii) kT was taken as the mean energy per oscillation mode at 
temperature T (from classical law of equipartition of energy). Eq. 
(19°3) is called the Rayleigh-Jeans law. 

Relation (19°3) contained no unknown parameter, and it fitted 
quantitatively in the longer wavelength parts of the experimental 
curves (Fig. 19°1) at all temperatures. But it failed totally om the 
shorter wavelength side. Going towards the ultra-violet (shorter A) 
the experimental curves (Fig. 19°1) show a peak and then fall, while 
eq. (19°3) would indicate continuous rise only. This failure was 
often called “the ultra-violet catastrophe” of classical physics. 


Wien’s formula is called the displacement law. 


} curve is known for any one temperature Ti, 
for any other temperature T. For this, measure the ordinate a 


first curve, multiply it by (TIT) and plot 
ed along? axis and also along the 


Thus the points in the first curve are displac 
e) axis by specific amounts. In particular, the peak of eà VS. > curve occurs 


at wavelength 2,, given by 

Am T=constant (194) 

This relation is used for measuring very high temperatures. 
Planck in the year 1900 made a bold departure from the classi- 

cal theory. He put forth two postulates : 


(a) An oscillator of frequency Y cannot have any general energy 


but only energies given by 
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s=nhv -..(19°5) 
where h is a universal constant (now called Planck's cons- 
tant) and n is an integer (now called quantum number), 

The oscillator energy iy thus quantized. 
(b) The oscillators do not radiate or absorb energy continuously 

but only in jumps or quanta of size hy 

Ae=An.hy=hy ++(19°5 a) 
The net result of these postulates was to change part (ii) in the 
Rayleigh-Jeans law, Eq. (19°3). The average energy per mode in the 


electromagnetic waves in the black-body chamber corresponding to 
frequency v now came out as 


ope ee NN .-.(19:6)* 
e™ikTL1 elte[AkT _ 1 


With this substitution for kT in €q. (19°3) we get what is called 
Planck’s formula for black body spectrum : 


maha Se. hhefRoi 


pe ..-(19°7) 
cheIMeT _, 
—27c hepa 3 ..(19'7a) 
ATTI kT _| ( 


For lorge A the value ofe tends to kT } 

With Rayleigh-Jeans formula (19°3), At small A the exponential 
term in the denominator Prevents eà from rising. Thus the €) VS. 
A curve has a maximum at Some wavelength Am and falls off on both 


sides. This formula is found to give complete fit with the experi- 
mental observations at all wavelengths and fo 


and this formula coincides 


clearly proved that Planck’s a 
iblack-body spectrum 


ct, and the name photon was 


energy hy by Einstein in 1905. The quantum theory got 


after that direct evidence, 


Example 19-1, Deduce the average energy of Planck’s oscillator corres- 
ponding to y values such that hy/kT=0'1, 1-0, 3:0, 10-0, 


Solution, We write eq. (19°6) as 


hy 


T a where x= 
ev] 


For the four values of x tables give 


e®”—1=0:105, 1:718, 19-1 sand 2'2 x 104 
Hence the value of s is 


given by 
4 É bia 10 
e=kT( 105° T718, DT aaa) 
* 


£ =Snhy exp (=nhy/kT)~ 5 £xp(—nhy/kT) for n=0 to ow. The first part 
nhy is Planck’s quantum energy. 


lanc » the second part exp (—nhy/kT) is Boltz- 
mann distribution law from thermodynamics, 


~ 
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=kT (1, 0°58, 0°16, 0:00045) 

Thus for Av <kT we have e=kT, while for Ay>kT, = tends to zero. © 

192. Photoelectric Effect and Finstein’s Theory. In Fig. 19°2 
Ais a metal surface and B is a meta 
wire- gauge, both being enclosed ina 
glass bulb with high vacuum. The 
electric circuit is connected as shown. 
In the absence of light the circuit 
shows no current, but if light falls on 
the surface A, the circuit shows current 
if Bis at positive potential. This is 
called photoelectric current ; the bulb 
enclosing A aud B is called photoelectric 
cell. The effect is explained by assum- Fig. 19°2. 
ing* that metals contain some electrons The photoelectric effect 
free to move within the metal and the 
light falling on surface A is able to eject electrons from the metal 


surface A. 


if more light falls, more electrons are ejected, and therefore 


larger photoelectric current is obtained This is actually observed. 
If electrode A is made positive, no current is observed even in the 
presence of light (ignoring minor details). This shows that light 
ejects only negatively charged particles from surface 4. So far all 


good. 
We now consider two more experimental facts : 


(i) No measurable time lag is observed between the falling of 
light and appearance of the photoelectric current, however 


weak the light may be. 

(ii) If the frequency » of incident light is decreased, then below 
a certain frequency vo no photocurrent is obtained however 
large the intensity of light may be. Above this frequency Yo 


even the faintest light produces a photocurrent proportiona 


to the intensity of light. 


calculation shows that a 10-watt source 
se 


flux ~10% erg cm” c1, If this flux is 


10-2 erg sec. If the elec 


the metal, the atom would gathe ut 


second. In fact photoelectric effect is produced with far weaker 
light, meaning time lags of the order of days on the classical wave 
picture! But no time lag is ever observed. 

* The assumption was uction in metals. 

+ 1 ey=1'6x01-™ erg. 
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The existence of a limiting frequency vo is also against the 
Classical concept. A 100-watt source of y<v would bring 100 
times more energy per cm? per sec than a l-watt source Of v>y, 
placed at the same distance. How is it then that the 100-watt 
Source produces no photocurrent while the I-watt source does ? 
What role does y play in this game ? 


Einstein in 1905 gave the quantum theory to explain the aboye 
facts about the Photoelectric effect. The essential postulate is that 


Now, the electrons ina metal require a certain minimum 
energy W for escape from the surface. This energy is called the 


of the Surface.* The limiting frequency vo (and corresponding wave- 
length A,) is thus connected with W through the relation, 


frome .--(19°8) 
ào 

The Einstein postulate goes farther than Planck’s postulate, 
since it applies quantization not only as emission and absorption 
steps in an oscillator but in the radiation itself, Tt explains the 
absence of time lag and also the existence of a limiting vọ. But it 
also predicts some new things. Ify is greater than vo, the electron 


2.51075 om, 


Fig. 19-3, 
Plot of kinetic energy of photoele 
frequency of incident light 


The chance of more photons than on 
electron in the 


ctrons against 


) S t € imparting their energy to the same 
metal is negligibly small 3 see example 19-2, 


Mw 
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ejected from the metal must come out with kinetic energy hy -—W' 
where W’ is the energy needed to eject an electron in general from 


the given metal. The minimum value of W’ has been called W, and 
hence the maximum energy of the ejected electron should be given by 


E,=hy—W=h —vo) .(19'9) 
kinei : he ejected electron may be determined 
by measuring its velocity v. But it is more simply measured by 
determining the stopping potential required to prevent the ejected 
electrons from reaching the collector electrode. If the maximum 
stopping potential is V, we write 
E,=eVs=h(v—vo) 
quation of the photoelectric effect. 
ha Ín a series of careful experiments 
Millikan* obtained the stopping potential (hence Ex) for different 


frequencies y of the incident light, and repeated this for several 


different surfaces of pure metals. He obtained experimental results 
like those shown in Fig. (19°3) for two different surfaces. The 


notable points are the following : 


(i) Fora given surface, the energy E;, of the fastest emitted 
electrons depends on frequency of the incident light v 
alone and is totally independent of the intensity of light. 


(ii) In each case Ep; vs. v graph comes out asa straight line. 
(iii) The straight lines for different surfaces have the same 


slope. 
From these experimental facts one could proceed in th 


direction to deduce in three steps : 

(i) Ex=f()s independent of intensity. 
| (ii) E„=hv—W, where h is some slope. 
(iii) hisa universal constant. 


The kinetic energy of t 


..(19°9 a) 


Eq. (19°9) is called the Einstein € 
It has been verified in full detail. 


e reverse 


Of course, this slope is the Planck’s constant of eq. (19°9). Its 
value came out to be the same as that of h used in eq. (19 ). 
Example 19:2. A surface is placed 20 cm from a 50W source of 1=6x 
10-8 cm. Estimate (i) the average time interval between the arrival of two photons 
p on the same atom (sectional area~107** cm?), and (ii) the mean time lag between 
irradiation and ejection of the first electron from the surface (area 2 cm’, efficiency 
40%). 
Solution: Energy flux=50/47 (0°20)?=100 oni Nar 
Photon energy=hcla=6'6 x 10-%4x 3x 10+8/6x 10-7 =3 x 107! J/photon 
.. Photon flux at 20 cm= 100/(3x 10729) =3 x 107° p“oton ms? 


iven atom=3 photon s* 


«<. mean At=0°3s 
arded the Nobel Prize in 1923 for this work. 


c.f 


Now, (i) photon flux on a g 


* He was aw: 
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(ii) ejection rate from 2 cm? area=3 x 102 x 2 x 10-4 x *4=2'4x 10 
electrons s7! 
+ mean At=4x 10-4 s 
[Note : One conclusion is that the chances of two photons acting toge- 


ther in ejecting an electron are negligibly small. Another is that the time lag 
between irradiation and start of emission is too small to be observable] O) 


Example 19-3. For a given metal surface the limiting wavelength for 
photoelectric emission is 58004. Deduce the work function, maximum kinetic 
energy of electrons ejected by light of ,=45004. 

6'6 x 10787 x 3 x 1010 
4500 x 1078 
=4'40 x 10-* erg. 
y 6°6 x 1077x 3 x 1019 
Work function=/yy— 3800x107 
=3'41 x 10712 org, 
The difference gives Ex =0°99 x 10-32 erg. © 


Solution. Photon energy Ay= 


Example 19-4, Light of wavelength 54614 and intensity 0°20 x 10° watt] 
- €m? falls on a photoelectric cell of cathode area 2:5cm?, The efficiency is 15% 
Compute the saturation photocurrent. 


Solution. Photons received per second 
0:20 x 10? x 2:5 } bso 
66x 10-7 x3 x 10" x 1/(5461 x10) =1:37x 10" s 


Electrons ejected per second are 15% of this ; and each electron carries a charge 
16x107 coulomb. Hence the saturation current is 


1=1°37 x 10x 0-15 x 1-6 x 10-19 amp 
=0°33 microamp, © 


This effect is called the photovoltaic effect, anda cell based on it is called a 
Photovoltaic cell. The so-called solar cells are photovoltaic cells connected ina 
Matrix to get voltage and power at useful levels, 


... Certain semiconductor materials show large increase in electrical conduc- 
tivity when light falls on their Surfaces. This effect is called photoconductivity 
and a cel] based on it is called Photoconductive cell, Usually a photoconductive 
Cell is not sensitive in yellow and red regions, while a photovoltaic cell is. 


In this context the cell described in Sec, 19'2 is calleda photoemissive 
au We discussed that cell in detail because of its special importance in theory ; 
ut incidentally it is also the one used most widely in practice, 


at » Measu rement of extremely low light intensities 
em; in fact photon counting systems are now in use. 


19°3, Compton Effect When light j 
was i iffect. ght is scattered by any gas 
S pune or solid, a Major part of the Scattered light dns, the same 

ength as that of the incident light. However, there is a part 
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of scattered light with changed wavelength. In the visible and ultr- 
aviolet regions the most interesting modified scattered radiation is 
cattering (see $ 18°10). in the X-ray region the dominant 
attering is that in which the change in wavelength ( AA= 
characteristic of the scattering angle, and independent of 
scattering substance as well as the initial wavelength A. This effect 
It is further established that for every suc 

he target atom B (see 


In order to explain his 
1923 assumed !that a 


th 
is called Compton effect. 
scattered photon an electron is ejected from t 
Fig. 19°4). This is called a recoil electron. 
experimental measurements Compton in 


SCATTERED 
PHOTON 


A tte) ATOM 


INCIDENT 
PHOTON 
RECO! 
ELECTRON 


Fig. 19°4.* 
Schematic representation of Compton experiment 
photon of frequency Y must possess not only a definite energy hy, 
but also definite linear momentum hy/c. From this assumption and 
the elementary laws of collision he got the result 


(19°10) 


Aran —A=— cos 0) 
of 


m 
Extensive experimental verification of this res 


his initial assumption about occurrence of mo 


hyle. 


ult gave support to 
mentum in quanta 


Proof of relation (19°10) uses relativistic expression for mass and kinetic 
energy of the recoil electron, because the s v are often close to the SP o 
light c. The expressions used are, with familiar notation, 


neo and Ex =(m—mo) ce «(D 

y 1—p"/c8 
Then using fig. 19-4 and conservation of energy and momentum we get 
hy—hy’'=(m—me) ¢° i) 
by cos @+mp cos $ (iii) 
and o=- sin o—my sin $ iv) 
e seen in 


* The photon representation used here is not valid, as will b 


§23°4. It is only schematic. 
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Eliminating ¢ between (iii) and (iy) 

m?y?c2=h* (y?+-y’?—2vy’ cos 8) (v) 
From (ii) we get 

m?ct=(hy—hy'+mc?)? 


=A (0v? — 2v) + 2mgcth(y =v) +mo?c* 


0.700 0,750 H 
AlA 


Fig. 19°5,* 


Compton spectrum Sor 9=90° ang €=180°. The line at 
A=0°700 A is the exciting line (Ay). Vertical scale 
Shows the intensity 
Subtracting this from (yv) gives 


3 
2hèvv' (1—cos 6)—2mgcth (—v)=matet—mtes( pE? )=0 


, 
v—v 

Wr = (cos 
w Tigca ony 


‘or Yam (dcos 9) (vl) 


Moc 
Substitution of constants gives 


¥—)=0'0242 (1—cos 9) angstrom, (19:11) 
The quantity 0:0242 4 


is often called Compton wavelength. It is actually the 
shift of wavelength in 


Compton Scattering at 90°, 


ified to unmodified scattering is sed 
io is large, and for large @ th 


modified (Compton shifted) component becomes stronger than the 


unmodified component, 
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In the deduction we have neglected the energy s$ ent in detatching the 
electron from the atom. In fact we shall later see Ain an atom has alian 
electrons with different binding energies. But an X-ray photon of »=14 has 
energy hv=1'2x 10* ev, while the binding energies of the outermost electrons of 
an atom are only afew ev. Hence the binding energy may be neglected. 
Example 19:5, In an experiment on Compton scattering the wayelen: 

. . A p . gth 
of incident radiation is 1'872 A. Calculate the wavelength of scattered radiation 
at 6=30°. Also calculate the velocity of the corresponding recoil electron. 


Solution, By simple substitution in Eq. (19°11) for @=30° 
Ax="0242 (1—"8660)="003244" ; ’=1°872+003=1'8754. 


The energy difference of the incident and scattered photons gives the KE of ne 
ejected electron. Hence 


J mtah v= (AY 


. -87 
66x 10-87 x3 x 10” $ (00324x 10-*)erg 


PPB Seba ET 
(1°872« 107°) 
Substituting for m and solving we get 
v=2x 10° cm/sec. 
Now, from conservation of momentum, remembering that v|y=1. 


mv COS go A 26602 x 0134 


mo sin p= x0°500 


~. tan J- =3-62, E © 
194. Series Relationships in Atomic Spectra. Each element, when 
excited in a gas phase, emits a spectrum containing sharp lines, which 
are characteristic for that element. If the characteristic wavelengths 
are Ay, Àg eeen it iS found that several of these can be grouped 
together and fitted into a single empirical formula with a variable 
number taking successive integral values. We call „this group of 
wavelengths a Spectral Series. 

The empirical relations are best expressed not in wavelength A 
but in reciprocal wavelengths v=1/A, also called wave-numbers. 
The spectral lines falling in one series may be expressed as differen- 
ces of terms of the following kind: 

ne x 
(n=) (m— p) 


for all kinds of terms and is called 
positive constants which vary for 
positive integers taking 


etc., 


where R is a common constant 
Rydberg constant ; aB etc., are 
different kinds of terms ; and n,m etc., are 
values like n=3, 4, 5, 


As a particular example, one series in lithium spectrum 1$ 


expressed by 
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109722 109722 


RN ee, (N=3,4, 5...) (IY 
"(2-040)" (n0405) ; 
Note that the first term is a fixed term, and the sezond one is 


a running term with n=3, 4,5 


Another series in lithium Spectrum is given by 
__109722 109722 


me aoea (W345...) O 19°13) 
vn (2—-0'405)" —@—0-040" (n=3,4, ( 
and yet another by 


109722 109722 3 
n= L00 ~ Hoan =3,4,5...)..(19°14 
" (2—0°040)? (n—0°0026)?” (n=3,4,5...)...(19°14) 


We find that these different series are not totally independent, 
but are mutually inter-related. The numerator 109722 cm-4, com- 
mon in all the terms, is the Rydberg constant. Further, in the first 
and third series the fixed term is identical, the running terms are 
different, Then the fixed term of the second series can be obtained 


Example 19°6. One Spectral series in an element is given by 


-109756 109756 
"a= 0033F -a03 n=3, 4, 5,... 
emba for the 
first member of cae Ady Series using Ritz principle, and evaluate y for 
Solution, 


We predict one series by changing t integer in the first term 
denominator to 3, Thus ties by changing the integer i 


+, 109756 109756 


Vy ~ B=0083 ~ Tao 6a n=4, 5, 6.... 


Ne predict one more Series by using the first runnin i rics 
g term of the given sı 
as the fixed term, and changing the fixed term to running terms, Then 
»_. 109756 109756 
‘G06 Goo  "=3, 4, 5p... 


For i i be 
TOR akun new series thus predicted the y values of the first term may 


W=317 x 10 cm 5 yra=6'85x 10° cm-1, © 


Atomic hydrogen in a discharge tube gives various lines in its 
Spectrum as shown fig. 19°6. Balmer discovered in 185 that the 


lines in the visible Spectrum of atomic hydrogen could be fitted in 
the formula 


An=K SS [Balmer Series] n=3,4,... —...(19°15) 
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Fig. 19°6 
The spectrum of atomic hydrogen 
Balmer’s formula takes a more convenient form if we use Wave- 
numbers. Then 
— 3) Alf Tees Bree i 
=t r bjeg pion n=3, 4)... (19 16) 
where R=4/K=109,678 cm™. The constant Kis thus related with? 
the Rydberg constant.* 

In this form Balmer formula has the same form as eq. (19°12) 
except that the denominators are simple integers. The formula, as 
before, tells us that the frequencies of various spectral lines in the 
series occur as differences of two terms. 


We may now apply Ritz principle and predict that with any 
one of the running terms of eq. (19.16) as the fixed term, we should 


get other series : 
Rok (n=2, 3...) Lyman Series «(19° 17a 


> 


<=! 
Il 
| 

l 

l 


1h 
v =% F, (n=3, 4,...) Balmer Series „..(19°17b} 
v =5 = 2a (n=4, 5,...) Paschen Series ..(19°17¢) 
y =4 -= 4 yo (H=5, ne) Brackett Series (19174) 


The names refer to the workers first discovering the series 
sible region. It 


experimentally. Only the Balmer series falls in the vi j 
may be seen by comparion that the Lyman series falls in UV and 
Paschen and Brackett Series fall in IR region. 

Many member lines of all these series have been observed and 
the experimental results agree with predictions very well. However, 
the basis for getting the frequencies Y from differences of terms like 
R/(n—22) and the existence of a principle like that of Ritz could not 


*Notice that this value of R for hydrogen is | only slightly different from 


that for lithium, eq. 19°12 and that in Example 
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be explained by the classical theory of electromagnetic radiation, 
which is so successful for electronic circuits. There is something 
special when we deal with atoms and molecules. 


195. Energy Level Diagrams. If a beam of light ofa given 
wavelength carries energy in the form of quanta of definite energy 
and momentum, what about the sources (atoms or molecules) which 
emit the light? They must lose energy in such bundles or quanta 
when they emit light. Also, ifan atom or molecule absorbs light 
only for discrete frequencies, it must gain energy in steps only, ie., 
in quanta, and not in a continuous manner. t 


Take the example of sodium. In a discharge tube (or lamp) it emits 
most prominentiy the line 5893 4 (we omit the detail that there are two lines 
5890, 5896). This corresponds to quantum of energy 3°5x10-12erg. The 


emitted light carries energy as packets of this size. How are such Packets 
emitted by the atoms of sodium ? Sodium vapour can also absorb light of 
A=5893 A strongly. This again means that radiant energy which comes in 
packets of 3°5 x 10-12 erg. can alone be absorbed by the atoms of sodium ? 


Why is it that the atoms of sodium can emit and absorb packets of a particular 
‘energy only ? 


For every element there is a discrete emission spectrum, ie., 
the emitted light consists of a few sharp frequencies, which are the 
Same for the given element in all circumstances* and at all times, 
For every element there is also a discrete absorption spectrum, $e., 
out of all possible radiations which may fall on it, the element 
absorbs light of only a few sharp frequencies, which are the same for 
the given element in all circumstances* and at all times. Why ? 


The questions lead us to assume that the atom of a given 
TERRA element can exist in several dis- 

crete energy states only. This 
means tbat the atom can either 
be in state A or in state B or in 
state C,..... but in no intermedi- 
ate energy states. In Fig. 19°7, 
which is called’ an energy level 
A a diagram, the vertical gaps indi- 
(a) (b) cate the differences of energyt. 

lt means that in a large assembly 


Cc 


8 B 


Fig. 19°7 of these atoms some will be in 

Energy level diagram and trannsi- energy state A, some in state B, 
tions for (a) emission, some in state C..., but no atoms 

(6) absorptioon can acquire any intermediate 


energy state. 


Now we further assume that whe à 
s nthe atom changes from state 
B to state A, then the diference of energy Es—E, is given out asa 


Similar statements must apply for momentum also. 
Minor variations of detail neglected. 


+The horizontal lengths in Fig. 19°7 have no significance. 


w 
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photon (bundle of radiant energy), whose frequency Yas is given by 


the rule 
hy, ,=Es—Ea .-. (19°18) 


One atom passing from energy state B to A gives out one photon of 
frequency Vas. Thus a transition from state B to state A always 
produces light of the definite frequency Yas. More light of a given 


sel means more atoms undergoing transition from state 


We can similarly think of emission of photons of frequency 
vno=(ELo—Es)/h, vac=(Ec—Ea)/h, etc. The transitions are shown 
by downward arrows in Fig. 19°7 (a). 


It is also possible that an atom may pass On from a lower 
energy state to a higher energy state, say from A to B. For this it 
will need energy Es—Ea to be supplied. Itcan be supplied in many 
ways, but suppose we consider only the case of supp 
absorption of light falling on the atom. Ifits frequency 1S such 
that Av is neither equal to Es—Ea nor equal to Ec—Ea, then the 
photons cannot be absorbed, because the atom is not allowed to 
have intermediate energy values, and each photon is a i 
of energy which cannot be taken in parts. So only li 
frequency for which Ay matches the energy gap Es—Ea or Eo—Ea 
can be absorbed by the atom. 


_ Thus we have a framework (a model) in which each v arises 
due to a difference of two terms, and Ritz combination principle can 
be explained. We have to assume discrete energy levels an 
Eq. (19°18). Why do the atoms have discrete energy levels ? We 
shall see this later. But we at least realise at this stage that atoms 
existing in quantized states of energy and radiant energy existing 1 
the form of quanta of energy are two interlinked concepts. 


19.6. The Franck and Hertz Eaperiments. Direct evidence 
for quantized energy states in atoms comes from experiments of the 
kind first reported in 1914 by Franck and Hertz, and exte 
c 


G 
Ss _—_— 
TO 
—> SPECTROMETER 
F > 


Fig. 19°8. 
The Franck and Hertz experiment . 
rs. The principle is shown in 
filament heated (electrically) so as to 


release electrons. S is a spiral which is kept at a potential +V with 


with different modifications by othe 
Fig. 19°8. F isa tungsten 
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respect to F, and C is a metal cylinder at the same potential as S, 
The electrons from F gain kinetic energy €V as they travel from F 
to S, and should reach the cylinder C with the same energy, but for 
the grid G. 


The whole arrangement is enclosed in a chamber, and pres. 
Sure of the gas is so adjusted that in distance F to S the electrons 
have little chance of collision with atoms of the gas, but in distance 
StoC there may be many collisions. Thus, electrons of kinetic 
energy eV suffer Many collisions with atoms of the gas in the tube 
before they reach C across the field-free cylindrical space between $ 
and C. A spectrometer looks for any light emitted by the system. 


The arrival of electrons at C is recorded by an electrometer 

(not shown). To find out the energy with which the electrons reach 

C, a grid G is put very close to C. Tt is given a negative potential 

@ relative to C, and by finding that value of Va which is just able to 

stop the electrons from reaching C we know that the electrons have 
energy eVe when they arrive near C. 


We describe the results with mercury vapour in the chamber. 
As V is increased from zero, we find that at first Ve also has to be 
Increased right upto V to stop the electrons reaching C. This means 
that in spite of collisions with mercury atoins in the space between S 
and C, the electrons reach C without any noticeable loss of energy. 
The spectrometer shows no light. When V exceeds 4°86 volts, even 
a very small value of Vo, always equal to V—4'86, is able to cut 
off the current almost completely. Also, the spectrometer, which 


showed no light so far, shows just at this stage a spectral line at 
A=25374, 


_,. Now, collisions between electrons and atoms can be of two 
Kinds— elastic and inelastic. In an elastic collision there is no change 


other words the mercury atoms refuse to accept enery <4°86 ev. But 
Just when the electrons have energy above 4°86 ev inelastic collisions 
suddenly Start occurring, Further, for V>4'86 volt the loss in 
inelastic collisions is not the full energy V ev but just 4°86 ev. 


d We are therefore led to the conclusion that the atoms of mercury 

© not have continuous internal energy states. The first higher energy 
When the impinging electrons 
s may accept this energy and 
leaving the electrons with so much 
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7 The spectroscopic observation is now easily understood. For 
<4'86 volt no atoms reach the excited state (like B, Fig. 197) 
hence, no emission. For V>4'86 volt, some atoms reach an excited 
state 4°86 ev above the lowest. When these atoms return to the 
lowest state (called ground state) energy 4°86 ev is emitted as light. 
aes of this light should be given by the rule E=hv. We 


E=4'86 ev=4'86X 1'6 X107"? erg=7 78 X 107? erg. 


he 66 X 107 X3 X10” 
hv= 2d oe T -12 
9537 One 4537x107 778 x 10° erg. 


As the voltage on S (Fig. 19°8) is further increased, the electrons 
reaching C have energy either V ev or (V—4'86) ev. But as the acce- 
lerating voltage V exceeds the value 6°67 volt, we find that a good 
proportion of the electrons reaching the collector C have energy 
(V—6°67) ev only. This shows that mercury atoms can be excited 
to one more energy state 6°67 ev above the ground state. Proceeding 
thus, we find other energy levels. Ultimately when V exceeds 104 
volt we find that the electrons reaching the collector C have any 
energy smaller than (V—10'4) ev. It means that above 10°4 ev the 
energy levels for Hg atoms become continuous. We observe experi- 
mentally that for E>104 ev the mercury atoms break into an 
electron and a positive ion each, i.e., the atom is ionised. 


We express the experimental results of this investigation om 
gaseous mercury by the energy level diagram of Fig. 19'9 (a). Similar 


experimen, results for Cs, Na‘and atomic hydrogen are also shown 
here. 


A related experimental result is that the spectrum shows more 
and more lines as the energy of electrons reaches each of the discrete 


energy values, the measured wavelengths always satisfying the relation 
hv=difference of energy- 


For example, from Fig. 199 (a) we expect that when the accele- 
Jectrons is 8'84> V> 6'67 only two energy states 
(4°86 and 6'67 ev) are reached by the mercury atoms, and hence the 
lines should be at frequencies corresponding to 
hv=(6'67—0), (4'86—0), and (6'67—4 86) ev. But as soon as V exceeds 
8'84 volt three additional spectral lines should appear at hy=(8'84—0), 
(8'84—4'86), and (8'84 661) ev. This is exactly wh 

i.e., we have controlled excitation of the spectrum in steps. 


al 
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IONISATION 


EXCITED 
STATES 


ENERGY ABOVE GROUND STATE IN ELECTRON-VOLTS 


GROUND 
STATE £89, 
Na) MERCURY (b) CAESIUM (c) SODIUM (d) HYDROGEN 


Fig. 19°9. 
Energy states of some typical atoms. Only a few states 
are shown in each case 


Conversely, if white light is passed through mercury ve 
then only those Portions of the Spectrum are absorbed where 
values correspond to 4°46, 6°67, 8°84, and > 10°4 ev, 


Thus, Franck and Hertz experiments firmly establish that— 


(a) atoms have discrete energy states. 


the energy states are different for atoms of different 
elements. 


. . r 
(c) Ordinarily almost all atoms are in the ground ie 
Emission of light takes Place only if the atoms can be 
raised to one of the excited states. 
(d) the frequency of emitted light follows the rule hyv= AE. 
*The fact that absorpti i "67—4" 8'34—-667), 
aue a i absorptions corresponding to (6°67—4'86), ( 


in pe cte. do not Occur means that Ordinarily there are almost no 
atoms in the states above the ground State, 


* 
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Example 19:7. With Franck-Hertz type of experiment on sodiunr 
vapour the first spectral line to appear is the D-line, »=5-89 x 10-5em. 
Deduce the first excitation potential of sodium. 


Solution. If excitation potential is V volt, excitation enersy is eV joule 
where e=1°6X 10749 coul. Equating this with hy. 


` = he 66210" #x3x108 

16x 1079 V=hv= == — 589x107 
Ware 589x107 

662x3 


589x era volt. 


y= 


Example 19°8. Sodium has first two excited states at 2-1and 3'7 eV- 
In a Franck-Hertz experiment electrons of energy 4:7 eV are fired in sodium gas» 
Deduce the possible energy yalues of the electrons received at the collector. 


Solution, In collisions the electrons may lose energy 0, OF 21eV, or 37 
eV or 2x21 eV or (21 +37) eV, or (2x3°7) eV.-.Out of these the values below 
4.7 eV are 0, 2'1, 37, and 4'2 eV. Hence the possible energies of the received 
electrons are 4'7 eV minus these values. Thus 

E=4'7, 2'6, 1°0, 0°5 eV. 


197. The Specific Heats of Simple Solids. The specific heat 


per gm-atom of many elements in the solid state ranges from 5°38 to 
6°93 cal ( gm-atom)"* (deg)? with an average of 6'15. This experimen= 
tal fact is known as Dulong and Petit’s Jaw : atomic specific heats 0, 
simple (elementary) solids are nearly equal. 


However, there are striking exceptions like diamond and silicon 
showing Cy much lower than 6 cal (gm-atom) * (deg). Also, low 
temperature studies show that Cy of even those substances whi 

follow Dulong and Petit’s law at ordinary temperatures shows a large 
decrease as the temperature is lowered, tending to zero at T=0. 


Fig. 19°10 shows the typical results. 
average energy of an oscillator 


Now, in classical physics the ave ergy 

comes to kT for all oscillators. Hence if the solid is treated as made 

up of N oscillators (N=Avogadro number), each with 3 degrees of 

oscillatory freedom, the energy per gm-atom Is 
E=3NkT+Es (N=Ayogadro number) 

where Es is the binding energy in going from free atoms to the soild 

state. Now, since E, is largely independent of T, 


c= PE A3NE=3R=6 cal deg” mole 
This is a simple and elegant explanation of the Dulong and Petit’s 
law. But the theory totally fails to explain the exceptions (¢.8.. 
and Si) and also the variation of C, with temperature. Classical 
theory leads to C,=3R for all elemental solids at all temperatures. 
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Fig. 19°10, 


Variation of atomic Specific heats of some 
simple solids with temperature 


Planck’s assumption that an oscillator of frequency v may 
carry energy only in steps 0, hy, 2hv, 3hy etc. was applied by Einstein 


etc., the v value may be such that at room temperatures iv>kT. He 
chose a characteristic y=vp (called Einstein frequency to fit the 
the observed sp. ht. verus T curve for the concerned solid. For the 
Solids satisfying Dulong and Petit’s law Ye is such that Avs is less 
than kT at room temperature ; but as T is decreased kT becomes 
comparable with and then less than hve. He could fit the theoretical 


» with the experimental curves (Fig. 19°10) by choosing the appro- 
priate Ve for each solid. 


Thus the quantum assumption of Planck was used by Einstein 
to solve this great riddle which classical physics failed to explain. 


is evidence) and calculated sp. ht. from them for different T. But the 
essence is in Einstein’s acceptance of Eq. (19°6) for e in place of kT. 


A similar Problem existed in the specific heats of diatomic 
gases. Again the quantum assumption e=nhy for vibrational energy 


explained the experimental results satisfactorily, v in this case being 
known from Spectroscopic data. 


19'8. General Comments, It may be noted that we have not 
‚made any attempt to explain why the energy in electromagnetic 
radiations should occur in bundles of size hy or Why the energy of an 
oscillator (whether atoms ina Solid lattice or molecules) should occur 


in steps of hv or why an atom in free state can have only discrete 
We 
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energy states. ‘That does not amount to any cheating. Any new 
theory starts with some postulates (i.e. assumptions which are not 
explained), and Planck and Einstein used the quantum postulate to 
explain the experimental facts. If these postulates are integrated into 
a regular mechanics we would stand on a firm ground. For example, 
we cannot just use Newtonian mechanics to deduce the frequency Y 
of an oscillator and then impose a statement that energy may ocuut 
only in multiples of hv. Again we cannot use Maxwellian electro- 
magnetism to explain electromagnetic oscillations and waves and then 
impose the statement that energy somehow is bundled up in quanta 


of magnitude Av. 


j We have not dealt with the regular theory —now called quantum mecha- 
nics—but have only seen how certain experimental facts unexplained by 
classical mechanics can be explained, if the new mechanics would have scop? 
for the quantization of the energy in electromagnetic wave, in oscillators and 
in atoms. In fact j i 
or so. More and more phenomena co! 
such ad hoc assumptions added to 
mechanics came up. Quantum mechanics as a 
Heisenberg, Schrodinger and Dirac be 
after an initial step by de Broglic in 19: 
stage. 


PROBLEMS 


191. Given that for the solar surface T —6000K and e) is 
maximum at A=5500A4, deduce (i) Amax corresponding to 300 K, and 
(ii) temperature corresponding to Amaz = 4 

192. Planck’s theory gave the unknown function FAT) of 
Wien’s formula. Justify this statement. Did Planck’s theory justify 
the law of Rayleigh and Jeans ? 

193. A 100g mass oscillates with frequency 20 Hz and 


amplitude 6 mm. Consider Planck’s postulate for it, and comment 
whether the application is not valid, or the observation of discreteness 


in energy would be impracticable. 
distance 


194. Light from a 10 milliwatt source at 5 metre I 
wave theory compute the time 


required for an atom of the surface to gather 5 eV energy needed to 


expel an electron, assuming that the atom gathers energy falling upto 
10 atomic diameters 


(~104) around it. Discuss how photoelectric 
effect disagrees with this picture. 
anck’s postulate and 


195. Discuss the difference between Pl 
Einstein’s postulate about quantization. Comment on the statement 
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that the emergence of quantum nature of light is not a return to 
Newton’s corpuscular concept. 


196. State the chief experimental results of Millikan’s work 


on the photoelectric effect. Deduce Einstein’s postulates from these 
results. 


197. Light of wavelength A and intensity 7 ejects, from a 
given surface, electrons whose maximum speed isv. How willy be 
affected if the parameters are separately changed as follows: (i) ) is 


decreased to half value, (ii) J is increased 10-fold, (iii) the surface is. 
changed ? 


: 198. Light of intensity [°2x 10-2 Wm- falls on a photocell 
of surface area 0'43 x 10-3 m?. It A=4500A, work function 2°00 eV, 
and efficiency of photoemission 15%, deduce (i) the kinetic energy of 
of the fastest photoelectrons, and (ii) the satutation photocurrent. 


19'9. The work-function of a given cathode surface is 2'30 eV, 
Deduce (i) the maximum wavelength of light for which photoemission 


of electrons occurs, (ii) the speed of electrons emitted for light of 
\=2537 A, 


1910. Deduce the difference of kinetic energy of the fastest 
photoelectrons emitted from a given surface for lights of wavelengths 
2537 A and 4358 A.. Does this difference depend upon (i) the surface 
chosen, (ii) the intensities of the lights ? 


19°11. Critically comment on the following statements : 


(a) If we look into a cavity whose walls are maintained at a 
constant temperature no details of the interior are visible. 


(b) Einstein’s theory of Photoelectricity invalidates Young’s. 
experiment on the interference of light. 


(c) Atoms in gaseous state have a discrete absorption 
Spectrum, but not sc the atoms of a solid. 


E i Deduce (i) the Compton shift of wavelength, and (ii) 
fraction of energy shared by the recoil electron when a photon of 
Ao=0°674 A° suffers Compton Scattering by angle 120°, 


113. Light of intensity Z falls normally on a disc of radius r. 
A fraction R is i i 
for the force due to the radiation. R 
disc), other details remaining the same, 


; 1914, Why is X-ray region the most suitable for Compton 
shift studies ? Why do we not get just two Sharp peaks in fig. 1°95 
though the incident radiation is monochromatic ? 


D e 
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1915. A beam of light of intensity 50010? Wm" falls at 

anpe 30° from the normal on a plane sheet which has transmission 

0%, reflection 25% and absorption 15%. Calculate the radiation 
pressure on the sheet. 


1916. A spectral series is expressed by 


— __ l0o7dle = See Ë 
n= 006 0-024 (n=3, 4...) 


Calculate the A corresponding to the first line, and also for the series 
limit. Calculate the ionization potential if the constant term repre- 


sents the ground state. 


19'17. Four spectral lines of atomic hydrogen fall at A values 
6563, 4861, 4341 and 4102 A. Fit them in Balmet’s formula, and 
also deduce Rydberg Constant. What will be the AÀ of the series limit 
of this series ? 


19°18. Ina Franck and Hertz experiment an atomic gas shows 


excitation potentials 6'7 volt and 8'9 volt. Tf electrons accelerated 
through 140 volt are shot into a gas containing these atoms, deduce 
(i) the possible energies of electrons reaching the collector, (ii) the 


possible wavelengths of the emitted light. 


19°19. An atom has the first excitation potential at 3°27 volt 
and its isonisation potential is 10°41 volt. Deduce (i) the binding 
energy of the outermost electrons in ergs, (ii). the longest wavelength 

in its absorption spectrum. ; 
1920. If the first three absorption lines of an atom are at 
6000, 4000 and 3600 A, draw the energy level diagram to ~~, ae 
the 


show the transitions for these absorptions, Compute also a 
conceivable lines in emission (not all of which may really occur): 


19°21. Show that on Finstein’s th 
solid at temperature T wi $ 
value, where x=hve/kT and ve is Einstein frequency for that solid. 


Compute the factor for x=0'5, 1 and 4. 

19.22. “Intensity of light of a given à falling on a surface is 
increased 4-fold.” What would this statement mean on (i) the classical 
wave theory, and (ii) quantum theory Under what conditions 
would an experiment decide between the two views ? 


_f 


20 


The Shell Model of the Atom 
—— Ee es—“(‘i‘COCSCSCS 


Atoms give characteristic Spectra as discussed in § 19°4, The 
energy states they can tak. i 


the structure of atoms and 
This Chapter deals with evide 


and an equal amount of positive charge. Also, 


of liquids/solids and Avogadro number N, the 
Settled to be a few Angs 


_Water-melon model of the atom in which 


through molar density 
size of an atom was 


21'1. Experiments on the Scattering of 4-particles. | In aa 
years 1911 to 1913, Geiger and Marsden (under the guidance’ o 


SCINTILLATION 
SCREEN : 


yA 


p SCATTERED x 
R 


D 


$ 


INCIDENT XT Golo 
FOIL 
Ke 


Fig. 20'1. 
Rutherford experiment on scattering of «particles. 


Rutherford) did a most remarkable series of experiments to study the 
Structure of atoms 


. They shot a-particles through a thin foil of gold, 
| and observed the number of them deflected through different angles 


Ue 
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¢. Fig. 21°1 shows the arrangement schematicall The «-parti 
came from the radioactive element EEEN heir page 
16X10 cm/sec*. The scattered «-particles were received on a screen 
at various angles ¢ at a distance R. They caused scintillations in the 
fluorescent material on the screen, and a microscope was used to 
count the scintillations per minute in a fixed field of view. The whole 
| arrangement was kept in vacuum to avoid collisions of «-particles 
with air molecules on the way. The gold foil was kept very thin, 
being ~107° cm in thickness, to ensure that whatever deflection was 
observed was due to single encounters of a-particles with gold atoms. 


The most important aspects of the observations were the 


following : 
(i) A very large proportion of the a-particles passed through 
the foil with negligible angular deflection. 
(ii) A small bat finite number of a-particles suffered quite large 
angle scattering, including 180° deflection. 
(iii) The detailed angle-wise distribution of scattered particles 
followed a cosec* (d/2) law. 


Rutherford deduced valuable inferences from these facts about 


the structure of the atoms of gold. We proceed to outline them. 


(a) Gold atoms have diameter d~2'6X 107° cmt, so that in 
the 10-* cm thick gold foil used in the experiments there are thus 
~400 layers of gold atoms. The fact that a very large proportion 
of the «-particles went with negligible deflection would mean that the 
massive part of the gold atoms was limited to a diameter much less 


than the atomic diameter 4. 
ome «-particles means that they 


face a potential barrier of height exceeding the kinetic energy with 
which they come. Rutherford considered that if the positive charge 
Ze was concentrated in a sphere of radius ”, with Z electrons outside 
somewhere, the maximum potential energy of the alpha particle and 
positive charge Ze system would be (assuming inverse square law 


(b) Large angle scattering of s 


force) — 
ga a eee (201) 
r r 
Now, if an a-particle is to rebound (180° scattering), We have 


Ze : 
eat >4m,V? . (20 2) 


*q-particle has mass ~4 hydrogen atc ms and charge +2 electronic 
pee In radioactivity they come off spontaneously, and their speed 


is characteristic for each radioactive material. 
4 d=( volume)" 3=(mass/density)* [197 x 167X 10724119311. 
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For the « particles from polonium V=1-6X10° cm/sec., and from 
X-ray scattering experiments Z for gold is given as 79. Substitution in 
Eq. (20.2) leads to 


T<4X 10732 cm. 


Thus the positive charge of the gold atom must be concentra- 
ted in a radius roughly 10~* times the atomic diameter. 


Notice that we are not asking how many particles suffer large angle 
scattering; just the fact that such scattering occurs gives us an upper limit for r, 
Later on «-particles of about 10-fold energy have also been found to suffer back- 
Scattering, which sets the upper limit of r to a correspondingly lower value. We 
may thus write broadly 


r~10-? cm. 
In Eq. (201) we have assumed that the inverse square law of electrostatic 


forces remains valid at r-~10-12 cm. Ifa different law applied at such small 
distances, the r value deduced would not be valid. 


z. 
iy 


BORIMASwWN 


® x 


Fig. 20°2, 
Schematic representation of deflection of -particles by a nucleus. 


tribution of the scattered “particles. Fig. 20°2 
resentation of a stream of “-particles passing 

which would pass at a closer lateral 
te deflected more ; those (like 1 in Fig. 
0 ] suffer 180° deflection; 
- 20°2) passing far from the nucleus suffer 


“Wi 
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If No is the number of incident i 
l } particles per cm? per secon 
and N; is the number received on a screen of given size e nie 


in a given direction ġ, the inverse square law gives the result 


Ng =N,K (cosec ¢/2)4 .-.(20°3) 


LOG (ae ) 


Fig. 20°3. 


Quantitative verification of the applicability 
of Coulomb’s Law in a-scattering 


where K is a constant proportional to Z? and V~! and a factor depen- 
ding on the geometry of the observing system. 


The experiments of Geiger and Marsden showed very good 
agreement with eq. (20°3), as shown in Fig. 20°3. (Later experiments 
have shown that the constant K is proportional to Z? and V-4, both 
of which agree with the theoretical predictions from Coulomb’s law). 
blished that 


Thus this series of careful experiments firmly estab 
the mass and positive charge of the atoms is concentrated in a nucleus 
of size~107-22 cm. and that Coulomb’s law is applicable for distances 


as small as this. 


È In fact certaln departures from the results expected on sit 
interaction are observed. But we shall not g0 into these finer points. One may 
rgy will go nearer the nucleus 


imagine that projectiles of greater kinetic ene! 

and then the departures may become more and more serious. The matter is not 
that simple. More serious departures may occur at particular energy values than 
at higher energy values, meaning that some kind of ‘resonances’ Occur. 
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Example20'1. With «-particles from polonium (v=1'6x 10° cm/sec} 
calculate the nearest approach rọ with silver nuclei (Z=47). 


Solution. Nearest approach is for head-on collision, and all kinetic 
energy then becomes potential energy. 


gmg =2e.Ze]ro* 


si 4 (4°8 x 19720)2 x 47 


"0 Fx 167x104 (16x10) 


=2'5x10-* cm. © 


202. Rutherford Model of the Atom. Rutherford established 
that the atom consisted of a nucleus 
of size ~10- cm, carrying charge 
+Ze, and almost the entire mass of 
the atom. Since the atom asa whole 
is neutral, Z electrons must be distribu- 
ted in some way around the nucleus at 
distances upto ~1078 cm. NUCLEUS 

(PROTON) 

The electrons could not be at 
rest, otherwise they would fall into the 
nucleus due to electrostatic attraction. 


So Rutherford imagined the electrons Fig. 20°4. 
as revolving around the nucleus (like Simplest model of the 
the planets round the sun) in such a hydrogen atom 


way that the electrostatic attraction 
provided the centripetal force. This 1s called the Rutherford model 
of the atom (Fis. 20°4). 


From elementary electrodynamics we know that an electrical 
charge going round a circular path with frequency f should emit 
electromagnetic wave having frequency v=f. In other words, by 
arttributing different orbits to different electrons in an atom we could 
relate them with the different frequencies observed in the emission 
pectrum. Further, if the electron motions are not simple harmonic, 
then by Fourier theorem we could explain the occurrence of higher 
harmonics 2v, 3v, etc. and also of cominbations vit 2v, 2v1 +3Vs, etc. 
However, observed frequencies in the spectra of atoms do not show 
such relationship at all, as seen in Chapter 19. 


There is an even more serious difficulty. As the system loses 
energy by radiation, the orbit of the moving charge must go on con- 
tracting and the frequency must go on increasing continuously. Thus 
the classical theory would account neither for sharp lines in the 
spectra nor for the stability of atoms, 


*Nearest approach’ distance rọ is greater than the nuclear radius r. Notice 
that we use equality sign here, unlike in Eq. (20.2). 
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It was in these circumstances that Bohr (1913) put forth his bold 
postulates to quantize the energy states of the atom, just as Planck had done 
13 years earlier to quantize the energy in oscillators in the walls of a blackbody 
chamber. 

Example 20:2. At what frequency should an electron revolve aroun 
a proton if orbit radius is 0:53 A ? Estimate the wavelength of radiations pan 
on the classical theory. 


Solution. Equating centripetal force with the Coulomb force, 


mv’/r=e'/r? = v=e/(mr)? ++-(20°4) 
Frequency is given by v/2%r. Hence, 
f=v/2nr=[e/2a)m—/? r? «ee(20°5) 


With r=0°53 x 10-8 cm, substitution gives 
f=66X 1085 s=: 
On the classical theory this is also the frequency of radiation emitted. 
Hence 
e _ 30x 10 cm s k = oye 
Des Fi 766x108 = 45X 1078 cm (450 4°) 
20:3. Bohr Model of the Hydrogen Atom. To explain both 


stability of the hydrogen atom and the series of spectral lines in 
emission and absorption, Bohr put forth the following postulates : 


1. Stationary Orbits. The motion of the electron in the field 
of the nucleus is restricted to one of a certain set of stationary orbits. 
While moving in any one such orbit, it does not radiate out energy. 


2. Quantum Condition. The stationary orbits are given by the 
rule that angular momentum pg of the electron about the nucleus is : 


h t 
pp=mr= ap (n=1, 2.) ...(20°6) 


in which / is Planck’s constant and n is an integer, called the quantum 
number of the given state. 


3. Transitions, If the electron jumps from a higher to lower 
energy orbit, the difference of energy is given out as a packet of sh 
tion. if the jump is from a lower to a higher energy orbit, the require 
packet of energy must be absorbed from some external agency. 


4, Frequency Condition : 
two states involvedin a transition, then the 
absorbed in the transition has a definite frequency 


condition 


If E; and Ey are the energies of the 
radiation given out or 
y given by the 


y= 


| E,-E | (20.7) 
rhea 


where h is again Planck’s constant. 


*Actually A=c/v, and assumption y=/ is not valid in Bohr theory. 
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With these assumptions, Bohr’s model explains the spectrum of 
atomic hydrogen in the following steps : 


(a) Energy expression from classical theory: Fora circular ni 
orbit of radius r, traversed with speed v» we equate centripetal 
acceleration with electrostatic attraction. For a nuclear charge Ze, 
we have 

2 2 o2 
Fee Ay op ae ...(20°8) 
Mün 
This gives kinetic energy of the electron : Ekın= pmo, = Ze? 
Adding the potential energy —Ze*/r, with respect to the state of 
ionized atom as zero level, the total energy is given by 


E=E jin +Eqo,= —}$Ze3/r, .+.(20°9) 
(b) Quantization of the orbits: Bohr’s quantum condition for 


the n* orbit gives v,=nh/(2nmr,). Substitution in Eq. (20.8) and 
solving for r, gives 


EnA NANA A AR ; 
Tn A pok TEFA 3 where 0= Fai ...(20'10) 


The quantity a (called Bohr radius) is the radius for n=] and Z=1. 
From known constants we get 4,=0,5268 A°. 


(c) Quantization of energy : Eqs. (20.9) and (20.10) give 


2n®e*mZ2 RheZ* j 2 
£,=- sec =- a ier age electron-volt 


(20°11) 
2n®eim 3 ; 
Hee (Rydberg Constant)=1°097 x 105 cm! ...(20°12) 


where R= 


_. () Emission spectra: IF suffixes i and f refer to the initial 
(higher) and final (lower) states, Tespectively, then the frequency v of 
light emitted in this transition is given by 


E-E; >Re Re gee 
| ie ie =~ ae (a )-Re(4- at) 
The reciprocal wavelength (wave number) of the radiation is given by 


areal A oY ae Oe 
i= =r 4-1) ...(20'13) 


ad put n=l and letn, be a running number >1...we get a 
jes 


v=r( -5 ) (n=2, 3, 4...) ...(20°14) 


This has the same form as e i 
as f q: (19.17 a) for the Lyman series. We 
may similarly obtain expressions for the other observed series in the 
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spectrum. Note also that R (calculated) = R(experimental). 


Fig. 20'5. 
Representation of electron orbits in hydrogen 
atom, with the transitions for emission 


A schematic representation of the various Bohr orbits is given in 
Fg. 20'5 and the corresponding energy levels are shown in Fig. 20°6. 
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Energy level diagram jor the H atom Transitions for absorption 3 
y Per Only the Lyman series 

L) is observed at ` 
i ordinary temperatures 
The transitions for different spectral series in emission are ie fa 
both these figures. The quantity ‘term yalue’ is given by—En/he, 
and differences of term values directly give the v value of the related 
emission or absorption line. 


(e) Absorption spectra. Absorption corre 
from a lower to a higher energy orbit (Fig: 2 


sponds to jumps 
However, at ordi+ 
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mary temperatures almost all the atoms in atomic hydrogen are in the 
ground state =1*. Hence only the Lyman series is experimentally 
observed in absorption. In the solar spectrum the Balmer series js 
observed because sufficient fraction of atoms exist in state n=2 also,* 


(f) Some quantitative considerations : For the spectral lines, 
Bohr’s theory not only gives expressions of the same form as the 


experimental ones, but gives close numerical agreement in the value 
of the Rydberg constant. 


For the spectra of singly ionized helium (He*) and doubly 
fonized lithium (Li**) the same equations with Z=2 and 3 respec- 


tively should represent the spectral series. This is found to be the 
fact. 


4)=0'53 A gives an order of magnitude 14° for the atomic 
diameter of H atom, which is not in conflict with the order estimated 
from other considerations like viscosity, conductivity, etc. 


The orbiting frequency for the ground state (n=1) comes to 
F=66X10" Hz (See Ex. 20°2). For this there is no straight check. 
Incidentally, the frequency of emitted radiations (say Ha line) is of 
the same order : 


PE AE aS UE T 


A™~ 6X10 cm 


This indicates that the orbiting frequency ( f ) may have something to 
with the frequency of emitted radiation (v). However, Bohr’s 
theory totally rejects any direct relationship between f and v. 


Example 20:3. Deduce the wavelength of the first two Balmer lines im 
Het, given R=1:097 x 105 cm~ 


==(j 5S 10” Hz 


Solution, For Het we have Z=2. Hence the Balmer series is 


7 =1097x10°x4( -4 ) cm!;n=3, 4... 


Substituting n=3 and 4 in turns and taking the reciprocal gives 
A=1°64X 10-5 cm ; 1'21X 10-5 cm. 


20'4. Excitation and Ionisation Potentials of Hydrogen, ** 
The energy levels are often expressed in the unit electron volt, 
abbreviated ev. Bohr’s theory [Eq. 20°11] leads to 
E,——13°61 ev, 
n2 


* If Exe is energy difference between states 1 and 2, the ratio of atoms in the 
two states at temperature T is given by Boltzmann law in thermodynamics as 
N2/Ni=exp [(—Eis/kT]. For atomic hydrogen levels with n=2 and n=1, this 


ratio comes to exp (—400) at room tem rature, and exp (—20) at the tempe- 
rature of the Sun, pe xp (—20) 


t Lyman region is Suppressed by absortion by earth’s atmosphere, 
**See also § 19°6, Franck and Hertz experiments, 


— 
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The excitation energy for any state 7 is measured relative to the 
ground state (n=1). Hence 


excitation energy=—13"61 (air )=196 (4 2 4 )er 
...(20°15) 


The same number expressed in volts is called the excitation 
potential, \t means the potential through which an electron should 
fall so as to acquire that much energy. By putting n=2, 3... We 
get the successive excitation potentials as (0°21: 12:10"... volt. 


_ _ If we putn=o in equation (20°15) we get what is called the 
ionisation potential of atomic hydrogen. Its value 
is 13°61 volt. It is the potential through which 
an electron must be speeded up so that on 
colliding with an atom of hydrogen it is just able 
to ionise it (i.e. separate its electron and proton 
with zero kinetic energy). The ionisation energy 
for hydrogen atom is 13°61 electron-volt. 

Fig. 20°8 shows some transitions which may be 
caused by inelastic collisions between an external agency 
and an atom. Here, 1 and 2 are cases of ‘excitation’, 3 
is a case of just ionisation, and 4 and 5 are cases where 
there is not only separation of the outermost electron 
from the atom, but there is extra energy which goes as 
kinetic energy of free motion of the separated particles. 172345 

In § 19°6 we described an experiment which in Fig. 20°8 
effect measured the excitation potentials. by ae eee 
Franck and Hertz, was published just one year after Bohr gave his theory. (Itis 
interesting that at that time they were not aware of Boht’s theory). However, 
the experiments confirm only the concept of discrete energy states of an atom. 
How this discreteness arises is not answered by these experiments. Bohr’s 
theory is one answer ; there may be other answers too! In fact the quantum 
theory today is very different from how Bohr putit. But the initial step by 
Bohr was very significant. 

20°5. A Close Examination of Bohr's Theory. Bohr’s assumi 
ption 1 (20°3) solved the problem of stability of the Rutherford model 
of the atom merely by postulating that there is no emission while 

allowed orbits. It was a drastic postus 


electron moves in one of the i 3 a 
late, which threw away the only mechanism of radiation of electro 
magnetic waves known at the time. It violates the classical idea : an 
electron in circular orbit is an accelerated charged particle and it 
must radiate if classical theory is to remain valid. 


Assumption 2 appears arbitrary. Why the angular momentum 


h is ome other property like v or ror E? 
should be quantised and not som p p Y iow? However, 


And why the quantum step should be in uni , A 
Planck had earlier discussed quantization of the harmonic oscillator 
(Chapter 19). Its corresponding form for the present case would be 


p Pg dg=nh. (a integar) 
in harmony with 


..-(20°16} 


which gives Eq. (20°6). Thus Boht’s assumption is 
Planck’s approach for a harmonic oscillator. 
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Assumption 3 is silent about the mechanism by which radiation 
occurs; it merely tells that if there is a downward transition, the energy 
difference comes out as radiation. Now, from a given higher energy 
State the atom can pass on to several lower energy states. Bohr’s 
assumption does not say to which of these states the atom will pass 
spontaneously, at what time, and in what preference or proportion. 


Assumption 4 is again a bold postulate, but since Einstein had 
used it successfully in another context (photoelectric effect, Chapter 
19), it was not altogether out of the way. Eq. 20°7 is called the 
Einstein frequency condition. 


Thus Bohr’s theory is a hybrid of classical and quantum ideas in the 
Sense that equation (20°10) is obtained from classical ideas, while the orbits are 
fixed by quantum condition (20°6) and the frequency of radiation is fixed by 
another quantum condition (20'7), rejecting v=f. 


However, the theory was astonishingly successful in explaining not only 
the hydrogen spectrum quantitatively, but in paving the way foran under- 
standing of all spectra and atomic structures. Therefore, there was frantic 
search for a proper logical basis for the assumptions made. Quantum Mechanics 
was rapidly developed. That theory follows logical lines, leads naturally to 
ywantized angular momenta and quantized enerfy states, and gives a mechanism 
for radiation, including quantitative values of transition probabilities between 
different energy states. That theory (the quantum mechanical theory) does not 
talk of definite electron orbits, radii, velocity, etc., but only of definite energy 
states. It is logically far more sound and Statisfying. But its ideas are rather 
abstract. Therefore, Bohr’s simple picture, though logically less sound, is still 
of great interest for the beginner. 


20°6. The Shell Model of the Atom. Bohr’s theory was 
extended and refined by several workers to explain ; (i) finer splittings 
within each spectral line of the hydrogen spectrum, and (ii) the 
structure, spectra and physical and. chemical properties of other 
atoms. Ultimately a fundamentally different approach (viz., quantum 
mechanics) was developed, which broadly gave the same results as 
Bohr’s theory, but went much farther in giving many other results, 
We shall only give the outlines of some significant results from 
quantum mechanics.* 


* ‘See § 23:9 for details. 


Wag 
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(a) Quantum numbers n, | and m 


The quantum mechanics, applied to 
electron--nucleus system, gives three quantum 
numbers : 


n, the total quantum number, which 
governs the major part of the 


energy through terms like 
E,=—Rjn* 


I, the azimuthal quantum number, 
which governs the orbital angular 
momentum L)=/h/2x,t but also 
slightly affects the energy. Thus 
each En level becomes a multiplet 
level described by En. For a given 
nthe allowed values of} are 0, 1, 


2,...(n—1). 

m, the magnetic} quantum number 
forl, which governs the compo- Fig. 20°9. 
nent of orbital angular momentum Space quantization 
along a specified axis : bo for 1=2. 


mlh/2n. For a given 1 the allowed 
values of m; are from +1 to—l in steps of 1. 


In Fig. 20°9 we show the case of /=2. Imagine an orbit with 
its plane L” to the plane of paper. Then the vector Ih/2m lies in the 
plane of paper. However, if 2 is a defined axis, then / can take just 
five possible orientations with respect to Z-axis, such that the compo- 
nent of /h/2m along 2 can take five possible values (+2, -1,0, —1 


—2)h/2n. 


(b) Electron Spin 


In addition to the above, the electron itself is attributed an 
intrinsic spin angular momentum sh/2n, with quantum number s 
having a fixed value $. The corresponding space quantization © 
electron spin gives us : 


m,, the magnetic quantum number for Ss, which governs the comi 


ponent of spin angular momentum along a specified axis : 


L:(s)=m,h/2x. Since s=}, there are just two possible values 
of m, : + 1/2 and 1/2. 


+ Note that in Boht’s theory the angular momentum is also determined by quan- 
tum number 7) 
i i i magnetic field the 
i t is associated with [as well as $. Inan 
Ae of pen along the Z axis determine the maa Ppa to 
energy. Hence quantum numbers M; and m, bear the adjec' 


A 
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Table 20'1. Available States for Different n Quantum Numbers in an Atam 


D raa 


Skell (n) Sub-shell (J) m Ms 
n=1 l=0 0 1/2 
(K-shell) (1s) 0 =z 
n=2 l=0 0 1/2 
(L-shell) (2s) 0 —1/2 
l=1 i 1/2 
(2p) 1 —1/2 
0 1/2 
0 —1/2 
al 1/2 
= —]/2 
TE ree 
n=3 1=0 0 1/2 
(M-shell) (3s) 0 =1)2 
a 1 1/2 
(3p) 1 —1/2 
0 1/2 
0 —1/2 
zl 1/2 
aaf =1/2 
l=2 2 1/2 
(3d) 2 —1/3 
1 1/2 
1 —1/2 
0 1/2 
0 —1/2 
FER 1/2 
=f [y2 
-2 1/2 
-2 ==1/2 


Res 


(c) Coupling of orbit and spin momenta 


Ae aJ quantum number, which can take only two values /+ 1/2 and 

1/2 (since s=1/2), However, in a Strong magnetic field these 
couplings break, so that j loses meaning. Only n, /, m, and m, then 
define uniquely the ‘state’ of each electron, 
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(d) Pauli’s exclusion principle 


j It says that no two electrons in a given s stem can occu 
identical states*. This principle decides § caistribution of Z ies 
of an atom in successive energy shells defined by "=1, 2,3, 4... and 
called K, L, M, N...shells. Table 20°1 shows the n, l, Mi, Ms combin- 
nations possible (upto n=3). The sub-shells [=0, 1, 2, 3, bear the 
symbols 5, P, d, f... from spectroscopic practice. Thus, for n=3 
(M-shell), you can have 3 sub-shells with 1=0 (3s), 1 Gp) and 2 (3d). 
Then for a given sub-shell you can have various m, values and for 
each of them Ms could be +1/2 or —1/2. 


The procedure gives the number of states available in various 


shells and subshells as follows : 
Shell Sub-shell : s P d f Total 
n=] (K) : 2 — — — 2 
OE) = 2 6 — — 8 
3 (M): 2 6 10 — 18 
4 (N): 2 6 10 14 32 


(f) Electronic Configuration of an Atom. 


The Z electrons of an atom start filling from the lowest energy 
states, going upwards. The order of energies is decided by two rules 3 
(i) A lower 7” means lower energy, and (ii) within a given ", à lower / 
means lower energy- However, if n goes up by one step and / goes 


down by two steps, we reach a lower energy levelt. 


Keeping these in mind the levels fill successively in the order 
15, 25, 2P, 38, 3P, 45 3d, 4p, 5S, 4d, 5p...» AS an example the distri- 
bution of 11 electrons of normal sodium atom may be described in 


the form given below : 


main line, 


azimuthal quantum number / is expressed by 5 p, ete. and the 
in each 7, l state is written as superscript. The 
ete shells (or sub-shells), so that one 


tate (n=3, 1=0) is in the outermost unc 


The above description is called e 4 
As another example, the electronic configuration 0 
the ground state is 
(1s? 28° 2p® 3s* 3p) 49° 
+ This is a general rule following from quantum mechanics for all spin-half 
particles, which are also called Fermions or Fermi-Dirac particles. Integral 
spin particles are, in contrast, called Bosons (named after SN Bose) and any 
number of them can occupy â given state. 
+ Asan example, from 3d to 4s we find n increasing by one step and / decreasing 
by two steps; SO 4s state is lower than 3d. 


330 Optics and Atomic Physics 


Note that the 3d sub-shell has not started filling; 4s fills first, which 
has / value 2 steps lower than that for 3d. 


It iscustomary to consider the completed shell as core, or 
the electrons there as core-electrons, The outermost electrons are 
called valence electrons in chemistry and optical electrons in spectro- 
scopy. 


It may be noted from Table 20'1 that each completed subshell 
has Zm,=0 and &m,=0. Hence Zm, and &m, values for all Z 
electrons are equal to the Sm, and 2m, values of the valence electrons 
alone. Thus the orbital and spin contributions to the angular 
momentum (and hence the magnetic moment), the chemical activity 
and magnetic properties, all are determined solely by the electrons of 
uncompleted shells, They are the electrons which determine chemical 
combinations and optical spectra. 


Fig. 20°10. 
Schematic representation of the electronic shell structure 
of copper (Z=29), 152 252 2p® 3s? 3p° 3d 4s 


i A Fig. 20'10 gives a schematic representation of the electronic configura” 
Jon of the normal Cu atom. However, this kind of diagram is an over simpli- 


fication. The relative diameters of shells or the sub-shells must not be taken 
Seriously, 


. 207. The Periodic Table of Elements. Pauli’s exclusion 
Principle makes the Z electrons in an atom arrange into K, L, M, N... 
shells ; also for each completed shell the angular momentum and 


ence with increasing Z the properties of elements nearly repeat as 
a „Shell is completed. This periodic repetition was observed in 
chemistry early, whence the periodic table of elements was given. 


hie ider the electronic configurations of the atoms given 


H Sexier ibs Z=1 
Li (1s) 25 3 
Na (1s? 25% 2p) 3s 11 
K  (1s* 253 28332 3p8) 4s 19 
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In each case there is one electron outside the ‘core’. The outermost 
electron therefore effectively moves under a central charge nearly 
+le in all these cases. The atoms with Z=1, 3, 11, 19 must have 
similar properties. They all actually have chemical valency +1. 
They also have sim ilar optical spectra ‘and similar magnetic properties. 


Consider next the atoms with the electronic configurations : 


He (1s*) Z=2 
Ne (1s? 28? 2p°) 10 
A (1s? 2s? 2p® 35% 3p*) 18 
Kr (152 25? 2p° 3s* 3p8 3d? 4s? 4p°) 36 


In each case here the shells (or sub-shells) are complete, with no 
electrons outside the ‘core’. For completed sub-shell Sm,=0, Em, =0. 
Thus the ‘core’ always has net angular momentum (and hence magne- 
tic moment) zero. Hence all these atoms are chemically inert 
(inactive) and magnetically neutral. 


Further, consider the halogens whose configurations are— 


E (1s? 28?) 2p° z=9 
cl (1s 282 2p° 35") 3p° 17 
Br (1s? 252 2p° 3s? 3p® 3d° 4s?) 4p 35 
I (15% 25% 2p° 38? 3p° 3d”? 45° 4p 4d) 55°) 5P* 53 


i j i i lete the 
Here in each case just one electron more 1S required to comp 
: ow chemical valency — 1- 


p sub-shell. These elements therefore all sh 
They have similar optical spectra also. 


i i i iodi ble of elements on the 
We can go on discussing the entire periodic, te zi para, Salal 


basis of electronic configurations. The point is i the 
magnetic and other properties of elements are now explained in terms 0! 
electronic configuration of the atoms. 


20'8. The Spectra of ne Atoms. 
cterised by a ‘core’ of Z—1 electrons, an 
the cine f a whole has (in alkali atoms) a net on m t Se 
one optical electron is free to move under the me ai Pook 
Hence, the spectra : 
sper of hydrogen atom. The energy levels are given by terms 
like those for the H atom : 

oa‘ SE -.(20°17) 

ns m- a)” f 

: i, wi Na, so 

where n is an integer starting with 2 for Li, with 3 pr ane ae fd 

on, and æ is called ‘quantum defect which is posit rom Bohr 

upon the / quantum number. The reason for pe ioe Tean 

like terms —R/n* and replacing 7 by "= may adare from the 

Fig. 20°11, which is an old depiction t0 Na eae para aaron 

‘core’ (shown shaded), three of the lowest states of the op E ioe 
are shown ; 35, 3P» 3d, All s orbits ate yery elliptical, an4 
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penetrate into the core in part of the paths. These are therefore 
called penetrating orbits. Then are the P orbits, which are less 
elliptical and therefore less penetrating. Then d orbits have even less 
Or no penetration. 


For the non-penetrating orbit, the nuclear charge Ze is shielded 
by charge—(Z—1) e of the core, so that the effective central charge 
is 1 e., But the penetrating electrons, in part of their paths, move 
under a larger central charge. Hence the penetrating electrons have 
more binding, ie., their energy levels are lower (more negative). To 
account for this penetration, œ is introduced in Eq. (20°17). Itis 
largest for s States, and is smaller and smaller for P, d, f...states. In 


Fig, 20°11. 
The core and three of the many 
Possible states of optical 
electron in sodium (schematic) 


sodium the quantuna defect is 1°37 for s-states, 0°88 for p-states, and 


zero for d-states. In rubidium the values are much larger, being 
3°19, 2'17 and 1523, respectively. 


_ „ Apart from this difference, the spectra of alkali atoms are 
similar to those for hydrogen atom 


Example 20:4. The ns and np states of sodium atom haye quantum 
defects 1:37 and 0'88 respectively. Calculate the energy values for the lowest 
three levels of each set, draw an energy level diagram, and deduce the wavelength 
of the spectral line for the transition 3p—3s,* (R=109670 cm~?) 

Solution. In Na the lowest n is 3. Usi l tates. 
Eq. (2017) ie est n is 3, Using the « values for s and p states 


E,y=— 109670 _ 109670109670 
(1763)" * TF » (3632 “™ 
=—41290, —15850, —8326 cem=? 


* This transition gives the familiar D-line of sodium, »=5893 4°, 
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__ 109670 _ 109670 109670 4 
»=— Giant C @i 
=—24410, —11270, —6463 cm~? 


IONISATION | STATE o 


1x104 


2x104 


3x104 


4x104 
cm 


Fig. 20.12. 
Energy level diagram for Example 20'4. The s-states are on 
the left and p states on the right. 


The energy level diagram is given in Fig. 20°12, The transition m=3 to n=3 is 
also shown. The wavelength is given by 


1 
4129024410 “™ 


t= T= 
y 


=m? x10-5 cm. 

20:9. The X-ray Spectra. The spectrum of an X-ray source 
has two parts : continuous spectrum, which has a sharp low A limit, 
and characteristic spectrum, which has sharp peaks at A values charac- 
teristic of the target (anode) in the X-ray tube. The absorption spec- 
trum of X-rays has also two parts : general absorption at al ? an 
characteristic absorption, which gives not absorption lines but eages. 


The shell structure of atoms is able to explain all these features. 
Characteristic X-Rays 


In an X-ray tube, accelerated elec- 
trons strike a target (say tungsten) and; 
produce X-rays. In an atom with high “A 
Z, the K-shell, L-shell, M-shell are full, 
and there may be a vacancy in N-, O.. 
shell, and (of course) outside the atom. 
The striking electrons may excite a 
K-shell electron of the target. But sinc? o 
~ and M-shells are a ea puna: 
ple requires that the A-she electron Fig. 20.13. 
only eo-outside the atom (Nay Gee aoe : 
R ‘outside’). So A geta K-vacant X-ray emission eee 
State. Similarly, the striking electrons rom & kee ta 5 
may create a L-vacant state OF a M-vacant for two voltages. 


state. 


ice 
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The process needs high energy. For example ina copper atom (Z=29) 
each K-shell (n=1) electron is effectively under the field of charge~28e, Hence 
from eq, (22°10) the radius of K-shell is~1/28 of Bohr radius ap. Also, from 
eq. (20°11) the binding energy is~(28)* times, that is, the energy required to 
remove a K-electron out of this atom is~[28]?x13'6 ev, where 13°6 ev is the 
energy required to remove an electron from hydrogen atom. Similarly each 
Core electron in L-shell (n=2) is effectively under the field of charge ~(29—9)e 
=20e and hence the energy required to knock off an L-electron is, by eq. (201), 
about [(20)?/2*)] x 13°6 ev. That is why in an X-ray tube free electrons are acce- 
lerated through a potential of several kilovolt. 

In the case of X.rays, the energy level diagram (Fig. 20°14) is 
drawn with reference to normal atom as the zero state. Since 
K-level is deep, the K-vacant level is very high. The L-vacant level 
is less high. If N refers to an optical electron, then N-vacant level 


will be just a few ev above the normal atom level, equal to ionization 
energy. 


Now, once a vacancy in K-level is created, it may be filled by a 
jump of L-, or M-, or N-electron into it. Correspondingly the atom 
changes from K-yacant to either L-vacant, or M-vacant, or N-vacant 
state. In Fig. (20°14) the three arrows on the left show these 
transitions. The emission lines are called the K-series and marked 


Ka, KB, Ky. The two arrows on the right show transitions in which 


a vacancy in L-shell is filled by the jump of an M or N-shell electron 
into it, They are members of L-series. 


82.7 kev K In gold we would expect Ka and 


KB lines at Ex—En=66'5 kev and 
Ex — Eu=78'6 kev (A&0'19 and 0'164). 
Similarly Læ line would fall at Er — Em 
=12'1 key (AS1A°), and so on. 

Actually many finer details are involved. 
But it is remarkable that even gross approxi- 
mations as given here are able to explain the 
general nature of X-ray spectra quite well. 


Ka fany A point to note is that although Ke line 
corresponds to energy 65'5 kev, creation of a 
vacancy in K-shall would require 82-7 kev 
energy. Hencean X-ray tube run at voltage 
smaller than-~83 kV would not give K-lines 
with gold target. This has been actually 
verified. 


; Moseley in 1913 announced. that 
| the frequencies of corresponding X-ray 
lines in different elements are approxi- 
` mately proportional to square of the 
atomic numbers of the elements. This 
is called Moseley’s law. With more 
M detailed observations the Jawis now 
N stated as 
Rycamat v=KR(Z— o)!. ...(20°18) 
‘ ATOM where o is called the screening constant 
Fig, 20.14, and has different values for K, L, M,..+.. 
Energy level diagram for series. is Rydberg constant and Ķ is 
zay excitation in gold. a constant for each series. 
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On the basis of approximate effective central char; 

C ges (Z—1) 
and (Z —9) used by us for the K- and L-shell electrons, an estimate 
for the Kx line would be : 


5 =R(Z—1)'-RZ—9)55 


= $R (Z=1)* (2019) 


This fits Eq. (2018) with o=1 and K=3/4. For the Pailine sour 
approximation would give o=9: 


5 SRZ =9 55 3 x ) ...(20'20) 


while the experimental value is o=74. 


X-ray Absorption Edges. X-rays passed through a material may 
show (i) general scattering, (ii) Compton scattering, and (iii) charac- 
teristic absorption. The first occurs because the Z electrons of the 
atom oscillate under the X-ray field of frequeney ¥ and hence radiate 
in all directions at the same frequency. his is called coherent 
scattering and its intensity leads to determination of Z. Presently 


our interest is not in absorption on this account. Compton. scattering 
19) arising from interaction 


is an incoherent scattering (see Chapter 
with a valence electron. 


X-ray lines. The reason is this. Appea 
frequency at Ka position would need the trans 
L shell; but there is no vacancy at the 

Similarly, for absorption at La position an ¢ 

L shell to the M shell; but there is no vacancy at 
permit this. For this reason no absorpu 
frequencies of the corresponding emission lines. 


However, a K or £ or M electron can £0 outside the atom 


which will need a minimum energy of E=Rhe (Z—9)*/n, with appro- 
priate o and ” values. Since energy states outside the atom are not 
quantized, the absorption corresponding to (say) K electron ejection 
is continuous beyond the frequency Ye given ; hv,=Ex. It so 
happens that the maximum probability of such interaction occurs at 
y=vx and falls off for v > rE. That gives an absorption edge at V=VK. 
Similar statements apply for absorptions corresponding to the ejection 


of L, M...electrons. 


Tt will be seen that differences of 
edges, give the » values of the emission 


v values of the absorption 


lines in X-ray spectra. 
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The Continuous X-ray Spectrum. The continuous (or white) 
X-ray emission spectrum is due to the retardation of the impinging 
electrons of the X-ray tube in the body of the solid anticathode in 
general, without ejecting an electron from any shell of an atom. The 
energy loss can be in any number of steps, of different sizes, and 
hence the emission can be of any frequency in general. But the 
extreme limit is that all the energy eV may be lost in one step. Then 
the frequency will be maximum, given by 


he ; 
hvmax=eV or Ann= oy .. (20°21) 
where V is the accelerating voltage in the X-ray tube. The general 
spectrum will thus have an upper frequency limit or lower wavelength 
limit. This is called the Duane and Hunt limit. 


, Example 20-8. Deduce the Duane and Hunt limi: for an X-ray tube 
working at 40 kV. 


Solution. Using eq. (20°21) 


sa | ° 712 
Pma = OEO 097x1039 Hz 


c 
Vm 


Amin=—— =0°31 x 10-8 cm, 


ax 


PROBLEMS 


20:1. Deduce the potential due a nucleus of Z=92 at a distance 
4X 10-1 m. Compute the minimum kinetic energy of a (i) proton, 


(ii) deuteron, (iii) &-particle so that it can reach the nucleus upto 
this distance, 


, 202. Consider a silver foil 210-5 cm thick. Density of silver 
being 10'5 g. cm-*, deduce (i) the number of atomic layers in the foil, 
(ii) the number of silver atoms per cm? in each layer, and (iii) the 


probability that an incident a-particle passes within 10107" m 
from the centre of a nucleus. 


20'3. Discuss how the Rutherford scattering experiment and its 
conclusions would be affected if any one of the following changes 
wore made : (i) the foil is taken 1000 times thicker, (ii) the foil is 


aken 10 times thinner, (iii) slower a-particles are taken, (iv) neutrons 
are used as projectiles, 


_, 204. Ina Rutherford experiment «-particles of energy upto 
3'2 Mev suffer 180 „Scattering with a gold foil. Deduce your conclu- 
Sion from this, Starting any assumptions involved. 
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20'5. Discuss the conclusi istri 

: e ons drawn from the angular distribu- 

faroh scattered a-particles. Examine the statement that occurrence 
ck-scattering cannot by itself settle the size of the nucleus. 


EE 20°6. Consider a model in which chargest+80e, —20e and 

6 araia on concentric spheres of radii 4X 107% cm, 8X 1077 cm 

ma a pe penny eg this model against the state- 
of energy (i ii y, (iii ' 

back scattering from this TEA ea ee p eene 


PM 20:7. Describe Rutherford model of the hydrogen atom, and 
C ueg the energy in electron-volt when radius of the electron orbit 
is angstrom. What is the significance of the minus sign in this 
energy ? In what respects does this model fail ? 


20°8. “Some of Bohr’s postulates are in flagrant violation of the 
accepted laws of electromagnetism.” Discuss critically. 

20°9. Given Rydberg constant R=109678 cm~}, deduce the 
energy level diagram of atomic hydrogen and show the lowest five 
energy levels to scale. Show the transitions corresponding to (i) the 
Balmer lines in emission, (ii) the Lyman lines in absorption. 


20°10. For a particular atom the ionisation potential is 104 
volt. Calculate the wavelength of the principal series limit. 


20°11. Deduce the wavelengths corresponding to the first two 
absorption lines and the ionisation limit for Het atom, given that 
isolation limit for H atom is at A=900A. 


20°12. For He* atom calculate (i) radius of the first orbit, (ii) 
frequency of orbiting, and (iii) centripetal acceleration. 


20°13. Name the physical property governed by the quantum 
ible values of / for 


number (i) n, (ii) /, and (iii) m. State all the poss 
=2, and all the possible values of m; for /=1. 

20°14. Show that for a completed sub-shell in atomic structure 

Zm,=0 and also =m,=0. What physical quantities consequently 


become zero ? 


20°15. State Pauli’s exclusion principle. Show that the maxi- 
mum number of electrons in a state of total quantum number 7 will 


be 2n?. 
20°16. The full K, L, M, N shells can contain 2, 8, 18, 32, 
electrons respectively. But atom Z=19 has the distribution 2, 8, 8, 1 
Write the electronic configuration, and comment why the last electron 
goes to N shell though M shell is not full. i 
20°17. The energies of ns orbits in an atom are given by 
—Rj(n—1'80)* and those of n'p orbits by—R/('- 0'91)*, where # 
and n’ are total quantum numbers. Draw the energy level diagram 
for n=3, 4,5, © and n'=3, 4,5, ©. Deduce the wavelength for 


transition 3524p. 
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20°18. With the data of Q. 20°17, compute the first three excitas 
tion potentials and the ionization potential, given lowest n and n’=3. 


20°19. Explain the significance of the following : 


(a) core electrons, (b) valence electrons, (c) penetrating 
orbits, (d) quantum defect. 


20°20. Discuss the origin of X-ray emission spectra. State 
Moseley’s law and give an elementary explanation for it. 


20°21. Compute the radii of the K-shell and L-shell in an atom 
of Z=30, assuming effective shielding as that of 1 and 8 electrons 
Tespectively. Compare them with Bohr radius Qo. 


20°22. Estimate in electron volts the energy required to eject an 
electron from (i) the K-shell, (ii) the L-shell of an atom with Z =92, 
given that ionisation potential of H-atom is 13°6 ev. Hence deduce the 
estimated wavelength of Ka line of this atom. 


2023. An X-ray tube is run at 25000 volts. Deduce the short 
wavelength limit of the continuous X-rays, 


20°24. The K-, L- and M- absorption edges for gold fall at 


0'153A, 0°902A and 3°61 A respectively. Deduce the wavelengths for 
Ku, KB and Le lines, p k 


_ 20°25. From Eq. (20'9), E=- Ze?/2r,, one may use Ritz 
Principle and experimental value of R to set E= — Rhc/n? for hydrogen 
(Z=1). Hence deduce expressions for vn, rn, and mounrn. From 
known values of consistants, calculate the value of mon'n n=1. See 


if you find that this value is related toh, showing that R is not a 
fundamental but a derived constant. 


21 


Coherence and Lasers 


; In Chapter 11 we defined coherence betweeen two sources of 
light as the existence of a constant phase relation between them. We 
now know that what we observe as light from a source comes as the 
sum total of radiations by billions an 
cules) in the source; also that an individual atom too does not radiate 
continuously, but only occasionally when it undergoes a quantunt 
transition downward after initial excitation. The question therefore 


arises : 


E To what extent may the radiations fro 
e related in phase, 10 direction of emission @ 


This question, in effect, speaks of the coherence of a giver 
source, This will be discussed in this Chapter. 


m different atoms of a given source 
nd in polarization 2 


The important fact is that i recent years We have developed 
i in which the radiations 


sources which are highly coherent, i.e., those 1n 
i | agreement not 
d the polariza- 


tion. These coherent sources ate called lasers and they are capa 
n science, industry, technology» 


rence of ordinary sources and 


r 21.1 Coherence : Purity of a Spe 
discussed wave-groups. All wave-trains 
in § 9.2 we had discussed the quality factor 

which wave-trains must arise- wave-trai like that of Fig. 9-6 
or 9'5 (a), treated by the Fourier’s transform method shows that it 
contains waves of frequencies spread on both sides of wo the width 
Aoi: [Fig. 9.5 (b)] being, in inverse proportion to lengt! 
wave-train. Let us now shift attention to the experimental observations- 


have a finite len th. Earlier 


A spectroscope shows that each spectral line of wavelength À 
has a finite spread. he cadmium red line (A=6438 A’) has a spre 
~0'007 A° ; sodium yellow Di line (A=5396 A’) has @ spread ~ ; 
A°. These spreads are not due to the observing instruments, because 
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instruments of resolving powers capable of showing AA less than 0°001 
A° were used. So we see experimentally that each spectral line has 
a finite purity. We may define this purity Q by* 


a 
Om Ty +(21.1) 


where AA is half-width of the spectral line. We then see that the 
purity of Cd red line is ~10° and of Na D; line ~10°. 


A Michelson interferometer experiment with light of a “single” 
spectral line shows that if the difference of the two paths is increased 
continuously, the dark-and-bright contrast in the interference at 
fringes falls off, till the fringes vanish. The path difference at which 
this occurs is about 10-fold larger for Cdred than for Na D,. The 
observed path difference at which this occurs is called the coherence 
length of the concerned spectral line, denoted by L. 


| 
pt o 
Big, 211. 
Two ways of showing emission. by"antatom"or] molecule 


The models of Fig. 21'l explain these. Consider [Fig. 21.1 (b) 
which says that a given emission lasts only for an average time T, 


disappear. Since the disappearance i bserved. 
at d=L we get L/cmr, or Ppearance of fringes has been obs 


mer .s (2112) 


* This ni k à A 
oscillator, (sa soy with what is called the quality factor Q of a classical 


+ EEA) 
"congue sc ithe satus $80 ayes of frequencies y and t Av but with 
i nge Av. Hence we use h i 4. Inany 
case, these are just order-of-ma ni ere unity, not 4. ? 
t i 
the Fourier transform method $ O3 statements, Rigorous procedure is 
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This means 
r(vtAy-70)=1 > 7Av=1 (21.3 a) 
But | Av | =c AÀJà?. Hence 
y : 
No ate (21.3 b) 


A Fourier transform of the curve of Fig. 21'l (b) would 
also give the same result. Thus the coherence lengt L 
(Michelson interferometer expt.) and spectral line width AA (spectro- 
scopic,expt.) are both related with the coherence time 7 (model of 
Fig. 21°1). In terms of purity Q of the spectral line (Eq. 21'1). 


| cr BL AQ Ora 


Thus coherence time 7, coherence length L and purity Q are three 
equivalent ways of expressing the coherence of the observed light. 


r sodium Dg ljue is 25 cm. 


Example 211. The coherence length fo 
tral width of the line, (iii) the 


Deduce (i) the coherence time (ii) the spec’ 
purity factor Q. 
Solution. From Eq. (21°2) 


2'5 cm 
pee eee gx 1070 
=~ — 30x10" cm/s 508x] z 


From Eq. (21°3 b), taking y—w6x10- cm 


-10 3 
qt BIOS om 1a x 10779 ETA 
(NR 2.5m 


From Eq. (21°!) 
arh 
A 6x107° cm 04x10" 


=— %5 


ZTak’ 
Aa 14x 107" cm 


i Spatial Coheren 
i the distance along the line of sight 
ted to hold. Over what distance transverse 

| expect the source to be coherent, i.e., showing definite phase 
relations ? In Fig. 21.2, PORS is the source, and the quesi 
can be answered by having two slits S, and. Sa at separation yan 
looking for the interference pattern outside on the right. If Da 
ference occurs for Ymax=*w» then this dimension is called the spatia 
coherence length of the source RS. If the dots represent the 
excited atoms, then in case (a) the source is really a distance away 


from S: So, wi slit S, at its front. : 
rom ee sane ae from each emitter atom 


| F . . . . t 
seen that if slit So has width a, the light BEA Cd) ia 


would spread to an angle ~A/4. Hence if a 

less than A/a then both S, and Sa will receive light from each of the 
emitters and will thus be in coherence. 
coherence of Si and S, becomes 


A y AN 
— > T or Y <a 
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The maximum value of y is called L,. Also a/d is the angle (6) 
subtended by the width of slit So at the plane of observation. So 
we get 
A 
IEA (21'S) 
Dy 3 


Thus in this case we can control Ly by adjusting a and d. How 
about the source PORS of Fig. 21'2 (b) ? Here Sy and S, are directly 
on the source. The experimental fact is that in this case interference 
fringes have not been observed for separation S, S, as small as 1078 


Fig. 21°2, 


Two ‘sources’ PORS with slits Sı and S, for discussing 
coherence between the emergent beams 


em. Reason is this ; For an emitting atom A, the path difference 
AS,—AS, will govern the phase relation at S, and Ss. But with A 
varying in space, the phase relation at Sı and Sa will also vary. 
So no constant phase relation exists between S; and S,. We say that 
in this case source PORS has very little spatial coherence. 


Laser* isa device to increase both L and Ly. Increasing L 
amounts to making the successive wavetrains like the one in Fig. 
21.1 (b) fitin phase, and increasing ZL, amounts to ordering atoms 
Perpendicular to the line of Propagation to emit in the same phase. 
We will see how this is achieved. 


21.2 Stimulated or Induced Emission. In Fig 21.3 we show two 
energy states 1 and 2 of an atomic system. - The black dots schemati- 
cally show the number of atoms in each state, and three different 
events are shown at (a), (b) and (c). Tn each case the situation before 
and afier an event is shown. The events may be described as follows : 


(a) Spontaneous emission. One of the atoms passes spontane- 
ously from state 2 to state I, emitting a photon hv, 


(b) Stimulated or induced emission. A photon of frequency viz 
from the Surrounding radiations induces or stimulates one of the atoms 
from state 2 to 80 to state 1. So two photons yy, come out. 


*‘Laser’ is an acronym for Light Amplification by Stimulated Emissiom 
of Radiation. See case (b) in Fig, 21.3. 
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Fig. 21.3. 


Three possible optical events in a 2-level system : (a) spontaneous 
emission, (b) stimulated emission, (c) absorption. 


(c) Absorption. One of the atoms passes from state 1 to state 
2 under stimulation from a photon hvs of the surrounding radiation, 


so that photon is lost. 


Einstein’s A and B Coefficients. 

Now, events (a) and c) were known before the year 1917. In 
that year Einstein suggested that the stimulated transition 2 1 should 
also be possible exactly the same way as 12 is. He discussed the 
relative probabilities of the the three events of fig. 21.3 in terms of 
the populations N, and N2 of atoms in the states | and 2 respectively, 
and the radiation density tas of the radiation of frequency "12 present 
in the region of interest. The rates at which they occur afte" 


ra (spontaneous emission) =413N2 7 
r, (stimulated emission) = By Nate & (21.6) 
r, (absorption) = BN: J 
sed here are called Einsteins A and B 
ct is that the same coefficient By deter- 


and absorption.” 
The most important fact about the stimulated emission is that 
i ith the stimulating photon— 


the photon thus pro 
Coherence’ here means more than agreement of phase. ere 
agreement in direction of travel and agreement in polarization are also 


included. 


The coefficients A, and Bis U 
coefficients. The important fa 


mines the rates for stimulated emission 


However, in ordinary light the spontaneous emission dominates. 
The reason is that Eq. (21.6) an i 


of temperature E 


d Boltzmann statistical law sive 


UE ee Lo (21.7) 


rr ™ 
*¢ or this reason stimulated emission is also called inverted absorption. 
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For v13 corresponding to A=5000 A° and at T=300 4°, this gives 
r/r.=107, thus stimulated emission is suppressed by absorption by 
a very wide margin. 


Conditions for Jaser action 


The crucial feature in a laser is to make the stimulated emission 
dominant over the spontaneous one. This requires that— 


(i) N, iš made greater than N: 
(ii) tz is made large; and 
(iii) Aj_/Bys is kept small. 


Making N,>N, is called population inversion, because it is 
against the equilibrium condition. 


Making 11. large is achieved by enclosing the emitted radiations 
in a cavity, usually between two parallel reflectors. The radiation 


out. In this cavity large uy. is thus created, and stimulated emission 
grows in strength relative to the spontaneous one. 


Small Ajo/Byy is achieved by choosing the upper level 2 as a 
metastable level, 1.2., one from which spontaneous transitions to level 
1 are normally disallowed, making Aj, extremely small. 


21.3. Pumping and Population Inversion, A system in which 
population „inversion is to be achieved is called an active system (for 


Optical Pumping is a more common method. In fig. 21.4 we 
describe two 3-level systems. At (a) is a system in which pumping 


tExamine why the first success in making stimulated radiation dominent 
was achieved in the microwave region, 


#Eq. (21.7) would show that V,>N, corresponds to negative T. Hence 


achieving ‘population inversion’ is also call ievi ive ‘nepa- 
tive temperature’ state, alled achieving an effective neg 
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in this system may dominate over absorption; with large “zs it will 
also dominate over spontaneous emission. 


Fig. 21.4. 
Producing inverted population in a 3-level system 
(a) Making N;>Na, (b) making N> Nı 
2 is a metastable state, 
the spontaneous emission coefficient Ajg ÍS 
very low. Optical pumping raises the atoms to Jevel 3. From there 


In Fig. 21.4(b), is a system in which state 


most of the excited atoms return to state 1, but some gO to state 2. 
Since transition 2->1 has very low probability, in due course of time 
the population Na exceeds Mi if pumping power is sufficient to keep 


level 2 fed at a faster level then its: depletion by 2—1 transition. (See 
also § 21°5). 


_ Pumping by electrical dischar; 
has also been used in several cases. B 
(§ 21.6). 

21.4. Cavity Resonators and Shaping of a Beam. In a laser 
the active system is enclosed in an optical cavity, usually made of two 
parallel surfaces, one of which is a good reflector and the other with 
~90% reflectivity (or 10% transmission). 
density large™, whence stimulated emission domina 
spontaneous emission. The multiple reflection also makes the stimu- 
lated emission more coherent—a process called shaping of the beam. 


Fig. 21.5 schematically shows how the beam shapes, 


lt may only be take 


dominant fact at each stage. ) 1 
here represent the unexcited and excited atoms respectively. The 


left end mirror represents the full reflector and the right end one the 
partial reflector- The description is as follows + 
(a) Almost all atoms are initially in the unexcited state. 


(b) When the pumping radiation falls on the active material 
the atoms start reaching the excited state. (Population inversion 


not yet reached, black dots less then hollow circles). 
*See Problem 215. 


ge and by some other methods 
ut we shall describe them later 
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(c) Pumping radiation continues (but not shown in this and 
successive figures), Population inversion is reached at this stage, 
he dominant radiations initially are the spontaneous ones. Two 
cases of coherent (stimulated) ‘emissions are shown (multiple-line 
arrows)— one along the axis, another at a slant angle. 


(d) The stimulated (coherent) radiation along the axis starts 
dominating due to multiple reflections. Spontaneous component of 
emission still not negligible. 


__ (e) The coherent axial photons start becoming further coherent 
with each other (notice the single direction of all at a time, unlike at 
d). This is because the radiation of frequency vs undergo alternate 


Fig. 21°5, 


Shaping of the coherent beam in the laser 
cavity resonator (see text) 


.__ (Ff) Almost the entire emission becomes coherent. The wave- 
shapes shown at 


the exit on the right show phase a reement of waves 
even from laterally Separated atoms, ; 
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In a continuous wave laser, stage ( f) ma 
u i 1 > y be treated as a ste d 
state in which the pumping rate equals the rate at which eel PH 
lus stimulated radiation comes out of the laser. But there are 
pulsed lasers also. In these a strong pumping pulse creates the popu- 
lation inversion ; then laser emission starts, shapes and grows, and 
falls off as the population inversion condition no more holds. 
21°5. The Ruby Laser. As example of an actual laser we 
will describe a. ruby laser. It uses a solid crystalline rod of ruby as 
the active material. Fig. 21°7 shows the general features : 
(a) The working material: a rod of ruby crystal. 
(b) The resonant cavity: The ruby rod itself has a fully 
reflecting face at the left and a partially reflecting one at the right, 
both optically plane and accurately parallel. 


(c) The optical pumping system : a helical xenon discharge tube. 
(d). The cooling system : water circulation in a glass tube 
surrounding. 
XENON D! SCHARG! 
RUBYROD | he i Pee PARTIALLY REFLECTING 
i Tune / END FACE 


FULLY REFLECTINAÑ 
~ END FACE 


f 


THE LASER BEAM 


POWER SOURCE 


| 


ne COOLING 
Fig. 21°6. 


The general features of a ruby laser 

Ruby is crystalline Al,Os with some Al atoms replaced by Cr. 
The active material in the ruby is Cr8* ions giving it a pale pink 
colour at ~0'055% concentration of chromium. A typical rod may 
be 10 cm long and 0'8 cm in diameter. The reflectors at the ends 
may be direct coatings on the ruby rod itself or separate pieces 
attached to it. For the partially reflecting en 
coefficient is ~ O% 

In the xenon flash tube each flash lasts several a 


flash a few thousand joules of energy 1S consumed. 5! 
gives white radiations and ruby is a 3- evel system (see fig. 2?! 
y is used it pumping, i.e., iD exciting the Cr+ ions. T he rest 

e need for cooling bY water circulation. 


o ~5600 4° (green region), 
TIET 


illiseconds and in each 
nc: 


part of the energ 


goes to heat up t 
sponds t 


In ruby the ‘pumping? corre: 
idth nearly 800 A~* (Fig. 2 ). The 
uld be 


and the absorption band has a W1 
* jf the band were narrower, 4 smaller part © 
useful for pumping. 


f the Xe flash energy WO 
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a 2a, 
(6943 A ) 


Fig. 21°7, 
Energy levels of ruby 


Thus most of the excited atoms in state 3 would return to state 1, 

rather than to state 2 (That is a dead waste). But those which go over 

to state 2 would have little chance to return to state 1 spontaneously. 

Tn a few milliseconds, therefore, level 2 gets more Populated than level 
In other words, the desired Population inversion is achieved. 


The state of inverted population is however not a stable one, 
because one Spontaneous transition 2>1 may cause an induced 
transition resulting in two photons, which may again cause induced 
transitions resulting in four Photons, and so on. The Process goes on, 

elped by multiple reflections in the cavity. The coherent radiation 
(laser beam) thus grows. A stage is reached where the population 
inversion caused by one flash of the Ye tube is used up. The coherent 
laser) beam then ceases, till the next flash of the Xe tube repeats the 
Process. Thus the ruby laser is a pulsed laser,* Jt means that the 
active system (here Cr3* ions) is excited by the Xe helical discharge 
in pulses, and the System emits laser light in pulses. While the Xe 
Pulse is of several millisecond duration, the laser pulse is of much 


less than a millisecond duration—which means enhanced instan- 
taneous power, 


A small detail needs mention. Level 2 in ruby is really a doublet 
of separation 144°, The spontaneous transitions would give two 
weak lines at 6943 and 6929 A°, each of width ~ 64°. But under 
lasing conditions the line 6943 4° from level 2a dominates by a very 
wide margin and its spectral width narrows down by over 100-fold. 

21°6 Various Kinds of Lasers, A very large range of lasers 
have cen developed — both of the pulsed and continuous wave type— 
USINg Various active materials, various pumping devices, and various 
Tesonant cavities, Output powers as high as 100 kilo-watt and Q 


* Continuous Wave lasers are also in use, including those of ruby, But we 
shall not describe them here, 


aN 
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values ~10™ have been achieved. We shall 
mention of some features. all, panaan a bron 


(a) Glass Lasers. The ruby laser is one among many glass 


lasers. Here AlO; was the matrix and Cr** the activator. Among 
other combinations used are CaF, with U**, Dy2* or Na** and SrF 


with U?+, Sm** or Tm**, 


PARTIAL 
Ded REFLECTOR 


FULL 
REFLECTOR 


G m A ee oe | 
Pas Gie 
Fig. 21'8- 
Scheme of 4 CO, laser 
f two gases A and 


(b) Gas Lasers. These require a mixture 0 
B such that some excited level of A falls close enough to an excited 
level of B. Gas dischage in the mixture excites 4, collisions trans- 
fer the excitation to B, which then produces the laser beam with the 
usual arrangement of a resonant cavity- Typical examples are He— Ne 
and Ng—CQs lasers. The carbon dioxide lasers have been developed 
upto very high output power levels. A typical set-up for CO; laser is 
shown in fig. 21°8. The Jaser emission is like that in fig. 214 (a), 
belonging to the vibrational transition in COs, which falls in infrared 


region. 
| (c) Dye Lasers. These employ organic dy I 

af as the active media, and the excita done by optical pumping. 
Dyes give the possibility of generating a laser beam at al 1 
in the infrare' d laser excitation efficiency 
reaches as high as ~ TY 
thodamines and pyronine ; the solvents may be water, alcohol or 
| glycerol. 

A special feature of dye lasers is that tunable lasers can be made from 
| them—i.e., ^ vari d still keeping the characteristic of 
be laser light. The method is this ; another laser , falling on the dye gives fluore- 
scence over a broad range No olves a grating monochro- 
mator, which selects a particular h enet radiation. The laser 
action occurs a ing the grating angle provides the tuning, i.e. 
variation of chos 


centration of active particles (like i 
gical difficulty in getting high optical homogeneity of the medium. Un 
n be had to dimensions as large as several 


the other hand gas lasers ca: 1 
but have low concentration 


d 20 cm diameter, 
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of the active particles per unit volume (operation at usually quite low 
pressures). The liquid lasers (including dye ones) combine the advan- 
tages of both the glass and lasers. But they are suitable for use as 
wide-band amplifiers of light, not where highly monochromatic radia- 
tion is needed. 


(d) Semiconductor Lasers. Fig. 21°9 shows the scheme of an 
n-p junction in a semi-conductor. The valence band in p-region has 
‘holes’ (shown as +) and the conduction band in n-region has free 
electrons shown as —). In the junction region the electrons fall in 
(or combine with) the holes, emitting radiation corresponding to the 
energy gap. Apart from such Processes occurring spontaneously, 
there will also be stimulatec emission, which will be coherent with 
the inducing emission. The figure shows the situation when the 
Stimulated emission becomes dominant ; the waves from successive 
emissions are schematically shown in phase. Of course, to achieve 
this situation a resonant cavity will be needed Pumping is done 
simply by an electrical battery across the junction, which goes on 
feeding electrons to the conduction band. 


Since there is a finite range of energy over which the electron- 
hole combination occurs, these semiconductors give wide band 
amplification. The light is usually in the infrared region. 


The current density needed to initiate lasing action is a few 
thousand amp./cm*, and the emitted beam becomes spectrally narro- 
wer (more coherent) as the current density increases. 


me 
LD 


Fig. 21°9, 
Energy levels for a Semiconductor Laser 


217. High Monochromaticity of Laser Radiation. We have 
Stated that the photon emitted by an excited atom under stimulation 
by another photon is coherent in phase. In terms of Fig. 21°] (b) 
this would mean that the waveforms from stimulated emissions by 
different atoms chain-up in phase, so as to form a continuing sinewave 
character Over a much larger time 7 than for spontaneous emission. 
In Fig. 21°1 (b), as also in Example 21'1, we have 7=¢1071s, This is 

or spontaneous emissions. For a laser beam +=1078s or even 


more ; about 10! fold increase of Q, that is, spectral line width 
AAi/2 smaller by that factor. è 
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THELASER LINE IN 
INDIVIDUAL MODES 
NOT SORTED OUT 


GROUP OF MODES 
OF THE CAVITY FOR 


(a-1) ORDER 


qed qt2 qt 
ORDER NUMBERS 


Fig, 21°10 
Showing how spectral purity iucreases in a laser 


Another way is to look at it this way. With mirror separation D in the 


cavity the standing waves supported have ^ given by 
2D cos =a (q an integer) ..(21°8) 
The separation AÀo for successive q values differing by unity is given by 
7 bane Ae! 
c ROLI, 
ANN (21°9) 
For D~1 m and ~X 10-7 m you thus get purity Q~4x 108. Actually, 


depending on ĝ, each mode 4 splits into several discrete components called 
idth of the 


modes. Fig. 21°10 describes the situation. Within the spectral w 
active system some 5 OF 6 q values occur, and for each 4 there are several moces 
at much smaller separation. The cavity dominantly encourages the q group 
nearest to the peak A at the cost of others. The dotted curve represents the 
profile of the laser beam achieved. With special desiga one can sort out an 
individual mode from & group : that js what leads to a million-fold purity. 


Example 212. With a He-Ne_ laser, Michelson interferometer fringes 
remained clearly visible when the path difference was increased upto 8 m. uce 
the lower limits for (i) the coherence length, (ii) coherence time, (iii) spectral 
half-width, and (iv) Q of the line, (Given »=11'5 x 10-5 cm.) 


Solution. The experimental fact of observing interference for path 


difference upto 8 m directly gives (vide § 2 
coherence length L>8 m 
Eqs. (21°2), (21°3) and (21°4) then give~ 


coherence time T= Ł >2'7x107% sec. 


a =3 A? 
Spectral half-width Mraz m’ 107? A’. 


Q=% mIx10 


21'8. High Directionality of Laser Radiation. In the usual 


sources of light a directional beam is obtained by collimation, res 
ı due 


beam has two contributions tO the angular spread: U1 
d 03 which equals 


diffraction at the aperture of the collimating lens, an 1 equ 
the angle subtended by the source size at the centre of the collimating 


lens. Invariably, we have 09> V1. 


352 Optics and Atomic Physics 


In a laser source the atoms separated laterally also emit in 
Phase agreement [see Fig. 21°5 (f)].. This spatial coherence reduces 
8, to near zero, Molecules (or atoms) all over the width emit in the 
same direction, and since they also agree in phase, the only spread is 
6. That is what makes a laser beam highly directional. 

For a typical torch filament, 1 mm across, a 5 cm focal length 
of collimator with 2'5 cm aperture gives (with A=5000A), 6.=0'02 
tad, 6:=0'00002 rad. For a laser of same aperture, we have 0, alone. 
Notice that 10°-fold smaller @ means Solid angle smaller by 10°-fold. 

Example 21:3. A laser source of }=6000A, coherence width 4 mm and 
power 10mW shines on a surface 100m a way. Deduce the illumination. Compare 


it with that due to a focussed beam from a torch of filament diameter 1 mm, power 
10W, lens focal length 10 cm and aperture 4 cm dia, 


Solution. For the laser all 10 mW power goes in acone of semiangle 
8)/a=6 x 1075/0 4=15 x 10-5 tad. Hence areal spread at 10‘ cm distance 
(besides the inital area ™X 0°2? cm?) is— 

A=D*7.6?= 108 X3°14 x (15x 10-5)? 7 cm? 

Illumination =Power/Area=10mW/7 om*=1'4 mW/cm? 


For the torch the 10W power spreads isotropically, and the lens collects 

a fraction (2cm)?-+4n (10 cm)?=1/100, The light spreads over a cone of 

semiangle determined by the filament size~focal length of the lens=0'1/10=1/ 
00 rad. Hence areal Spread at distance 10‘ cm is 


A’=D'xf?=108x3"14x (10-*)?=3"1 x 104 cm? 
Ilumination=Power/Area—= ie X 10W/3'1 x 10* cm?~0'003 mW/cm? 
Example 21-4, If the laser beam of Ex. 21:3 is focussed by a lens of 


foral length 10 cm, deduce (i) the radius, (ii) area and (iii) power density of the 
mage. 


Solution. Angular spread of the laser beam is ~A/d, due to diffraction 
alone. Hence 


6=6 x 107'/0'4=1°5 x 107 rad 
radius of the image=f ĝ=1'5 x107? cm 
area of the image=w(1'5 x 10-*)2=8 x 10-8 cm2 
; loxi? W a 
power k TEET 1'2 KW/cm 


21'9. Uses of Lasers. As stated earlier, the light from a laser 
has two special features not available in light from ordinary sources : 


(i) Narrow band-width— which is the same thing as high mono- 
chromaticity or high temporal coherence. 


(ii) Narrow angular spread—which is the same thing as high 


directionality (hence high intensity) or large spatial 
coherence. 


, The first character gives rise to uses of lasers typically in com- 
munication systems, computers and chemistry. In microwave commu? 
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nication* the message is mounted on carrier waves through modula- 
tion. The number of channels of message which can be carried 
simultaneously is limited by the finite band width of the carrier 
waves. Lf lasers are used, the band-width becomes smaller by a large 
factor and therefore many more channels of message can be accom- 
modated for simultaneous transmission. 


In computers the storage capacity for information similarly 
improves with the narrowness of the band-width. In any information 
processing system which uses radiation signals the capacity to distin- 
guish between smaller differences increases the quality of performance. 


Lasers provide this through high monochromaticity of their beam. 


Spectroscopy is known to be a powerful tool in Chemistry for 
investigating the structure of molecules. Raman spectroscopy is one 
in which lasers have made so much impact that a separate branch 
named ‘laser Raman spectroscopy’ has grown rapidly. One reason 
is that because of directionality ‘much more exciting radiation can be 
concentrated on the sample (see Example 21°4). As a consequence 
Raman spectrum can be obtained from much smaller samples and 
much faster too. What is even more significant is that there are 
some special nonlinear interactions’ which arise under such high 
intensity excitation only and these lead to considerable added in- 


formation. 
Narrow angular spread of the laser beam makes it a very useful 


tool for communications with earth satellites, and rockets to the moon 
and other planets. Lasers would also make more accurate rangei 
finders. As typical examples, the earth-moon distance has been 
measured with the use of lasers? and studies on continental drifts are 


made with lasers. 


One corollary of narrow angular spread is that laser beams can 
be directed into hin optical fibres ; by repeated total internal 
reflections the beams may travel several kilometers in these fibres. 
Thus optical fibre communication has become possible, which may 
replace telephone communication through wires Or even microwave 
communication. The infrared lasers are best for this, because 


optical fibres have least losses in that region. é 
Another corollary of narrow angular spread is that eo ae 


can be focussed on ver small areas, typically ~ z 1 
with à laser of only 10mW power you get an image, 4 i a 


~10° a considerations lead to use © 
10 ae aan ae beam is used to bore narrow holes 


medicine and industry. The laser ee density 


through or cut thick sheets of metal because the high power | 
in its image melts the metal where it falls, allowing little time or 
conduction of the heat to other regions. In medicine micro-surg y 


*īt is just like radio communication, except that 2 is much smaller~1 ir $ 
+Polarization of the medium proportional to the second SSA rere? powe 
electric field E in the laser beam is at the root of these. § g 


+By measuring the time interval for receiving the reflected beam. 


N 
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has beeome possible, because one harmful component can be 
destroyed without seriously damaging the neighbouring regions, 


We have mentioned only a few typical examples here because 
theʻactual range of use of lasers is expanding very fast and associated 
devices are also being developed to enhance the scope. However, 
two applications directly related with wave optics will be described, 
viz., holography, and non-linear optics. 


21°10. Holography 


(a) Introduction. When we view any three-dimensional object 
or scene, the full perspective is appreciated only by our freedom to 
change the viewpoint (position) and the focus. An ordinary photo- 


graph loses both these, since it records the view from a single viewing 
point and a fixed focus. 


_ Gabor in 1947 suggested a different photographic technique 
using coherent light and wave front reconstruction. Although this 
technique was used by him in electron microscopy, it was not success- 
fully realised in photography, because lasers had not been developed, 
and spatially coherent beams could be had with ordinary light sources 
only by employing very narrow pin-holes [see Fig. 21°2 (a)]. 


LASERBEAM 


PHOTOGRAPHIC 
PLATE FOR 
HOLOGRAM 


MIRROR 


Fig. 2111. 
Obtaining the hologram of an object 
With the advent of lasers 
temporal coherence (monochromaticity) and spatial coherence. Leith 


we have now sources having both 


and Upatnicks in 1962 revived Gabor’s idea and since then there 
have been tremendous advances in what is now called holography. 
In (Greek ‘holos’ stands for ‘whole’, and the records (holograms) of 
objects in the new technique contain details of both amplitudes and 


a of light received from different parts of the three-dimensional 
ct, 


(b) Obtaining a h è 
for makin, g a hologram. Among several possible systems 


g a hologram two are shown in figs. 21°11 and 21°12. The 


Y 
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essence is to have the photographic plate illuminated simultaneously 
by (i) a carrier beam, and (ii) an object-bearing beam. Since both 
belong to the same laser wavefront the beams interfere on the plate. 


Welmay put, for the disturbance at any position ¥ on the plate, 
y=a, cos (wt—kx)+a (x) cos [wt—¢ (x)] .-.(21°10) 

where the carrier (or reference) beam has amplitude a, and its phase 

istaken to vary linearly with x, and the object-bearing contribution 


at any point has amplitude a (x) and phase ¢ (x) coming from the 
sum-up of all the secondary wavelets from all the points of the object.* 


INITIAL WAVEFRONT 


PRISM { 5 ] OBJECT 
— 


CARRIER 2 ba 
WAVEFRONTS 
os 
OBJECT-BEARING 
GE i WAVEFRONTS 
i 


PHOTOGRAPHIC 
PLATE 


comeerrmeereereeneereD 


Fia. 21°12. j 
Obtaining the hologram for a transparent object 


This‘is in line with the Huygens-Kirchoft approach of § 101. It 
should be noted that relative phases of the wavelets which add up hed 
the object-bearing beam depend on the angle of viewing and the 
depth differences. 

Since the photographic plate records only the intensities, we 
get fromfeq. (21°10) 

J=a,?-+[a(x)]?+24 4 (x) cos [kx—4)] .-(2V LI) 

igni int i i i hic plate 
The significant point is that the intensity on the photograp! 
has modulation involving both a(x) and g(x). The plate when 


developed into a positive is called a hologram of the object. Its 


imi i j 2 each point 
appearance has no similarly with the object at ann sate a Sony 


on it has information about the entire object. c 
interference fringes which in their complexity store a mo eae 
needed to reconstruct in three dimensions the object holograpace. 


iewi j swing the object from @ 
c) Viewing the Object. For viewing 
Ana one has to use a laser beam of exactly the same pose rc 
as used for recording; and also the same geome if bs 
shows the arrangement corresponding to yeu ng n the 
arrangement of fig. 21°11. The laser beam, passed throug ; 
‘ i j i ibuting to all regions ©! 
* Fig, 21°11, for example, shows object point A contri 

ie plate, $0 also B and every point on the object. 
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hologram, has only the amplitude variations as dictated. by eq. (2111), 
but no information about phase variations. Therefore in the direct 
direction of the beam we have the zero order (like the diffraction 
grating), giving us no information. But at directions and distances 
corresponding to those in taking the hologram the wavelets from the 
hologram reconstruct the image in all detail, because information 
about a(x) of Eq. (21°10) exists in the wavelets at start and infor- 
mation about ¢ (x) is generated the reverse way due to path 
differences. 


LASER BEAM 


VIEWING THE 
HOLOGRAM VIRTUAL IMAGE 


a 
Fig. 21°13. 
Viewing the image from a hologram 


A mathematical analysis brings another fact : a virtual image is 
also seen at a position determined by the reflection of the real image 
in the plane of the hologram. This is not shown in fig. 21°13, but in 
Practice it is this image which is more convenient to see. 

The real image AB, or the virtual image (not shown) in Fig. 
21°13 is not to be received on a screen. It is a three dimensional’ 
Image to be seen from a position behind AB, and you may change 
the viewing position and the eye focussing just as you do in observing. 
any three-dimensional scene. 


(d) Some Special Features, Apart from the features already 
enumerated, one special feature of a hologram is that if the plate 1s 
broken into Pieces ; each piece still would show the whole object. 

nly the quality of the image becomes poorer as smaller pieces are 
used in viewing. 

Further, several images can be recorded in a single hologram 
(as many as 100, say) either by placing several objects in differently 
oriented locations and using a single reference beam for simultaneous 
recording, or by exposing the plate in succession, each time turning 
the hologram plate by an angle. Fig. 21°14 shows how from different 
eye Positions Ey and E, the same part of the hologram shows the 
Images of different objects earlier holugraphed. 


It is to be remembered that the depth and sideways width of a 
Scene which can be recorded on a holograph usefully are limited by 


a monk length and spatial coherence of the laser beam respec+ 
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USED FOR VIEWING. 


via Fig. 21°14. 

iewing with a hologram carrying records of several objects 

: Colour holography has been developed ; as also three-dimen- 
sional holograms and holography of moving objects. But we shall not 
go into them. Interestingly, it has been stated that the use of hologra- 
phy will allow the storage of information in a three dimensional 
medium with such compactness that a 1 cm? crystal may accommodate 
the information contained in a library of a million books. 


21°11. Nonlinear Optics. An electric field E would create in a 
molecule an electric polarization P according to the general relation : 


p=% ELL ELY BB eee (21°12) 


XD, XO, XO, are polarizability tensors; which means that the 
ach term could be in a direction other than E 


also. At the E magnitudes we have in usual light, 


independent of inte’ 
In other words, if we have simultaneous fields Ei, E2 
then the total result is the linear sum of the result due to individual 


i fields. The ‘principle of superposition’ (see 
of this. 

| In the case of lasers we have such high energy densities that the 

corresponding E fields are able to produce substantial contributions 

| to P from the higher order terms in Eq. 21°12. In such a situation 


P/E is not independent of intensity ; we have nonlinear optics. 
Example 11:5. With certain units for P and E, let the three X coefficients 
z in Eq. 21:12 be of the order of 10-4, 1079 and 40-16 respectively. Evaluate 
| the relative contributions of the three terms for (a) E=1 unit, (b) E=10' units, 
(c) E=107 units, 


Simple substitution gives for the three cases : 


(a) 1: 1075: 10°* 
(b) 1: 10-1: 10%. 
(c) 1:10: 10%, 
Note: XP, X2, X>, are dimentionally different. Hence their relative 


numerical values have no meaning by themselves ; they depend on the units 
for E and P. Thus, if the unit for Æ were taken 10¢—fold larger (numerical 


| Solution. 
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E values 107° fold), then in the same example XO, X2, x) would be 1042, 


10**, 10** respectively. But the relative contributions of the three terms of 
Eq. 21°12 will remain the same. 


In a general case of two different E fields present (Ey and E,) 
the ith component of P (P,) may be written as : 


a) (1) (2) (2) ra) i 
P.=[Ki, E;+ Xir Ed+ [x E; E+ Xij E; E+ Xi k EkE,]+third 


order terms, etc. ...(21°13) 
where the tensors are written with the full description. 


Nonlinear optics gives rise to many applications, out of which 
we shall outline only two here briefly. 


Harmonic generation. Consider a laser beam of angular fre- 
quency w. The electric field in it may be represented by E=E, cos 
wot. If this passes through a medium, whose response is represented 
by Eq. 21.12 (with the xs as polarizability tensors of the medium), 
then because of high Ey there will be a nonlinear response. Let us 


pay attention to the contribution of the second term alone and write 
it as 


2 
PY =YOVE cos? wt 


=} E, +4 X Ey cos 2wt ...(21'14) 


The last result follows simply be expressing cos? wt as 4 (1+cos 2wt). 
Thus, apart from a cos wt dependent component of P, we get a static 
response (time independent), and one of angular frequency 2w. Ina 


similar way, the third term in Eq. 21°12 gives a contribution of 
angular frequency 3w., 


Again, consider two laser beams of angular frequencies ws and 
x passing simultaneously through a medium. Then the second 
bracket in Eq. 21°13 gives 
(2) (2) 2 (2) (a3 
P =X Eja cos wg t+ Xij Ejo COS wt Eko cos wet +Xs44 E pocos wp t 


...(21'15) 
In this the first and third terms give a static field plus two harmonics 


of frequencies 2w; and 2w,. The middle term needs notice, it gives 
responses of frequencies w+, and Of — wk. 


One may think that occurrence of the harmonies will depend 
only on the medium having a significant XE or x) E? contribution. 
This is only partly true. A laser beam by itself does not produce 
ko monia; ia eed a medium with good X9 E? or x) Eò contri- 
puton. But another condition needs ti i dition 
is momentum matching © be satisfied. That con 
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In producing the harmonic 2 out of a laser beam w the medium 
acts as an agency to absorb two photons of momentum fik(w) each 
and emitting one photon of momentum Ak(2w). Now, due to 
colour dispersion k(2w) is not equal to 2k(w). In other words two- 
fold angular frequency does not mean exactly two-fold momentum 

for the photon. The difference is called momentum mismatch 


| Ak | =k(2w) —2k(w) (21°16) 


(ñ is conventionally omitted). On this account the second harmonic 
generation in the medium would remain coherent only over a length 
of the order (Ak)7 ; to obtain a harmonic generation which is 
directed like a laser beam one must therefore achieve Ak70. This 
can be had in an anisotropic crystal. There this difference between 
ordinary and extraordinary components varies with direction (optical 
birefringence) and one may choose the direction such that this 
difference just balances the effect of colour dispersion. 


With such an arrangement, about two thirds of input power at 
w=1.06 pm was first converted to 2w (0.53 pm), and then an equal 
number of w and 2 photons were combined (in another crystal) to 
convert ever 80% of the laser power to the third harmonic power at 


3w (0.353 pm). 
The significance of momentum matching is that while algebra 
2w, 3w, etc. being 


may indicate components of frequencies 0, w, : 
present simultaneously according to the coefficients, the physics © 
momentum conservation decides which of the components will do- 


minantly show up in the experimental set up. 


Example 21°6. Harmonic 2 is to be generated out of a laser beam 
w=—4x10" Hz. If the medium has refractive index 1.528 at w and 1.542 at 
2w, deduce the momentum mismatch due to colour dispersion. Also estimate 
the lengh of the medium for which the 2w beam will remain coberennt if the 
mismatch is not compensated. 


Solution. We have 


where c’ is speed of light in the medium and n is the appropriate refractive 
index. Substitution leads to 
gx 10% x 1°542 4x10" x 1'528 
AKIONA ee 2 x08 
Ak= 3x 108 2 —“3x10° 


z4x 10 m* 
Latakia m © 


i that X” for a 
Nonlinear S troscopy. it may be noted 3 
medium as also pe molecule depends on epn ae 4 mengar 
i i i molec ; 
this leads to dtr resent ae 00 X or X™. In the case of two 


‘Our attention at present 


> 
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beams of frequencies wr and ws we find that x) and %/*) are strongly 
dependent on the difference of wn and ws; they are maximum when 
the difference is equal to one of the eigenfrequencies of the molecule, 
which we may call wx. This is the basis of nonlinear spectroscopy 
for the determination of characteristic eigenfrequencies or for sample 
molecules, 


In conventional Raman effect we illuminate a sample at fres 
quency w., and find that the scattered beam has light of frequencies 
wotwr and w—wp besides Wo.. The light of shifted frequencies is 
very weak in general and it goes in all directions (is incoherent). But 
that is what is used in conventional Raman effect to learn about 
characteristic wr values, The advent of lasers has made very strong 
exciting sources, so that the Raman study becomes much faster. That 
is about conventional Raman study with lasers. We are not here 


talking about that. Nonlinear Spectroscopy involves the study of 
coherent beams only. ; 


PAY w)=H E(w) | Elor) | 8 2117 


then we have what is called 4-wave mixing, which means ws; wt, and 
Ur, photons act together to produce an photon. This w could be 
2op-bwg or 2w;,—wg, ‘Also we may be making the measurements on 
either of these or on the w, Or ws beams themselves as the frequency 
, is varied. Sharp increase in the intensity of w beam or sharp 
fall in the intensity of w, or of w, beam is observed at specific ws 
values. We relate this fact to the difference | o,- wg | becoming 
equal to wp, and thus get the characteristic Raman frequencies. 


Notice that the w, and ws beams are coherent ; also that by 
Suitable choice of relative inclinations the w beam will also be 
coherent. In that sense laser Raman Spectroscopy is not the same as 
conventional Raman Spectroscopy using laser as a strong source. 


. . . . . s . 
The special Significance is that the coefficient a involyes much more 


detail than just the frequency difference; it also depends on 
Orientation of the molecule relative to the beams. It is therefore able 
tolead us to more details about the structure and symmetry of the 


4 olecule. 
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PROBLEMS 


21:1. Distinguish between : 


(i) ‘Coherence between two sources’ and ‘Coherence of a given 
source’. 


(ii) ‘Temporal coherence’ and ‘spatial coherence’. 


242, For a source radiating at X=5400A the coherence time 
ris ~2X 107 sec. Deduce the order of magnitude values of (i) the 
coherence length L, (ii) the spectral half-width AA of the radiation, 
(iii) the purity of the spectral line (A/AA), and (i) Q of the source. 


21'3. Explain the essential requirements for producing laser 
ually obtained. 


action. Outline how these requirements are us 
Ay and Bis. Laser action 


21'4. Define Einstein’s coefficients r acl 
what situations 


is sometimes called inverted absorption. Explain. In 
may Ajq/By2 be small enough for laser action ? 


21:5. Ifthe energy gap between two levels is equivalent to 


radiation of A=5000 4°, the Boltzmann population ratio |N; at 
room temperature comes t ~e- 1, Check it. Compute the ratio 
for gap corresponding to \=1 cm. Explain why masers were achieved 
earlier than lasers. 


21°6. With reference to Fig. 21'4 (b) show that in the equili- 


brium state 
d 
wii at Nfs Bay Hina) + Ninat Aa + MPA o 


dt 

Now explain the following : @ N, can never be>Nı (b) to get 
N,>Nı the level 2 must be a metastable one, and (c) to make the 
stimulated emission dominant one must use a cavity resonator. 

217. Ina ruby laser (§ 21°8) the absorption band has width 
800 4° and the total emission of Xe source may be taken as spread 
over ~3000A°. Further, a transition 3-*1 is ~300 times more pro- 
bable than 3->2, and out of the re-emitted radiation of frequency 1a 
roughly 10% may be reabsorbed by the Cr ions. Coad the 
percentage efficiency of the laser (= 56004 , Aya = 69434 ). 


21°8. Compare glass lasers and gas lasers in their performance. 


What lasers are useful for wide band amplification ? 


21°9. Explain how the spectral half-width. of a radiation 
decreases in a laser to much smaller than its intrinsic value. 


21°10. Describe how spatial coherence leads to 
lity of a laser beam. Light from 4 +5 mw laser source of aperture 
1°8 cm dia and 1=5000 A is focussed by a lens of f=2' 


the area and intensity of the image. 


362 Optics and Atomic Physics 


21°11. State the principle of holography. Why is a laser beam 
needed for it? Can one plate record more than one holograms ? 


21°12. Ina laser Raman experiment 
w,=4410X 10Hz,  ws=4'291 X 1018H;, 
and the refractive indices of the medium are 
n(wr)=1'4129, n(ws)=1°4100, n2w — ws)=1'4198 


Deduce the angle between the wr, and ws beams for the best 
Tesponse, and the direction of the 2wu— ws beam relative to the w, 
beam, using conservation of momentum. 


22 


Crystal Structure and 
Diffraction by Crystals 


Almost all solids have regularity of atomic arrangements, Le. 
they are crystalline. (The few exceptions are called ‘glasses’, or glassy 
solids). In some cases this regularity extends upto only a few 
thousand atoms on each side, so that the regularity of arrangements 
is not seen in the external looks. In other cases, like cane sugar Or 
common salt, the regularity of atomic arrangement extends to ~10" 
or more atoms in each direction very frequently, So that individual 
crystals have dimensions of a few mm on each edge. Then the 
regularity of flat faces with definite angles becomes obvious. 


r Study of the ciystal structure of different solids is itself a 
important aspect of solid state chemistry and ph 
sently our interest is to see how crystalline struc 
as a diffraction grating. The closest ruled gratings 
space e=107* cm=1000 
order of a few angstroms. 4 

atomic arrangements in crystals had @ spacing of just the right order 
for determination of wavelengths of X-rays. We shall later see that 
even beams of electrons, neutrons, etc. show wave-like behaviour and 
diffraction from crystals can be used to measure the wavelengths 
which they show up. Fora clearer understanding We shall include 
some details of crystal structure before we proceefl to describe crystal 
spectrography. 


2d. Space Lattices. A lattice i 
_ points in three dimensional space descri 
tion ; 


s a framework of geometrical 
bed by the translation opera- 


T=nanbt mec (api) 


where a, b,c are three unit vectors, and ^ "s, "a take all possible 
integral values. The parallelopiped formed by a, b, € as the concurrent 
edges is called the unit cell of the lattice. A unit cell repeated with 
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© e@ee8 @ @ 0 © @ @ 
Fig. 22'1. 
A two-dimensional space lattice 
translations T fills all space. Fig. 22'1 shows a two-dimensional space 
lattice, and Fig. 22'2 shows a three-dimensional unit cell, 


Seven Systems of Crystals, i 
On the basis of the shape of the unit 
cell all crystals are classified into 7 


systems. Their names and charac- / 
teristics are given in Table 22°]. The / TERY ew 
least symmetry is in triclinic crystals, / MAE 
and the largest symmetry is in cubic le A he 
crystals. We shall limit our discus- P ong 


sion largely to the cubic system alone. 
This is not only the simplest, but is 
also amongst the commonest in 


Fig, 222, 
A Unit cell in 


j j ttice 
nature. Amongst the elements, well #idimensional lattice 
over half crystallise in the cubic 
system. 
TABLE 22'1 
s The Seven Systems of Crystals 
Name of the Relation of lengths Relation of Angles 
System of Axes between Axes 

Triclinic Ark brio ari By 
Monoclinic atbréc a=y=90°48 
Orthorhombic Arh xc a=ßB=y=90° 
Tetragonal a=byác ari a 

exagonal a=b%#c a=ß=90°, y=120 
Trigonal a=b=c a=B=y 490° 
Cubic 


ey a=b=c a=B=y=90° 
A 
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It may be noted that with atbF#c jf two angles become equal, they 


have to be 90°, otherwise no three dimensional repetitive arrays can be formed. 
the only repetitive structures possible are 


when two angles are 90° and the third one is either 90° or 120°. Finally with 
a=b=c all three angles also have to be equal, otherwise 3-dimensional repeti- 
tive structure cannot be formed. (We omit proofs for these). It is for 
these reasons that the geometrical variety of unit cells is limited to just 


seven. 


. Bravais Space Lattices. Consider the three unit cells shown 
in fig. 22.3. All three have a cubic shape. The first has lattice points 
at the corners only; the second has an extra lattice point at the centre 
of each face ; the third has an extra point at the centre of its volume. 
These fall under one system (cubic system), but three different space 


lattices. 


te) 


(a) 


Fig. 22.3. 


Unit Cells in simple cubic (Cubic P), face-centred cubic. (cubic F) 
d cubic (cubic T) space lattices of Bravais 


and body-centre 
Bravais showed that there could be in all 14 different lattices: 
under the seven systems. When there is no extra lattice point in the 
ed a primitive cell (P). 


unit cell besides the corners, the cell is call 


system we have 


cells (P) can occur. 

Cubic P, cubic F, and cubic I lattices are also referred to as 
sc (simple cubic), fee (face-centred cubic) and bee (body-centred cubic) 
ely. One way of looking at the bec lattice a ne 

1 


hifted by (4; » 4). 
Jus one more shifted Y $i ited by (0, $ 2) 


sider it as one sc lattice P 
fce lattice is equal to one se i ree more shi ? 
(4, 0, }) and G, 3,0). [AN coordinates here are expressed in units 
of a]. 
Unit Cell and Primitive Cell. In Fig. 22.4 we have a 
9-dimensional lattice. We could choose ABCD, of ABEC ot ABFE.. 
as the unit cell, with appropriate translation (Eq. 21.1) to fill = 
space. The choice 2 That which r maximum symmetry 
available is chosen as the unit cell. ABCD is thus the choice. 
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In Fig. 22.4 (ii) is another situation. The smallest unit is ABEF, 
but smallest with maximum symmetry is ABCD. In this case ABCD 
is chosen as the unit cell. ABEF is called the primitive cell, A unit 


cell may have multiple lattice points per cell ; a primitive cell has 
just one. 


. 9 
© 

. o 
° 

° . ° . . ° s e 
. e 9 

° . . ° . . o 9 


ti) (i) 


Fig. 22.4, 1 
To Explain the choice of (i) unit cell, (ii) primitive cell 
Example 22.1. Deduce the Primitive vectors and primitive cell volume 
for a bee lattice, 


Solution, In Fig. 22°5 the dotted lines show the cubic unit cell, with 
tbree concurrent edges PA, PB, PC and the body-centre at O. The body- 


— —-x 


ys, Fig 92°5. 
Primitive cell for bec lattice 
gares of neighbouring unit cells meeting at Pare L, M and N. The vectors 


» OB, OC are the primitive cell vectors ; PL, PM, 
PN as the primitive cell vectors, gales SIHO ONS at Be on, Elke PZ, 
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The coordinates required are 
O(4 4,3) 40, 0,0) BU, 1,1, C(0, 0, 1) 
So the vectors are (in units of a) 
OA=a'=(Gi-4i—-1), OB=b'=Gitdj+th), OC=e'=(i— 4j+ 4k) 
These lead to 


t 


-v3 
a'= z7” 


a!*b! = 
cos Y= To" = =—} > y=109 28’ 


volume=c’.a’ x b’=4a? (check it). 
Example 22.2. Alpha iron has a bec lattice with lattice constant 2.86A°. 


Deduce thei) coordination number, (ii) nearest neighbour distance, and (iii) 
(iii) Number of atoms per unit cell. 


Solution, With any atom treated as reference atom, the nearest neigh- 

bours in a bcc lattice have positions _ 
(+4, +}, +3) 4 
Thus the number of nearest neighbours is 2x2x2=8. This is the coordination 
number. The nearest neighbour distance is given by 
d?=(al2} + (al +a} =a 3 12 

In a unit cell in bec lattice there are 8 atoms at the corner +1 at the 
body-centre. Since each corner atoms is shared by 8 unit cells, there are (8/8) +1 
.=2 atoms per unit cell. 

22.2. Crystal Structure. The lattice is only an array of geo- 
metrical points ot 4 framework in which atoms are to be arranged. 


In an actual crystal, each point has arroun 
which is called the basis. In Fig. 22.6 at (a) we show the lattice, at 
(b) we show the basis comprising two different atoms, an at c) we 
show the crystal structure obtained by introducing the basis at each 


lattice point. Thus one may symbolically write 
Lattice-+ basis=crystal structure 
LATTICE + BASIS = CRYSTAL STRUCTURE 


(9) O (0) > 
° e e ° o o o E 

c] O O ie} 
e ° e e fo) o ° [e] 

O 12) 9 (o) 
5 n a è o o o o, 

(0) Ọ O O 
m }é ó r kai ° o o o 

(a) (b) (c) 


Fig. 22.6. 
(a) Crystal lattice, (b) basis, (c) crystal structure 


af 
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In other words, the basis repeated according to a translation operation 
(Eq. 22.1) gives us the crystal structure. Note that for a compound 


if attention is centred on equivalent atoms of one kind only, we get in 
each case the Bravais lattice. There are only 14 such lattices, though 


Fig. 22.7. 
The CsCl structure; one unit cell is shown 


_ Some important crystal structures are listed in Table 22.2, with 
typical examples, Description of these structures follows. 


C) CsCl Structure, The unit cell for this is shown in Fig. 22.7. 
TABLE 22.7 
Some Typical Crystal Structures 


Structure lattice basis molecules Examples 


per uni cell 
S Ba eO o are e NI AERE 


CsCl sc (000), (444) 1 CsCl A 
NaCl fee (000), (00) 4 NaCl, KCI 
hep hexagonal (002), (344) 2 Be, Mg 

ZoS hexaognal (000), ($4) 1 ZnS 
diamond fcc (000), (424) 8 diamond, Ge, Si 


If the corner atoms are Cs, the body-centre has Cl, and vice- 
versa. Each unit cell contains 8/8=1 atom of one kind, and 1 atom 
of the other kind, giving in all 1 molecule per unit cell. 


(ii) NaCl structure. This has a face-centred cubic (fcc) lattice and 
the basis is Na* —CI- with distance a/2 along (say) the x-axis. In 


It is to be emphasised that a crysial with CsC/ structure looks like having 
a bee lattice, but really has a simple cubic (cubic P) lattice. The Cs ators 
alone are arranged in cubic P lattic. The Cl atoms alone are also arrange 


in cubic P lattice; and the two arrangement are relatively shifted by an amount 
m(a/2)i+-na(a/2)j +m(a]2)k. g z 
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Fig. 23.8 if soli f 
elie olid dots show Nat ions, the hollow circles show ay 


Fig. 22.8. 


The NaCl structure, One unit cell is shown. 
CI lattice looks like a 


___ If you ignore the Nat and Cl- difference the Na ; 
simple cubic one. But one kind of atoms alone show_the fcc lattice. If lattice 
z for atoms of the same 


parameter is a, the nearest neighbour distance to av/’ 
d. The coordination number refers 


kind and a/2 fo ite ki 
2 for atoms of the opposite kin 
to nearst neighbours (here of the other kind) and is 6. 


(iii) hep (hexagonal close-packed) structure. 


Fig. 22.9 (a). 


hep structure, and possible 


One layer of atoms (A) in 
the next layer : Bor 


locations of atoms in 
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This may be understood from Fig. 22.9 (a), showing one layer 
of spherical atoms packed, with their centres named A. „For the 
second layer there are two series of gaps, named B’s and C’s. If the 
second layer fills the gaps B’s, then for the third layer there will be 
gaps over the positions of A’s and C’s. Beyond that there are two 
choices. We may have successive layers with atom-centres arranged 
as ABCABCABC...... or as ABABABAB...... The first arrangement 


leads only to an fcc lattice (we will not go to prove it).* The arrange- 
ment ABABABAB..... gives the hep structure. 


The name hexagonal in hep comes from the hexagon base shown 
dotted in Fig. 22.9 (a). But a parallelogram with base a=b and 
Y=12 ° is the smallest which describes the symmetry. With «=B=90 
the unit cell is shown in Fig. 22.9 (b). The length c may be calculated 
from geometry and comes to 2a4/ 2/3=1.63 at. In an actual hep 


“he the ratio c/a may differ from 1.63 4 due to nature of the 
onds, 


"Fig. 22.9 (b). 
Unit cell of hep structure, a=b, c=1,63 a, «=B=90°, y=120° 
Phe The dotted lines are to help locating B 


(iv) ZnS structure. This is the same as hep structure but with 
atoms of two different kinds (like Zn and S) in alternate layers. The 
unit cell thus has 1Zn-+1$ atom=1 molecule per unit cel]. Usually 
C/a7 1.63, 

©) Diamond structure, This has a fcc lattice with basis (C00), 
G, 4, 4). One eighth part of fcc unit cell (shown in Fig. 22.8) is repro 
duced in Fig. 22.10, with an extra C atom at (4, 4,4). This is one-eighth 


*From Fig. 22.9 (a) the cartesian coordinates of the first layer B are 
(a/2, a tan 30°/2, c/2), and the distance ABis a. These lead to 


a?=a°]4+a°h 2+ c? 
That gives the cited value for c. 
SE L 


tSee Example 22,4 (note at the end), 
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fothe unit cell of diamond structure. Note the tetragonal bonds 
with bond length 4+/ 3/4 and bond angles 109°28. oth 


Fig. 22°10. 
Diamond Structure, One-eighth of a 


Example 22:3. The density of sodium chloride is 2°18 g/cc. 
the crystal has ffcc space lattice deduce the lattice constant a. (Avogadro 


unit cell is shown. 
Given that 


number=6'02 x 10% per g-mole). 
Solution. Volume of unit cell is a 


therefore a®X2°18 g. 
Now molecular weight of NaCl is 58°5, and in foc lattice there are # 
molecules perjunit cell, Hence mass in each unit cell is 


(4x 58°5)+(6'02X 10°)g 


cc and mass in cach unit cell is 


Equating the two expressions. 
xr i= > a=563x 10 cm 

Example 224. Packing fraction in crystals is defined as the ratio of 
volume of the atoms in a unit cell and the volume of unit cell, Compute it for 
(i) se, (ii) fec, and (iii) hep structure of elemental solids, treating the 
spherical, 
Solution, If atomic diameter is d, the volumes occupied by the atoms im 
a unit cell in the three cases are : 


(i) [nd'/6]x1 Gii) (ni/6)x4 (iil) [md*/6]*2 
Unit cell parameters for the cass are = 
(i) a=d, (ii) a=dy/2s ( 
Hence the unit cell volumes are: 

(i) da (ii) 2/2 di (iii) ./2 a 


iii) a=b=d, c=2d\/28, YU 
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The required packing fractions therefore are 
@ 7/6 (ii) 7/3,/2 (ii) ®/3,/2 


[Note that fec has the same packing fraction as Acp. © Only the arrange- 
ments are ABCABC......in fcc and ABABAB......in hep as stated before] 


22°3. Lattice Planes and Miller Indices, A crystal lattice may 

be considered as an aggregate of a set of parallel equi-distant planes 
passing through the lattice points. These are called lattice planes, 
or a given lattice these sets of planes can be chosen in a number 
of different ways; the spacing between the successive planes 


accordingly varies, as also the density of lattice points per unit area 
each plane. 


A crystal can be easily split or cleaved along these lattice planes, 
Particularly the planes of high density of lattice points. Hence lattice 
Planes are also called cleavage planes, 


The most important cleavage planes are those defined by (a, b), 
(, c) and (c, a). But numerous other lattice planes may be defined. 
The method of specifying them is as follows : 


(i) Let the intercepts by the given plane on the} three crystal 
axes be in the ratio pa : qb : rc, where a, b, c are the ‘corresponding 
unit vector lengths, and P, 4; ¥ are integers. 


(ii) Take the reciprocals of p, q, r. 


(iii) Get the smallest possible integers A, k, / such that 
h: kil=p; qa; p, (222) 


„Now these numbers h, k, l are known as Miller indices ‘of the 
iven set of planes, and we specify the plane as (4 k 1). In terms of 
Coordinate geometry the family of (h k 1) planes is described by 


a tp to =” (n=integer) «a (223) 


., For planes parallel to the xy plane we have p=q=oo andr 
finite. Therefore p 


» the Miller indices are (001). Similarly, the indices 
(010) and (100) represent lattice planes parallel to zx and yz 
Planes respectively, 


Consider the (1 1 0) plane. It is parallel to z-axis and intercept 
along x and y axes are equal in terms of the respective primitives$ 

imilarly, for (2 1 0) plane the intercept along x-axis is 1/2 times. 
that along the y-axis. For (3 2 4) plane the X-,y-,Z-intercepts are in 
the proportion 1/3, 1/2, 1/4, which means 4:6: 3, 
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NS 


RS 


(117) 


11. 
Janes in cubic crystals 
_. If an intercept is negative the corresponding Miller index is 
written with a bar at the top, like 3. Thus a plane (13 0) is not the 
3 0), because if all 


same as (130). But (7 3.0) is the same as í 
Miller indices are reversed in sign We get only a parallel plane, as may 


be seen from Eq. (22:3). 


i Fig. 22° 
Some important lattice p 


Example 22:5. Ina triclinic crystal* a “cleavage plane makes intercepts 
2:93, 4°47 ‘and 2°35 units along the three crystallographic axes, the correspon- 
ding primitives being 3°05, 6°99 ‘and 4°90 A. Deduce the Miller indices of the 
cleavage plane. 
Solution, ip 40 peg HEED ii 235 
. p:4:r= 3o 699 ` 490 
='961, '640 : -480=6 4:3 


1 1 1 
CES E y A z4 
3 HSE 


ME ots pa a 
P AAEN E coa 
Hence the Miller indices of the plane are (2 3 4). ə 
Spacing between Lattice Planes. If we take, successive planes 
imiti which a= 


with Miller indices* {h k I}, then for primitive lattices in 

B=y=90° the spacing between t 

wm BB 

mpata 

prove the formula here. In the case of the cubic 
Hence for cubic P lattice eq. (224) simplifies to 

2259 


Bue (224) 


We shall not 
system, a=b=e. 


d in One 

ae (oe 

* The specifications tricinic or orthorhombic are unimportant in these examples. 
But when the spacing between the planes is to be considered, these becoms 
meaningful. 
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Example 22°6. Ina tetragonal lattice a=b=2°42 A, c=1'74 A. Deduce 
the lattice spacings between (1 0 1) planes. 
Solution, Using eq. (22°4) 


13 0? i? yE 
dm=( C4 O4 + TAF 
=1°41 A (check it). 


Lattice Planes in bec and fcc Lattices, In a simple cubic lattice 
the largest spacings d are given by the smallest values of A®+-k?-+/%, 
us the largest three spacings are as follows : 


Planes {1 0 0} spacing a ratio 1°00 
{1 1 0} ajy 2 0°71 
111} aly 3 0°58 


In the fcc lattice additional Jattice points appear at the locations 
a@ oa 
2°54 f Now the {1 0 0} and {1 1 0} planes do not cover 


the face-centred points and we have to draw additional planes half- 
way through in each case. However, the (1 1 1) planes take care of 
the additional points without introducing extra planes. A look at 
Fig. 22°11, will make this clear Mathematically the decision follows 
from Eq. (22°3), which for cubic lattic becomes 


hx+ky+lz=na sn 2210) 


The {@/2, 4/2, 0} points do not satisfy this for the {1 0 0} and {1 1 0) 
planes; they do for the {1 1 1} planes. 


Some authors specify the half-way planes by using Miller indices 
{200} and {2 20}, which is a modification of step (iii) to define 
k,l. This conveniently gives the spacings of Miller planes in fcc 
lattice by use of eq. (22'S). The lowest three A®-+k?--/2 now corres- 
Pond to the planes as listed below : 


planes {1 1 1} spacing a/y 7 ratio 1'00 
{200} a/2 0°87 
{2 2 0} aly 7 0'61 


. For the bce lattice, one may see similarly that additional planes 
arise half-way in the cases of {1 0 0} and {1 1 1} orientations, but not 
in the case of {1 1 0}. Hence the first two planes become {2 0 0} and 


{2 2 2} and hence planes {1 1 0} have the largest spacing. The three 
Jargest spacings are as follows : 


plane {1 1 0} spacing a/y 2 ratio 1°00 
{2 0 0} a/2 0'71 
1222 ay 3 0'41 


* The curly brackets{ } indicate all equivalent planes e.g., {| 1 2} includes the 


four planes (1 1 2) 3(112)3(1 12)3(11), és differently oriented, 
but for all of them the spacing ag) is the ? ae are differently 


SN 
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Example 22:7, Show that the (110) planes do not cover all the face 
centre points in a fee lattice. 


f Solution, ; Faced centred points are represented by (ra/2, saj2, t/a) where 
rand s are odd integers and ¢ is any integer. The curly brackets mean 


ra sa ra sa s 

2 7o“ ).(a#. 4) and (+. ta, 9 
(110) planes refer to h=1, k=1 1=0. Substitution for the three sets of face- 
centred points in Eq. (22'6) leads to 


sa 
a aki ta+ Gana, and + +ta=na 
Only the first of these hold true, (since r and s are odd integers) which means 
that the other sets of face-centred points are not covered by the (110) planes. 


22'4, Diffraction of X-rays by Crystals. When X-rays fall on 
a crystal, each electron of each atom scatters a part of the beam, and 
we have to consider the sum-total of the scattered radiation. This 
may be seen in three steps : 


__ (i) The amplitude of the scattered wave resulting from Z 
different electrons of 4 given atom is not just Z-fold the amplitude of 
scattered wave per electron; itis AZ, where A is called the atomic 
structure factor. It depends on the distribution of electrons in the 
atom, A of the X-rays used and the direction of observation relative 
to the incident light. 


(ii) The amplitude of the scattered wave resulting from the 
different atoms in a unit cell of the crystal is not just 2A,Z, summed: 
over the atoms in the unit cell, but is f2A;Z;, where fis called the 
crystal structure factor. It depends on the relative placements of the 
atoms in a unit cell, on à of the X-rays used, and on the direction of 


observation. 


(ii?) The amplitude of the scattered wave from a crystal as @ 
Itant arising from the lattice arrangement of 


different unit cells. For some chosen directions the contributions 
from all unit cells add-up in phase. These form the maxima, an 
the A value, an 


Laue followed this procedure. For a beam passing through & 


single crystal, the transmitted light shows maxima 1D the form © 
i s and intensities 


Laue spots formed on a screen. From their positions a nter 
one deduces not only 4, b,c, but also structure details within the 
unit cell, and yet further the details of electron charge distribution 12 
the atoms. 


But we will use a short-cut, used by Bragg which centres om 


an examination of the lattice. 
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Bragg’s Law. In Fig. 22°12 we show a set of parallel atomic 
planes*, an incident beam at angle 8 from the plane, and a direction 
of observation 6’. If 6’ cor 
responds to specular 
reflection at the atomic 
planes [i.e., 6’=6, and the 
incident ray, scattered ray, 
and normal to the lattice 
planes are in one plane], 
then it is simple to see 

ee that the scattered waves 
®— from all the atoms in a 
Fig, 22°12, given plane reach the ob- 
Brage’s Law Server in the same phase, 
and therefore reinforce. 


Next, the scattered waves from successive planes also must rein- 
force. The relation for this is deduced from Fig. 22°12. The incident 


Waves reflected from successive Planes is BM+BN=2d sin 6. For 
reinforcement, this must be an integral multiple of à. Hence 


ee 


2d sin 0=nàÀ Bragg’s Law (27) 
indent 


Thus specular reflection condition plus Bragg’s law means that waves 


rom all unit cells in all the lattice planes yeach the observer in agree- 
ment of phase, 


An ordinary mirror behaves with visible light exactly the same way— 

each atom of the mi i i 
Penetration is not Ja ge and >d. Hence Bragg’s condition Plays no role and 
light of all wavelengths shows a maximum at 6’=6, 
If a crystal belongs to a Compound, then each ‘dot? in Fig. 22°12. repre- 
sents a unit cell, with atoms of different kinds arranged according to the crystal 
structure, One way to handle this is to first sum- i é e 
for the whole lattice. Another way is to first sum-u 
one kind of atoms, and then sum-up for atoms of different kinds, We shall 
use the second method, and consider only a diatomi 
of situations arise : (i) for some (hk I) values the 
inds of atoms, and (ii) for other (h k 1) values the 
kind of atoms lie half-way between those causing the 


As one example, in KCI (whose structure is of NaCl type, Fig. 22°8) 
the {1 1 1} planes alternately contain K+ alone and Ci- alone, Therefore for 
odd values of n the waves from K+ planes and CI- 
an odd multiple of m. Since K+ has m 
waves from Kt Planes and CI- planes totally ca . 
KBr the odd orders are weaker than even orders, But {1 00} planes for 


example, contain both K+ and CI- (or Br-) ions, and for these planes all the 
orders appear, 


% 
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Bragg Spectrometer. The essential parts of a Bragg spectro- 
meter are shown in fig. 22.13. AB isa narrow straight channel 


X-RAY ZZA fe) 
SOURCE ABZZZp 0 Gia sso 


Fig. 22.13. 


Schematic of a Bragg Spectrometer 

between two brass blocks. This serves as'a narrow ‘slit? (L' to plane 
of paper) as well as ‘collimator’ for the incident X-rays. Cisa 
single crystal, usually of NaCl with (1 0 0) face. J is an ionisation 
chamber*. 

_ The ionisation chamber and the crystal can be rotated about an 
axis at O, perpendicular to the plane of paper, in such a way that 
the angular relation 0 and 20 as shown in the diagram is always 


maintained. 
As the angle 29 is changed, the current through the galvano- 


meter G shows some peaks, as represented schematically in fig. 22.14. 
This figure shows two close lines in first and second order. From 


the observed 20, and known 
dy, along with suitable 7, we 

can calculate A values for the 
two lines. The lines are actually 
superposed over a continuous 
spectrum of X-rays. From this 

the intensity distribution in the t 
continuous spectrum can also) oj 
be deduced. 


It will thus be seen that 
crystals provide natural (three- 


dimensional) gratings for the soe 
analysis of an X-ray spectrum. 
The maximum wavelength for pci a 
which a crystal can be thus used Fig. 22.1%. 
A typical Bragg spectrum 


is obviously limited to 24. 
Example 22°8 Calculate the glancing angle 
rock-salt crystal (a=2'814 A) corresponding to secon 


of ,=0°710A. 
Solution, For {1 0 0} planes, the spacing d is equal to a. Using eq. 
2% 2'814% 107% sin 0=2x 0710x107? 


an tf 0710] = 14222" 
Sash [ear ; 
e the record comes 


* This may be replaced by a photographic film, in which cas 
in one ete and 6 is determined by the geometry of the system (See 


example 22'9). 


on the cube face {1 0 0} ofa 
d order reflection for X-rays 


(227) 


© 
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i 
i 


trometer a photographic film is set per- 
peulris the incident beam and ata distance 250 cm from the axis of the 
Crystal. Aline is observed at distance 8°472 cm from the direct beam, 

a second order reflections from {1 1 0} face, deduce the waye- 


Solution, tan 20m $472, "s | 09°22 (check it) 


Now, for {1 1 0} reflections, d=ay2 


2dsinð 2x5 63xsin 9°22" 
a ee Foe ‘651 A 
n V2x2 wes) 


ii Example 22:10. In Bragg reflection, deviation of the beam is 29. Deduce 
for 


separa beams of .=0'8104 and 0:8154 for second order reflection for 
planes of d=1'2164, if a 20 cm camera is used. 


Solution, Using eq. (22°7) 


2x1216xXsin8=2x0'810 => @=42° (check it) 


Also, differentiating eq. (22°7), we get 


ae ...(22'8} 
36 Wdeos À 


Now, x=ftan 26, Hence 


a ee ee 
3x=2f secto 30 Fag rhea 
Using cos 42°=0'743, we get 


3x= _2X20x0'005 


1216x0743)" ~ 043 cm © 


The Powder Method. In this method (fig. 22.15)a monochro- 
matic X-ray beam is Passed through a pin hole (not slit) in a block of 


POWDER 


PIN-HOLE SPECIMEN 


Fig. 22.15. 
Powder Camera for analysis of crystal structure 
brass, and allowed to fall on a powder specimen. A photographic film- 
Strip is put a 


long a circle concentric with the specimen and the pattern 


ON 
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-í LAN ca pae os 


Fig. 22.16. 
A powder pattern from X-rays on a cylindrical film strip 


recorded is like the one shown typically in fig- 22.16. (The central 

spot is masked off). Alternatively, one could puta plane film on the 

ing a alone, which gives a pattern of concentric circles, 
ig. 22.20). 


_ A ‘powder’ is an assembly of a large number 
oriented in all possible directions. Let d,...be the 
spacings* for the given i Then the 
incident X-rays chosen for the experiment there 
êi, Q... etc. for which equations (22.7) is 
or 2. From the aggregate of micro-crystals those 
have these proper orientation give Brags reflections, 
the appropriate 26 angles from the incident beam. Thus there 
of Bragg reflection with semi-angles 20, wee 
graphic film records the intercepts of these cones. 
From the measured 26 values, known A value, and 
sorted n valos; ( 22.11) we deduce the various 
spacings (i.e, values) given 
used for determining the various d-values for of a given 
rial, and hence in crystal structure analysis. In cone 
method is used for detérmining À from known d ( iw). Hence 
is used in X-ray s à 
The beam (e.g, Ps in fis. 
reflection", Its onea i tae i5 Co. Ps in determinations of sall change” 
in d, w say) tempera! 
Example 22°11. X-rays of porat ae cle oe cea 
beyond the distance 
A plans Ma DOT aal THE he pondas Sad sas cm. Interpret the oberta- 
tions ee Proceeding as in Ex. 229 we deduce in succession tan d, # 
and sin 6 for the four cases 
sin 6=0.1723, 02439, 0.3458, OHP niaii 
wW : that the last two value of sin 
Wioes, Hence it is reasonable 10 ake c first o a as the first wader 


Ẹ 


eu 


g 
F 
ti! 


ite 


sin Os _ 2439 
Dar mO 
This is close to 4/2 and we therefore conclade that pod JD ate 
This i teste te expt coal ave Ico bec but 
ae area of the plane, and 


+ Largest d corresponds 
hence to largest prominence 
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From the given À, get from eq. (22'7) 


‘741 
"741 : d pea LSE 2 
pes =?! 4; d= AS © 


i i Xa falling on a single- 
Method, It uses a pencil of white’ X-rays, f 
endl e217 oae ot ele N oaa to tho pendil ae 
hic film kept normal to the beam 
cates Ad Fig. 22°20). These are called Laue spots. 


oe 5 4 
i ig. 22°17 (a) about the incident beam axis be represente 

by ¢. panties ple ¢ 2 none of the lattice planes, of he are E, 
have its normal in the figure plane, and hence no scattere ; EEN Oe ae 
occur. Only for some discrete set of ¢, like 1, ¢a, bn pocis oe 
some lattice planes whose normals lie in the figure plane an nt alow i 
Bragg reflection to be observed. The angle where P occurs With gad rs 
9;, is the glancing angle for the concerned effective ee p ian 3 Fie 27) 
both fixed, the system chooses the fitting À, from the white X-ray : 7 e, "3 
shows one such P;. Thus one gets several spots at a pisprete sero ar a 

in each case at a discrete set of distances r; which lead to 0; si = 


i i not 
Since each spot in Laue pattern belongs to a different À; (which we do 


it wi i ither measure A values nord 
ow), it will appear that this method would neit ete 
fa But getting g dependence on record, in addiiion to 0 dependence, mi 


ive the 
the method more useful in analysis of crystal structure, We cannot gi 
complex details here, 


d, =152 4 
1 


WHITE BAA ART Pine 
' XRAYS EA SINGLE 
CRYSTAL 
. 
(a) 
Fig. 22°17, 


i 
{a] Laue setting [b] Laue spots 


22'5. Diffraction of Material Particles, 
Davisson and Germer re 


nickel, (Fig. 22°18). In high vacu 
ted by a potential of ~50 volts. The beam 
phragms, falls on the single crystal of nicke 


ystal, while others bounce 
back. The intensity of electrons b ing i A 3 


measured by a small collector, wh 
In the collector a retarding pot 
voltage is applied 


lt so that only those electrons which bounce with full 
initial energy are recorded. > 
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Fig. 22°18, 

Davisson-Germer experiment, The electron, currents 
scattered in various directions are shown by 
broken lines. The curved solid line repre- 
sents the distribution 


experiment is that {the scattered 
aximum and minimum, 
ating potential!’ is 


The unexpected result of the 
electrons show a pattern with a well-defined m 
resembling a diffraction pattem. hen the acceler: 


(a) (b) io o tA 


36 VOLT 48 VOLT @ 54 VOLT 60 VOLT 
THE 
CRYSTAL 
Fig. 22'19. 
ern for different accelerating 


Electron-diffraction patt 
voltages 
varied, the maximum appears most distinctly at 54 volts and is¥at 
f electrons (see fiig. 22'19). 


angle 50° from the incident beam © 
ly attribute a wavelength À to the 


To explain this, let us tentatively í 
electron beam. (The significance of this will be treated in the next 
Chapter). As discusse : ystal planes res- 
ponsible for the maximum must be equally inclined with the directions 
of incidence and observation. This gives the grazing angle as §=90°— 
3(50°)=65°. The nickel crystal had a prominent lattice plane actully 
at this angle from the beam. Further the spacing was d=091 A 
using Bragg’s equation, the wavelength W 
A=2X0.91% -9063=1°65 A 
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In 1923 Louis de Broglie had stipulated theoretically that mate- 
rial particles of linear momentum P should show a wave-like be- 
haviour with A given by 


ae hd ...(22'9) 


where h is Planck’s constant. One finds that computation for the 
54-volt electron gives ,=1°67 A, in close agreement with the value 
attributed by Davisson and Germer’s experiment. 


G. P. Thomson in 1927 observed electron diffraction by trans- 
mission of a fast electron beam through a thin foil of gold. A narrow 
pencil of electrons accelerated through 
600,000 volt was sent through a gold hs, 
film so thin that most of the electrons S 
passed out. Now the ‘film’ is really 
composed of numerous very small cry- 
stals of gold, so that it acts like a 
‘powder’ and with X-rays it produces a 
ring-shaped diffraction pattern. The 
remarkable thing is that it produced a 
very much similar pattern with the 
electron beam also (Fig. 22'20). The 
telative dimensions of the two patterns 
enable us to Compute the experimental 


aa 
DE lal ii 


an 


i i ‘20. 
value of À to be attributed to the elec- Fig, 22:2 n 
tron beam; it is found to agree with the Transmission patea f 
theoretical value 48000-volt electrons throug 


a silver foil 500 A thick 
Diffraction of other ‘Particles’. Diffraction experiments with 
beams of protons, deuterons and other charged particles have been 
performed, and all of them establish the validity of the de Broglie 
relation (22°9), Due to larger masses in these cases one needs a 
smaller accelerating Voltage to get a wavelength of the proper order. 


Neutral particles like neutrons also show diffraction in the same 
manner. A velocity-selector sorts out neutrons of a narrow range 


a momentum p, and special detectors have to be used to observe 
them. 


Example 22°12, The smallest angle for Strong reflection of a beam of 
neutrons with a family of crystallographic planes of Spacing 3°84 4 is 30°, 
Calculate the wavelength of the neutron beam and also the Speed of neutrons. 
Solution, From the Bragg equation 2d sin 6=n). 

23°84 x 1078 x 0°500=1", 
We put n=1 since the given angle is the smallest, 

“e A=3°84x 10-8 em 
Now, by de Broglie relation 
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yo. 663x100 
Am 3°84X 10-8 x 1°67 x 1074 
=1'03 X 10° cm/sec. O) 


22°6. Applications of Elect 

x é App ron and Neutron Diffraction. The 
Ligne Re ging of wave-nature exhibited by material particles 
Pe ton ip ed in the next chapter. About the use of electron beams 
a ney cae in aioe we have spoken in § 15°8. They are 
now wide y Se e details of the order of a few angstroms— 


Here we will discuss the use of iffracti 

: A C electron diffraction and neutron 

E for studying the crystalline structure of materials. The 

Po ure is the same as with X-rays, but fortunately these methods 
e complementary character. Let us see this. 


i X-ray interaction Occurs through electromagnetic nature of light 
T ng on the Z electrons of the atom. This interaction is weak ; 
therefore the X-rays penetrate deep, and X-ray diffraction gives 
information about the entire interior of a solid. The information is 
more about the higher Z atoms (like Pb, V, etc) than about the lighter 
atoms (like H, C, O, etc). 


In contrast, interaction of electrons occurs through electrostatic 
force. This being a stronger interaction the beam does not penetrate 
deep. This is not disadvantage always, because if you want to study 
the structure thin films, or surface films on a solid, or even the struc- 
ture of liquid near the surface (which can be different from that in 
the interior), then electron diffraction is the best. Electrons also have 
a magnetic moment, and therefore its behavior also depends on the 
magnetic character of the surface layers. That is a great advantage. 


Neutrons have no charge and their penetration in the solid is 
very deep—even more than X-rays. But the interaction of neutrons 
does not depend on Z ; it depends on the fact that it has a magnetic 
moment p. So if there are isotopes with different », OF neighbouring 
Z atoms with different 4, then neutron scattering experiments will be 
able to distinguish between them. Another fact is that, for a given 
interaction strength, the momentum sharing is more in collisions with 
particles of comparable mass (like H, D, Be, He etc.) than with 
heavier ones. For this reason neutron diffraction gives far more 
information about the positions of the lighter atoms in the crystal 


lattice than what X-rays diffraction does. 


Thus for material in bulk X-ray diffraction gives best information 
e effect of p of the target atoms/ions. 


for high Z atoms and ignores th a 
Neutron diffraction gives information dominantly depending on # of 
the target ions/atoms, ‘and more so for the lightest atoms. Electron 
diffraction gives no information about the bulk material, but about 

t is the only method. The complimen= 


thin films and surface layers i 


tary features make a combination so useful. 
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PROBLEMS i 
22'1. Gold hasatomic weight 197 and density 19°3 gm/ce, 
Deduce an order-of-magnitude value of spacing between the atoms in 
solid gold. (Given N=6'0 x 10? per gm mole). 


22'2. Distinguish between cubic I and fce lattices. Compute 
the number of atoms of one kind in a unit cell in each case. 


22'3. In a CsCl structure the positions of Cs atoms are 
mai+naj+nak. Write down the positions of the C/ atoms, and 
the translation vector from any Cs atom to any C/ atom, or vice 
versa. 


22'4. Show that for the primitive cell of fcc lattice the edges 
are 4/2 each with angles 60° between the concurrent edges. Also 
deduce the volume per primitive cell ? 


22'5. Define ‘packing fraction’ and show that its value i 
mV/3/16 for the diamond structure and ny 3/8 for an elemental soli 
in bec lattice. 


22'6. CsCl has density 3.98 g/cc and molecular weight pa 
It has a cubic P lattice with Cs* at [4 4 4] positions relative to Cl”. 
Compute (i) the lattice constant a, (ii) the coordination number, (iii) 
the nearest neighbour distance. 


22:7. If a, b, c are the primitives along orthogonal axes, show 
that the spacing between consecutive lattice planes (Akl) is given by 


ho o k? a naps 
atp wi] 
22'8. NaCI has fcc lattice with a=5'63A°. Deduce the spacings. 


of {100} and {110} planes. Also compute the dimensions and 
shape of the primitive cell. 


229. KCl has the same crystal structure as NaCl and both are 
ionic. But for reflections by {1 1 1} planes the odd order spectra are 
absent in KCI while they are only weak in NaCl. Discuss this. The 
atomic numbers of K, Na and Cl are 19, 11 and 17 respectivety. 


22'10. In reflection of ordinary light the only condition requi- 
ted is 0’=6, whereas in Bragg reflection an additional condition requi“ 
red is 2d sin 0=nÀ, Discuss this and also other differences between 
reflection of light from a surface and of X-rays from a lattice, 


iki 


22°11. Ina Bragg spectrometer maxima are observed at angles 
of deviation 11°56’, 24502" and 36°24’ from the direct beam. The 
incident X-rays are monochromatic and of A=0'612 A. Deduce the 
conclusions about these maxima. 


2212. The powder of a material which has cubic P lattice is 
examined with monochromatic X-rays, using a cylindrival film to 
record spectra all around the Specimen. If A of X-rays is 0'812 4 
and a=1'920 A, compute the angular positions of the spectra of all 
the orders due to the lattice planes {1 0 0}, {1 1 1}, and {2 1 1}. 


Oe 
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2213. Define atomic structure factor. Explain why its consi- 
deration is significant when A is of the order’of atomic dimensions (or 
smaller), but insignificant for large A. 


22'14. Define crystal structure factor. Show that for CsC/ the 
odd order maxima from (1 0 0) planes will be weak on this account. 


22:15. The X-ray powder pattern of a simple solid of the cubic 
system is obtained on a plane film 20°0 cm away from the specimen. 
The radii of the first few rings are found to be 6°95, 10°28, 16°20, 
222, and 29°7 cm. Deduce the Bragg angles and find whether the 
lattice is sc, bec or fee. 


22:16. Show that the de Broglie wavelength 
accelerated to V volt is given by 


of an electron 


if V is not too large. By what factor w 


if the particle were a proton ? 
2217. Deduce the de Broglie wavelength corresponding to () 
54-volt electron, (di) 5400-volt electron, (iii) 0.05 eV neutron. 
1°635%10® cm/sec have 


22:18, Show that neutrons of speed * ci 
de Brogile wavelength 0°600 x 107° cm. Deduce the kinetic energy 0 
these neutrons in eV unit. a aerate 
22.19. Which of the three beams -rays, neutrons, erectro® 
is best suited to study the (i) structure of surface layers, (ii) positions 


of the lighter atoms, (if) positions of heavier atoms, and (iv) positions 
reason in each case. 


of magnetic ions. Explain the 


22°20. A crystal involving equ f 

CsCl structure in the ordered system but in the eau ioe ti 
and B occupy the sites randomly. A and B have nearly equa en 
numbers, but have different magnetic moments. By what expe’ 

will you decide the extent of ordering 2 Expiain. 


ould the number 12°27 change 


23 
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Planck assumed that a harmonic oscillator could have energy in 
integral multiples of hv only (§ 19°1). Bohr assumed that the angular 
momentum of electrons orbiting in an atom could be in integral multi 
ples of h/2x only (§ 20°3). These assumptions violated newtonian 
mechanics and electrodynamics, but led to satisfactory explanation 
of many experimental facts. Yet they did not present a proper 
framework of dynamics for the atomic world. 


While the distribution of light past apertures and obstacles could 
be explained only by attributing wave nature to it, Einstein had to 
assume that in the interaction of light with matter the energy of light 
showed up in bundles (photons) of energy Av. only (§ 19°2). This is 
called the wave-and-particle duality of light. 


Before this duality could be resolved, Louis de Broglie in 1923 
predicted theoretically that material particles should also show inter- 


ference and diffraction effects as waves do. Thus matter also showed 
waye-and-particle duality, 


In this chapter we shall continue to describe a few more deve- 
lopments and experiments on these lines. Towards the end we will 
briefly introduce the reader to quantum mechanics which now replaces 
the netwtonian mechanics, though for macroscopic behaviour 


Newton’s laws are very close approximations to the results of quantum 
mechanics. 


23'1. De Broglie Waves. In the case of light a bridge between 
its Wave-character and photon-character can be made thus : 


(i) Assum 


e that energy and momentum are carried in bundles 
called photons. 


_ _ Gi) Assume that the travel of the photons is governed by some 
kind of waves of definite frequency v. 


(iii) If the phase velocity of these waves its u, thea we have a 
wavelength defined by A=u/¥. 


l 
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__ (iv) If the phase velocity depends on A 
with group velocity eT Aau/ON G 7), pe ee wh 
Louis de Broglie considered that materi icli 
jal particles may also be 
ee by phase-waves, like (iii) above. The frequency to be asso* 
ciated with these waves may be set out through 


hv=4m +V =W 


where V is potential enei y ineti 

E rgy, dmv? the kinetic energy, 
i Nothing is said so far about the phase velocit 
velocity is related with it through. 


Fe SEINA ôv ; 
-xè (+)- -a „032 


De Broglie now proposed [like (iv) above] that material particles have 
particle velocity v given by Cs: That gives 


w3 
and W the total 


y u But group 


..(23°3) 


Note that phase velocity 4 is not specified, but Eq. (23'2) shifts atten- 
tion to dv/dA, and hence to A, since Y is defined by Eq. (231). That 
equation, with V held constant, gives 


o=o 


ôv mov y 
ðv _ ms Oo „(234 
aA. dA os 
Substituting in Eq. (23°3) gives 

CU Bek ys ee TAY 

aA ray m A2 m À 


the integration constant being set as Zero. This gives the famous de 


Broglie relation 


RRO O (235) 
mo P 


de Broglie are variously | ) 
» describe their function best, since one 


The waves introduced by 
not that m 


matter waves’, etc. But “phase waves 
neither means that matter has 
pepe with a wavy motion ae i 
of momentum p passes near an O stacle, í 

a grating, the p Paston. of a large number of such particles may be explained 
by considering phase waves associated d having a wavelength 
given by eq. (23°5). 


The essence of the aforesaid derivation is thatif we have to 


keep consistent symmetry with the case of optics, then an introduction 
of hy=W (eq. ra 1) necessarily leads to X=h'p eq. 23° 5), if the 


particle is assumed to move with the group velocity Cs: 
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One may be tempted to consider that eq. (23°5) could directly 
be deduced from Compton’s equation p=//A for a photon. This is 
not the position. Compton’s equation follows from p=£/c=hv/c=h/A, 
In the present case the equivalent of p=£/c is absent. All photons, 
without exception, move with the same speed ¢ (in vacuum), whereas 
particles of even a given kind (like an electron) may move with 
different speeds and have correspondingly different momenta. Hence 
de Broglie’s hypothesis is an independent postulate. 

We have yet not stated how much u will be. To examine this let us 


consider the refraction of matter waves. In Fig. 2371 electrons from an 
electron-gun G enter a metal box A with speed v a, and then pass on to another 


G 


; Fig. 23°1 
Showing “refraction” of a beam of electrons 


metal box B, the potential of which is different. The electron beam therefore 
defiects as shown. Treating electrons as particles we note that the'lateral 
velocity does not change. Hence va Sin 9a =vp Sin Oy 


sin 0A __vp 
sin ôg vA + (23°6) 


On the wave concept, we must have (as in Eq. 10°6) 


sin ðA ua (23.7) 
sin Ôp uB 


apas the phase velocity u must be inversely proportional to the particle speed 
pal . 


b 
u= EA ...(23'8) 


boc ak bisa constant during the motion. For light u=v=c, and this would 


Example 23:1, Make an order i i li 
s of magnitude calculation of the de Broglie 
vayelength of a 100-volt electron (ie., an electron accelerated through 100 


t potential difference), 
Solution. The momentum p is given by the relation p*=2mE, 


P=(2X9'1 x 10-1 x 1°6 x 10-19 100)*/2 
5x 10-4 kg msi 
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£ Hence, de Broglie wavelength is 
ne fh 66x10 TS 
2 j p sxo T 
_ Example 232, Dedue i 
kinetic energy 1 ev, (ii) thermal pth EA T arse n TIN y 


Solution. 
(i) Since p=4/2mE 
P=4/ 2mE, we get (using 1 ev=1'6X 10 joule) 
A ES 6'6 x 107% 
JamE (2X1°67X107*7 XOX 10°79)*? 
=2x10™ m. 
(ii) For thermal neutrons, energy EkT. We get 
E138 107 x 3004 x 107% joule 


13x100 m, 


— 


A 6'6x 10-** 

= xT 1071x 4x 10) =2x 10-8 m. © 

$ Te 2. Direct Evidence for Wave Behaviour of Particles. In 
we have already cited the evidence in support of de Broglie’s 


h i : : f 
ypothesis. We now proceed to describe, two more direct experiments 


parallel with the biprism interference experiment and the straight edge 


diffraction experiment of light. 


j (a) “Biprism” Interference Experim 
g. 23'2 shows an outline of the atrangeme 


ent with an Electron Beam. 
nt used by H. Ducker in 


Fig. 23°2. 


Schematic arrangement for produc: 
ges with an electron beam 


ing biprism type inter- 
ference frin 


1955. Here F is a straight hot filament perpendicular to the plane of 
ith a wide slit in the front. The 


paper, and A is a cylindrical anode wi Í 
heated filament and 20,000 volt accelerating potential between F and 
A form the electron-gun. Tt gives monoenergetic electrons of de 


Broglie wavelength=10°*m (check it). 


_ Ba, Ba are two metal plates of sam sa, 
thin silvered quartz fibre, parallel to the filament F, This wire 1s 
*JAn a i oium at temperature T will contain 

n assembly of neutrons Jn equilibrium pe: agoitade estimates 


neutrons of means kinetic energy (312) kT. In order of mi 


e thickness and Wis a very 


we take E=KT, and T is taken as =300K. 


a E 
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given a positive potential +6 volt with respect to the plates B,, Ba. 
So there is an electric field between W and Bı, as also between W 
and B;. The electric field is largest near W and decreases linearly as 
we go towards Bı or B,. These fields are such that the electron beam 
passing through the upper half is deflected downwards and meets 
the screen over area C,D, as if it were coming from F; ; the beam 
passing through the lower half meets the screen over area CDs as if 
it were coming from Fs. The area of overlap is DiDa. One may see 
the similarity with a biprism divice giving Fı and Fo as images of F 
by two parts of the biprism. 


The entire apparatus is enclosed in a high vacuum chamber, so 
that electrons travel from the filament to the screen without col 
in the path. A photographic record, when seen highly magnified, 


shows exactly the same pattern as with a biprism experiment im 
light. 


One might ask whether slower electrons would not be better. A ee 
of accelerating voltage by a factor 100 would increase > by af actor of 10. a 
against this advantage of 10-fold larger i, the electrostatic ‘biprism piss q 
need a smaller potential by a factor of 100 (for same separation FF»). It kas 
be extremely hard to ensure stability of such a low voltage and freedom from 


stray field effects. For these reasons, slower electrons are not preferable for 
the experiment. 


(d) “Straight Edge” Diffraction Experiment with an Electrot 
Beam. The experiment was done by Raether in 1957, and is another 


Fig. 23°3. 


Schematic arrangement, for producing straight edge 
diffraction pattern with an electron beam 


direct parallel with an optical experiment. Fig. 23°3 shows the 
arrangement. The electron gun is the same as in Ducker’s experi- 
ments and E is the edge ofa single crystal,* perpendicular to the 
plane of paper. 


The beam of electrons is received on a photographic film CD. 
the entire apparatus being kept enclosed in a high vacuum chamber 
The pattern abained (when magnified suitably) is found to be indis- 
tinguishable from the pattern with light (Fig. 13.11). The waves 
length of the electron beam, deduced from the pattern, matches the 
value calculated from de Broglie’s prediction. 

* The de Broglie wavelength for 20,000 volt electrons is ~10™ A, which is 
430,000 times smaller than the wavelength of visible light. Hence the 


“straightness” of the edge F has to be extremely precise, Crystal edges alone 
are, therefore, proper. Raether used MgO crystal. 


-C 
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23:3. Some Applications of de 
apply de Broglie’s relation to see 
arise in a bound system. Ina 


accept that stationary wave solutions are t 


how quantized 
; i sonometer wire 

quencies are quantized through the standing wave conditions. 
e only acceptable states in 
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Broglie Relation. We shall now 


energy levels may 
the vibration fre- 
{f we 


A bound system then quantization follows naturally from the de 
roglie relation. We shall apply it to two cases 


(a) The hydrogen atom. Fig. 23°4 shows schematically the de 


Broglie standing waves in hydrogen atom. 
Only those orbits for which the total length 
of the orbits (2nr) is an integral multiple 
of the de Broglie wavelength (A) are 
allowed. This gives, for the #* orbit. 

Inr, =e ...(23°9) 
where Pn is linear momentum of the elec- 
tron in the n'* orbit. Hence the angular 
momentum Pe is given by 

h 


Ppa Pala U ge ...(23°10) 


which is the same as the Bohr quanti- 
zation condition. 


This is a step 


serious difficulty : How do the de 
centrepetal 
circles the 

(b) Particle in a Box. 
trained to move in one dimension X, 
with rigid walls* at x=0 and x=4. 
This is a one-dimensional 
length 4. 


For standing de Broglie waves in 
this case, the ends x=0 and x=@ must 
be nodes. This condition allows only 
certain discrete values of the de Broglie 


wavelength A viz. 


ae: 
n 
; aaue 
oe Pr), Tae 


it means that potential energy, 


* Rigorously 


the region x=0 to 4 the potential energy is constant, taken 


ahead of Bohr’s postulate, 

now given for pg being an integral multiple of 4/2x. But 

Broglie ‘waves’ £0 round a circle? 

A way of looking at it could be that electrostatic force 
acceleration decides the circular motion, 

de Broglice condition selects the stationary ones. 

Consider a particle of mass ™ cons“ 


Discrete energy 


Fig. 23°4. 
Schematic of de Broglie 
standing waves in hydro- 

gen atom [n= 


because some ‘reason’ is 
there is one 


E 


2 2 
gn /8 ma 


4 /ame 


Ty: n=l 
nt /8m en 
Fig, 235. 
leyels 
a box’ 


of a 
? 


“particle in 


U is infinite for x<0 and x>a. Jn 


as the zero level. 


i 


pe 
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The energy, which is totally kinetic in this case, is therefore given by 
fn Lie ae (with n=1, 2...1) ...(23°11) 


According to classical mechanics the particle can remain in the 
“box” with any kinetic energy value, including zero. But according 
to the present theory the energy states are discrete, and the lowest 
energy is not zero, it is h*/(8ma). The latter is called the zero-point 
energy, 


For particles of ordinary mass (m) and ordinary dimensions (a) 
the discreteness of energy states is too small to be detected in any 
experiment. However, for particles like an electron constrained 
to move in a “box” of atomic dimensions the spacing between succes- 
sive energy levels is appreciable. 

Example 23°3, Ina long chain organic molecule of length 54° electrons 

may be treated as free to move along the length, Deduce the zero point energy, 


the energy gap between the first two energy states of the electron, and also the 
wavelength of absorption line arising from this transition, 


Solution, 


elt (6'6x 107%)? 
1 8ma® 8x9 1x 107°! x (5 x 10=10)2 


=2'4x10-9J 


This is the zero-point energy. Its value per mole comes to NE,=1.5X 10° 
J/gm mole. _ s 


E:=4.E1=9'6 x 10719 J 
. -19 
‘> Energy gap AE=72x10-19 Ja Sort ev=4'5 ev. 
Absorption wavelength > is given by 
AE=hv=he/r 


Sune, 6°6 x 1074 x 3'0 x 108 } ii 
À AE T2R1019 m=2'8x 104 A 


{Such results have been chec. 
of several organic molecules] 


ked quantitatively in the absorption spectra 
A I at; 

23'4. The Probability Interpretation of Phase Waves. We 
have seen that both matter and radiation show a dual character— 
marof waves, and of particles. This is called the wave-particle 

uality. The phase waves, introduced by de Broglie, were given a 
orn in 1926. According to his 
motion of quanta, and similarly 
n of matter particles, It would 

sts of wa F è ¢ t 
would be th l ot waves ; the correct statemen 


%. Such waves cannot bave nodes at x=0 and x=a unless 

‘ j 7 

Prec age y zero. As we shall see later, the square of amplitude of de 

ane y wave: „at any place expresses the ‘probability’ of the particle being 
«0 zero’ amplitude case is not an acceptable solution, 
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guided by phase waves. Similarly matter consists of particles whose 
arrival anywhere is guided by phase waves. Thus the concept of 
waves, on the one hand, and quanta or particles, on the other, are 
not mutually exclusive but complementary to each other. We may 
now talk of wave-particle complementarity rather than duality. 


This should not lead us to the conclusion that light is just a special kind 
of matter. A striking distinction is given by. the fact that light of all kinds 
Eaa in vacuum always with the speed 3x109 cm/sec. ; matter never travels 
that fast* . 


The waves predict the distribution of photons or particles under 
a given setup. Thus when electrons of a certain velocity v are incident 
on a nickel crystal, we predict their distribution in space by compu- 
ting the propagation of the waves of wavelength A==h/mv. Interpre- 
tation of the diffraction pattern now requires the hypothesis that 
square of the amplitude of the wave at any point in space gives us the 
probability of finding electrons travelling through that region of space. 


This hypothesis was given by Born. 


This probability approach means that if a diffraction pattern Is 
to be observed with a very weak beam sent through an aperture, we 
may observe individual electrons showing up sometimes here and 
sometimes there; only by observing the statistical distribution of 
billions of electrons we shall get a check on the prediction given by 
the wave concept. 

Exactly the same discussion would apply for a beam of light 
rture or obstacle. With a very weak beam we 
should be able to observe individual photons showing up sometimes 


It will be useful to examine in this context some extreme cases 


(a) For light waves of 
a diffraction pattern so narr 
readily show up. In contrast, 
energy to readily show up- 
observed with ease, as in gamma rays. a 
; h the individu 
(b) For. light waves of very large wavelengt 
photons carry so little energy that for any observable ETE eben 
heed a flux of a very large number of photons.? Hence 7 baad i: 
character does not show up- In contrast, the wave character p t 


pronounced diffraction patterns which are readily observable, as in 
radio waves. i nee 

(c) For very short matter waves the theory Pre ee A ig : 
diffraction (rectilinear propagation). This is Newton of SE ae 
motion which holds for all bodies whose mass m is no 


* For matter this speed is the upper limit (see chapter jae i E 
{ The minimum energy flux ~10741 Js ag ty Es ars 
over 10° photons/s, assuming 2=30 m (check 117, 


the individual photon carries sufficient 
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Wave mechanics would approximate to Newtonian mechanics if 
A=h/mo is too small compared with the dimensions of obstacles or 
apertures, 


(d) For very long matter waves one would get diffraction effects 
predominantly. But such waves do not occur in practice. The 
lightest particle is the electron and even for that one would need very 
slow speed to get a de Broglie wavelength comparable with sizes of 
daily-life objects. Such slow electrons cannot be handled experi- 
mentally. 


The fact that practically all matter waves are so much shorter 
in wavelength compared to waves of light explains why diffraction 
of material particles was observed two and a half centuries later than 
the diffraction of light. 


Born’s interpretation of experimental results in terms of pro- 
bability has serious philosophical implications. It would mean the 
end of newtonian determinism for individual events at the atomic 
level, and acceptance of a Statistical view. 


G.I Taylor performed an interesting experiment in this context, 
which we proceed to describe. Fig. 23°6 shows the standard arrange= 


Fig. 23°6. 
G.I. Taylor’s experiment 


ment for observing diffraction due toa needle: Ais a source of 
monochromatic light, S is a narrow slit, Visa needle placed parallel 


to the slit, and P is a photographic Plate, which records the diffraction 
pattern. 


G.1. Taylor, while Tepeating this experiment, added a heavily 
smoked screen G in the path. The parameters were chosen* in such 


* Let 4 be a 2 watt filament. radiating at efficiency 5% and let the red filter 
pass 2% light. If slit is at 50 cm distance and has area 10-2 cm?, the number 
of photons Passed per second in given by 

N. 2x'05x'02x1072 
4n(50)°x 6X 10-™ 3 x 108/06 x 10-7) 
=2% 10° photons/sec, 
These Spread over a length 3 x 105 m/sec, and if 
Photons jn lengh S to P at a time would be 
2x10°x1 


"31008 Z6 Photons 


If the smoked Screen now has a transmission K i 
. ~0'01, the photons in the box 
AREA instant would be zero most of the ‘time, one rarely and two 


the length § to Pis | m, the 
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a way that in the space between S and P there w 

very much less than | photon at a time. This err pi a a = 
would be no multiple photons in space SP to interfere with each other. 
Under these conditions Taylor gave a 3-month long exposure to the 
film at P, and he found that the pattern recorded was exactly the 
same as that obtained in the absence of the smoked screen G with 
a much shorter exposure. 


This experiment does not permit us to picture the photon as a 
wavy bundle as we did in Fig. 194. If each photon were itself a 
wave-like bundle, then since no two bundles are present simultane- 
ously in the space SP, no interference should be observed. So we 
must assume no shape for the photons; they just carry the energy and 
momentum of the radiation. The phase waves fix the ‘probability’ of 
the arrival of a photon at any region of the plate: Wherever the 
(amplitude)? of the wave is high, there is greater probability of arrival 
of the photons ; and wherever the (amplitude)* of the waves is low, 
there is smaller probability of arrival of the photons. 


A corresponding interpretation will apply to the de Broglie 
waves. The (amplitude)? of these waves at any point gives the pro- 
bability of finding the particle at that point. 


Example 23'4 Imagine 5 Mev gamma rays passed through a ‘slit? of 
width of the order of atomic spacings in crystals*, say 24. Compute the angular 
spread. (1 Mev=1'6x10™* J). 


Solution. For photons, 


he ___ 86X10 X3XIP 95 19-8 
Store aia 3x16x10™ =2'5x10-°m 
k 


d= Wavelength _25x10 "m 
angular spread=— p perture 2x10"? m 


=1'2x107* radian, 


* In practice ‘slits’ of such aperture cannot he had. But the computation 
steel the order of magnitude of ‘y-ray diffraction effects in passing through 


crystals. 


73'5. Heisenberg’s Uncertainty Relations. In §9°6 we have 


discussed wave-groups of different lengths (Fi 
transforms (Fig. 9.5), which together mean that the longer the 
group in x or f the shorter is the range o 
hence T) values involved in it. 

also be wave-trains of different 


i i three different cases. In case (A) 
lent ae AT T gis ahd henge the wavelength A is 


the wave-train has infinite length, Sar ae By de Broglie 


sharply defined ; the uncertainty or SP’ ee waves 
i the particle represented Dy 
ee eae er 4 eels words the uncertainty Ap>0. 


train is sharply defined. the position of the particle 


What about the uncertainty AX in 
B 
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(A) 


(B) x 


Fig. 23 7, 
Wave-groups of different lengths 


Tn case (B) the wave-train is finite, and hence there is some 
Spread AA and Consequently some uncertainty Ap in the momentum 
of the particle represented by this wave. What about Ax for this 
case ? 


In case (C) the wave-train isa pulse, and hence spread A)? is 


very large, ie., AP is very large indeed. What about the position 
uncertainty Ax for the particle ? 


where the same (infinite Wwave-train) ; so the particle has equal pro- 
bability of existence anywhere. This makes the uncertainty in position 
ie., AX) infinite. In case (B), the amplitude and hence the probabi- 
lity is maximum at the centre P of the Wwave-group and falls off on 
either side. So the position is now Specified within a certain range 
Ax. Finally, in case (C) the amplitude of the de Broglie wave has a 
very small spread. Outside a narrow region of x the amplitude is 


zero everywhere. So the position of the particle is now specified with 
far less unctrtainty Ax. 


ainty Ap increases, 
vice versa. If we make 
P+ 0 (truly monochromatic waves), then Ax tends to infinity. If 


nds to infinity. Heisenberg in 
1927 expressed this in the form of as 


sed 1 Pecific uncertainty relation : We 
cannot specify simultaneously th 


e position and momentum coordinates 
of a particle With infinite Precision, 


* The ordinate in Fig 23°7 is the i 


Nstantane us W value, not the amplitude of ý. 
Examination Over a period T lea: 


ds to the amplitude (=max v), 


— 


» 
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AS; eoo ken a step further. He showed that the product 
Ar A Sh 5 nite lower limit given by Planck’s constant h. We 
me Pi eed to formally establish this. But an estimate is easy., 
Pa asia les of just two waves of wavelengths A and 
ty sultant amplitude becomes zero in a range AX given 


PA eae ZA NS 
Cam HV. Ine 


Using A=h/p, this leads to 
| Ap. Ax | Sh 
More properly Heisenberg puts it as* 
Ap.Ax>h (23°12) 
This is called Heisenberg inequality or uncertainty relation. 


_ Acceptance of the “uncertainty” principle is not a defeat of 
science. A scientist does not make a world from his thoughts oF 
axioms. He analyses the laws of nature as they are. “Uncertainty” 
now appears as one of the laws of nature. The cherished ideal of 
older science was : - “If you give me all the coordinates of all the 
particles in the universe today, I can predict _the entire future preci- 
sely”. That is called the law of causality. The success of Newtonian 
mechanices had raised hopes of achieving that. But that is now found 


to be untenable. 


Of course we do measure <*> and <p> of atomic particles 


and calculate them with definiteness. Here, the symbols <> denote 
‘expectation, value’ or ‘mean value’. Outside the atomic world there 
is hardly any distinction between stating ¥ and stating <*> because 
h is so small and hence Ax is too small to matter. But when it comes 
to atomic particles, all our mechanics has to be so built that the 


uncertainty principle is satisfied. 


There is no meaning in saying that ata given instant, the position and 
momentum of a particle are exactly x and exactly p respectively. Of course, 
we cannot prevent any one to think of sharp ¥ and sharp P simultaneously, but 
science goes by measurements and sO far as measurements are ed the 
Heigenberg principle sets the limit for the smallest uncertainties in simultaneous 
measurements of x and p for any particle. It is further accepted that what 
cannot be measured has no meaning at allin science. 


If the horizontal axis in Fig. 23°7 represents time, and Atis 
length of the wave-train, then the Fourier transform (Fig. 9°5) shows 
a spread Av in frequency, which is in inverse proportion to At. 
Using AE=hAy, we get 
AE. Atoh (23°13) 
* pam or hjå is sometimes used on the right hand side of eqs, (23.1 
of uncertainty in x and pis 


depends on how the range 


2). This 
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This is another form of Heisenberg’s uncertainty relation, This 


very small) and vice versa. In fact the principle applies to several 
other pairs of measurables, whose product has the dimensions of 
energy X time, Że., those of A. 


23.6. Some Applications of the Uncertainty Relations. Since 
the uncertainty relations arise from de Broglie wave concept and 
relations A=h/p and W=hy applied to particles as to radiations, 
one would expect some limiting results to follow directly from the 
uncertainty relations. We examine some of them here. 


(a) Heisenberg’s gamma-ray microscope, Heisenberg gave this 
thought experiment.* 
Consider a particle at P 
in Fig. 23.8, observed 
through a microscope, 
the objective of which is 
shown. The smallest 
error Ax in the position 
measurement which the 
microscope would make 
is given by the diffraction 
theory (eq. 15.22) as 
À 

RS AAE at 

---(23.14a) 
where A is the wave- 
length of light used to 
See the particles. 


_ Now to make Ax as small as possible, we reduce the waveleng th 
of light used, and 80 Over to y-rays (in concept at least). But it must 
be realised that to see the particle at least one photon must inter . 
With it and enter the microscope. This Photon of wavelength A has 
Momentum h/A. How much of this momentum is shared with the 


oe 


Fig. 23-8, 
The gamma-ray microscope 


in the Photon momentum is between (A/A) (1-++sin 0) and (h/A) 
(l —sin 6), leaving an uncertainty -+-(h/A) sin 9. Thus the very process 


of observation of position makes the momentum of the electron un- 
certain by 


h 
AP: x sin 0, w+. (23.14 b) 


* Though nota real experiment, it is an ex] 


J riment involvi ical - 
ments. In this sense it is disti pe ving physical measure 


nct from a philosopher’s Speculation, 


at 
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ove pein ther, Jead ee ; Gy: Heisenberg used this method to 
i ela i i ; tas 
pretation’ antenin gee yri did not involve Born’s inter- 


(b) Diffraction at a Slit. We have seen in di i 
. n in diffraction theor: 

Bie wave of wavelength A passing though a slit of width a pared 
roe g r spread of 0=+A/a. We shall now make the statement 

e is passing through the slit is a photon or a particle, 

_ Now consider the uncertainty in the transverse locati 
particle. This is given by peer the width of the n a 
regards, the momentum, it is h/À along the: direction of travel (/.¢., P 
is zero) at incidence, but _because of diffraction there is an angular 
pt a and hence in the emergent beam p, has an uncertainty 


Thus we get 
Apy Ayah (23.15) 


Notice that the deduction applies as much to a photon as toa particle. 


(c) Particle in a box. Consider a one-dimensional box of 
length 4. We may now treat @ as the maximum uncertainty in posi- 
tion, (A*)max- 

Then the uncertainty relation 
that gives the range of lowest P. 


( ADP) min=H/( A) max =hja. 


gives the momentum uncertainty 


We may take p ranging at least in the range +//2a to —hj2a, The 
minimum energy is therefore 
Tedide \ = gmat 
Enu=y( ag ) © Sma ...(23.16) 


Notice that unlike § 23.2 (b), this procedure gives only the lowest 
Jete discrete set of energies. 


(i.e., the zero-point) energy, not the comp! 
(d) Electron position in Bohr orbit, In the case of rotatory 
motion the equivalent of eq; (23.8) will be 
App. Agehk (23.17) 
Now, specifying ”=1, 2,..amounts to stating 
Thus any specification of n makes the uncertainty 
tution in Eq. (23.17) leads to 
Ad>2n 


n view of the Heisenberg uncertainty 


This means that i ace! 
hr orbit is totally uncertain. 


angular position ofan electron in a l 
> k ifying a discrete orbit does not 


If means that the very process of spec 


pg=h/2n, Dh/2n... 
APd <hj2n. Substi- 


relation the 
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Permit us to describe the Sequence of angular positions ¢ in the path. 
Bohr’s picture thus cannot be. taken literally in view of quantum 
mechanics, 


23.7 The Schrodinger Wave Equation. We have described 
in § 23.1 the essential equations for ‘waves’ associated with particles, 
as introduced by Louis de Broglie in 1923, These , define v and A for 
the wave through the equations 


I AEG AY at ... (23.18) 

= =7(F+7) ( 

lee (23.19) 
P 


where Wis the total energy, V is the potential energy and p is linear 
momentum. 


It had become obvious around this time of history that new- 
tonian laws of motion needed a drastic revision of total replacement 
by a suitable law which would explain the phenomena in the ultra- 
small world of atoms and molecules, and would approximate to 
newtonian laws for events on the macro-sacle. i 

Schrodinger and Heisenberg independently achieved success in 
this respect in 1925. Later on it was proved that the two solutions 
were equivalent, and we shall here take up Schrodinger’s approach 
only. It will be seen that the solution lay not in modifying the new- 
tonian equation to take account of wave-like properties, but. in modi- 
fying the wave-equation so that it would reflect the corpuscular 
Propertises too. 


For a particle moving in the x-direction we can write the m 
general equation of the de Broglie plane wave in the experimental 
form, as in Eq. (9.404) : 


Ņ=4 exp [~2mi( x-2 )] 


The meaning of y we shall presently see. Substitution for v and A 
gives 


Yard exp [- Zei) Wi—px) | ...(23.20) 
Schrodinger searched for that basic equation for which eq. (23.20) 
18 a solution. This equation was found to be* 


* With W andp treated as constants, substitution from Eq. (23°20) into 
Eq. (23°21) gives 


LHS=| - erl- drp? )+ r] v=(F +r )o—m 


h 
RS A _( nar \Ji=W4=L.H.s, 


=— 
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Ea amy h a 
int gar t VHS y ».(23.21) 


The A 
aK Rise mps to state that this equation (23.21) is applicable 
wea con one-dimensional motion, the nature of V deciding 
M comp out. (Eq. 23.21) is called the Schrodinger Wave 
E aining the time, for one dimensional motion of a 

. For three dimensional general motion the equation would be 


X h? ay ary 3? 
Tr (Sr tort Se a a 02 


Notice that the Schrodin i 
ger equation has not been proved or deduced 
iis ot fundamental properties of the medium, Ay we do, for exam- 
P Caan le case of elastic waves on strings or in an elastic medium or 
ia T omagnetic waves (Chapter 8). In the case of ‘matter waves’ — 
patel e phase waves which govern the probability of arrival of the 
parti e at any region of space—we do not know anything about what 
tone T All we know is that with v and À chosen according 
f oi i -18) and (23°19) the experimental observations can be satis- 
ih orily explained. Hence we wrote Eq. (23°20) and then searched 
or a differential equation for which this is a solution. The Schrodin- 
ger equation is one such differential equation. 


~ A remarkable thing about this equation (23.21) is the occurrence 
of {=v =1) in it.* The solution (23.20) also contains i. Hence % 
is a complex quantity and can have no physical significance by itself. 
But if we take ọŅ*ġ, where ọŅ*is the complex conjugate of 9, we do 


get a real quantity. From eq. (23.20), 
Y*v=A exp [ -70rt—ps) Ja [+ Hl Wi—px) ] 


=A!, a real quantity. 
Max Born’s postulate (§23.4) about “square of the amplitude”, thus 
refers to A%, which is equal to }*%, often written as |ġ 1°. We can 


now state that postulate as follows : 

If dv is any volume element of space and ¥ is the wave-function 
in that part of space then the probability of the particle appearing in 
that part of space is proportional is Y*) dv. 

The Schrodinger wave function } has some 
properties. From eq. (23°20) we deduce 


other interesting 


h ð EY (23.23) 
sees SA) GE 
[ 2ni ot mee 
{space a ream .. (23.24) 
and Lely py 


* See also Chapter 9, Eas. (9'11), (9°29), (9°40a ) ete. 
i» A 


N 
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These mean thatthe mathematical operators (given in square brack- 
ets) applied on Y} give us the energy W and the linear momentum p 
of the particle for which the wave equation (23°20) was written out. 


The important step now was that Schrodinger postulated eq. 
(23°22) as the basic law of mechanics governing the motion of all 
bodies. This law replaced Newton’s second law of motion. This 
generalisation by Schrodinger revolutionised scientific thought. We 
passed on from causality (or determinism) to probability (or indeter“ 
minism) in the deduction of results of an analysis. The experiments 
in the realm of atoms and photons pointed towards the inevitability 
for such a change, and Schrodinger found the law which would give 
results in line with experimental evidence. Newtonian mechanics 
was thus replaced by wave mechanics in the year 1925, 


_As stated earlier, Heisenberg in the same year had developed a 
matrix method of obtaining the same resuits. Since his matrix 
mechanics was proved equivalent to Schrodinger’s wave machanics, 
the name more suitable for the new mechanics is guantum mechanics, 


j The starting point in any problem is now a knowledge of poten- 
tial energy V as a function of space coordinates.* We substitute this 
Vin Schrodinger’s equation (23°22) and search for a solution for UR 


From that the desired information is then extracted through the 
operators. 


__ The Stationary State Schrodinger Equation. For a system in 
which the total energy W does not change with time, the right hand 
side of eq. (23°22) may be replaced by Wy in view of eq. (23°23). 
That gives us 


h? 2 
8x2 (= aS oh) +7—ry4=0. ...(23.25) 


This is called the stationary state Schrodinger equation or the time 
independent Schrodinger equation, 


An important feature that comes out in solving this equation 


is that for negative values of W (i.e, for bound systems) the equation 
does not lead to acceptable solutions except for some particular values 


Vi, Wa... Wn. The condition for acceptability is that Ų should be 
single-valued, finite and continuous over all parts of space, The 
reason is that } leads to specific measurable properties (through 


suitable operations), and these Properties have to be single-valued and 
finite everywhere. 


The particular W values for which acceptable solutions exist are 
called the eigenvalues of energy, and th 


—— 
Ce 
m EE 
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as had to be done by Planck and by Bohr. The quantu conditi 
come f+ naturally, as part of the 34s sidan Re eR 
i 3'8. Postulatory Basis of Quantum Mechanics. Inste d o 

historical growth through Planck’s E=nhv, Einstein's W=hv, Sours 
Pay=nh| 2m, and de Broglie’s A=h/p and then Schrodinger’s use of 
equation (23'22),-we may just introduce quantum mechanics through 
a set of postulates. Note that Newton’s laws are regularly taught as 
postulates, omitting whatever history there was in their growth. In 
that line it is now becoming customary to initiate quantum mechanics 
in terms of postulates, for which no proofs are needed, except that 
they lead to a satisfactory and quantitative explanation of experimental 
observations. 

(a) The First Postulate. Information about the properties of a 
system of particles is contained in a function y of all the space coordi- 
nates and time. 

This function is called the wave function of the system. In 
order to be acceptable, the function (and its derivatives) should be 
single continuous and finite everywhere, going over to zero at 
infinity. 

(b) The Second Postulate. The information regarding any 
physical variable of a system can be extracted from the wave function 
by the use of the corresponding operator for the variable. 


If fis a physical variable and F its operator the rule is 
(23°26) 


Fġ=fp 
The left side means the operator F ac 
right side means f multiplied by v. 
Table 23°1. For any function 


The list of operators is given in 3 ) 
of q, p and t the operator will be the corresponding function of the 
corresponding operators. As three examples : 


(i) Operator for px” is given by abi 
i 9) th ON ES. (32D 
Pom a ax \= ae Oxt ( 
TABLE 23'1 


The Wave Mechanical Operators 
Variable Symbol Operator Symbol Operation 
“Cox Q multiply by 4: 


k 


ting on the function 4, while the 


Coordinate qk 
ih a 
Linear momentum Pk Px — In Gr 
Time t T multiply by * 
ih 2 
Total energy W E Hir ot 
V multiply by Ý 


Potential energy V 
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li) Si mentum is given by 
ii) Since x component of angular mo: c 
TERR the operator for angular momentum component Ly is 


A2 Z) ...(23°28} 
L=if (y a ay 


(üi) Since kinetic energy is given by (px?+p,?+p.*)/2m, the 
operator for total energy is given by 


B fa a a Be 
= san (StS S)+ V ...(23'29) 


This operator H is called the Hamiltonian operator. 


i i K be seen, comes 
The Schrodinger wave equation (23 22), as may 6 
as a result of identifying this operator H with E of Table 23'1. 


(c) The Third Postulate. The expectation value for <f> of a 
variable f for a system whose wave function is wb is given by 


$t Fbdq ...(23°30) 
<f>= iv*bdq 


where &* is the complex conjugate of Ų and integration over dq 
means integration over all values of all the space coordinates. 


If} is a solution for Schrodinger equation, ay will also be aa 
solution, where a is a simple number. For this reason the amplitude 
in is often so chosen that the denominator of eq. (23°20) is uny 
The wave function is then said to be normalised, With a normalise 
wave function 


<f>=$*Fydq +..(23°31)- 


ili line 
(d) The Fourth Postulate. The probability of a spectral 
being observed for transition between two states 1 and 2 defined by 
wave functions yy and yy, is proportional to* 


Ry? =[fdi*qb.dq]* .. (23°32) 


This is just one part of a vast range of applications dealing with the 
time development of states. Electric dipole moment has value gé and 
the integral above is an evaluation of the oscillating dipole strength. 


Riz comes to zero, no dipole radiation corresponding to transition 
1=2 would exist. 


Unlike Bohr’s theory, we now have a quantitative way of 


evaluating the relative probabilities of the different conceivable 
transitions. 


* This refers to electric dipole transition. 


Heh There are also other (much weaker) 
transitions, which we ignore at present, 
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In Heisenberg's method the attention is centred on the observables. As 
one example R*jg relates to an observable spectral line, whereas neither , nor 


tv, is an Observable. Ifa direct procedure leads to R*,: one saves not only the 
trouble of going through ’s, but one also avoids the confusion that may arise 
from trying to draw mental pictures of por | | * distributions. But since we 
are trained in the process of drawing pictures (of even non-observable features) 
the Schrodinger method is taught at earlier levels. At higher levels we find it 
impossible (and quite unnecessary) to go through this labrynth and directly use 
the Heisenberg matrix method, where matrices lead to | Rij | * values and other 
observable features. Symmetry considerations are of special significance in 
telling which R; values must be zero, and which ones may be finite (non-zero). 
That needs learning of what is called group theory. besides matrix algebra, We 
will, however, resist the temptation of talking more about this fascinating field, 
and restrict ourselves to the Schordinger method. 

23'9. Some Applications of Schrodinger’s Equation. We will 
give here some examples for one-dimensional systems involving 
constant total energy W. The equation for use is [from Eq. (23'25)], 


he oY  w_yy= 3 
gnim Ôx? +W—V)}=0 ...(23°33) 
But the nature of potential function V varies from case to case. 


(a) Particle in a One-dimensional Box. — We have discussed this 
case twice earlier. But formal wave mechanics brings in a definite 
advancement in the information. Let us see. 


In this case, at the box boundaries (at x=0 and 
outside the box, V=%, which leads to Y=0. 


For inside the box V=0 reduces eq. (23°33) to 


x=a) and 


=o „(2334 
8Br?m 3x? ey 
for which the most general solution would be alate 


=A, exp (ibx)+42 exp (—ibx) ; B= a 
i = x=0 
But the requirement of # being single valued leads to 4 0 at 
and at x=a. This is satisfied only if 
b= and Ay=—Ag=tAn (say) 
a 


screte set of values for W given by 


w= Toa yr (n=1, 2,..-) 


and corresponding eigenfunctions 
Yn=tAn [exp(ibx) -exp(—ib»)] 


These lead to a di 


(23°35) 


. Tnx 
=iAn sin: 
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The normalisation condition gives 
ip An? sin'( = ) dx=| > A,= af 2 
The normalised eigenfunction belonging to energy Wn is thus 


Wain / at sin ...(23°36) 


The probability distribution of finding the particle per unit 
length at x inside the box is given by 


dnt y= sin? (==>) (23°37) 


It will be interesting to plot ¥,* , against x for the states. 
n=], 2, 3, 4 and see the differences. Notice that the amplitude (2/a) 
is independent of n. 


qe censity of radiation for a transition n>m is proportional to 
am » Where 


Roa | Yu®X Um dx. 


This comes out zero if both n and m have the same parity (both odd 
or both even), and non-zero if out of n and m one is odd and the other 
even. The value then comes to 


Ronee gt ...(23°38) 


(b) Harmonic Oscillator. For one dimensional oscillator the 
Potential energy is V=}Kx?, to be put in Eq. (23°33). The solutions 
or the case require somewhat complex mathematics and we shall 
therefore give only the results. 


The eigenvalues of energy come out to be 


Wna=(n+phv — (n=0, 1, 2...) .. (23°39) 
uk ya g/ K (23°40) 
2n m 


Thus v in Eq. (2339) equals the classical frequency, but the energy states are 
quantized. The energy status are not nhv but (n+4)Ay. This is a departOre 
from Planck's assumption. But the energy steps are of equal size hy and hence 
Planck’s results remain unaffected, except for the addition of zero point energy 
thy per oscillator. There are many consequences of this, particularly in thermo- 
dynamics, which have been duly found correct. 


ig The Ya“ n function for the case is best shown gtaphically. Fig. 
23°9 shows this for n=0, n=] and n=8, where the classical limits of 


À 


O ST 
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TA B 


Fig. 23°9. 
Probability distribution in three states of the 
harmonic oscillator (schematic) 


x for corresponding energies are shown by A and B in each case. We 
note serious departures from classical mechanics in three respects : 


(i) For each state, the probability function ¥n*#n has a finite 
value beyond the classical limits A and B. 

(ii) For the lowest state the probability is maximum at the 
centre, whereas classical theory of oscillations gives that 
maximum time is spent near the ends. 

(iii) The probability function does not vary smoothly over x but 
shows n+1 maxima for the n‘* state. 

Each of these predictions has been verified by quantitative exi 
periments, establishing the credentials of wave mechanics. 

(c) Tunneling or Barrier Penetration. Let a particle of kinetic 
energy E reach a rectangular potential barrier of finite height Vo and 
width a. Then classical mechanics woulc 
particle would never cross the barrier. But in wa n 
we solve the Schrodinger equation for the three regions (before, 
inside, and beyond the barrier) we find that | ġ |2 comes out non- 

E<Vo. We can 


d the barrier even for 
de and beyon e heer 


zero both insi ) 
to | 4? | incident & 


quantitatively deduce the ratio of | Y | beson 
this ratio the transmission factor. 

That is a rather strange prediction indeed from quantum 
mechanics. One would as ineti be negative, as 
it would be inside the barrier for E : ae 
observations can be carried only outside the barrier. So in wave 
mechanics the above question is not vali 


observables. Transmission 1s an 
idea to the emission of « particles by heavy 


inside the nucleus were assumed to have energy | j t 
when « would be outside the nucleus, but a potential barrier of height 
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Vo>E and a certain width existed between the inside and outside 
states. From this Gamow deduced many quantitative predictions, 
which were found to agree with experiments. 


We are not giving the details of this and a multitude of related applica- 
tions, because that will lead us too far. But we shall state the case of hydrogen 
atom as a typical experience in mathematical procedure and in the interpre- 
tation of the results, 


23'10. The Hydrogen Atom, One would expect that hodrogen 
atom being the simplest of all atoms, Schrodinger’s equation will have 
a straightforward application for it. This is true in principle, but the 
mathematics involved js complex. We shall therefore give only an 
outline of the chief results. 

Firstly, it is a 3-dimensional case and the potential energy of an 
electron in the field of a nucleus of charge Ze (Z=1 for hydrogen) is 
given by 

2 
y=- Ze ...(23°41) 
It is’therefore Necessary to put Schrodinger’s equation (23°25) in 
spherical polar coordinates* $ 


Naoh 1 ary 
(r ta sin? 0 gg! 

1 28f . ov) RET H x 
trie ( sin 62 iaa WV) v=0. ...(23°42) 
We try a solution of the form 

Y=0.©.R ...(23°43) 
where is a function of ¢ alone, @is a function of 6 alone, and R is 
afunction of r alone. The Process of solving this way is called the 
Separation of variables,* 

Eq. (23°43) would give 


W LR, p y aR 

a Rar’ p? SR pra etc 
Substituting in (23°42) leads to 

kêe By te 

R ôr or ® sin? 6 3g? 


Dyes Girf 20 8r? ur? y 
tam a(s oe )+ ja W—V)=0 ...(23°44) 


*cu is used for electron mass here to avoid confusion with quantum number m. 
È We will see that in the present case it works, 


ei 
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Now, ¢ occurs in just one term. Therefore, if the equation has 
to hold for all ranges of r and 0, we must have 


1 2, 
E a a constant independent of ¢. 
Hence we write 
1 ao im? i 
p gg Al, O W)=const=—m* (say) repre 


The condition that ¥ must be single valued, i.e., repeating with 
a period 2m, enforces that the only acceptable solutions of Eq. (23°45) 
are 


o=Ae'M$ | (m an integer) ---(23°46) 
This lays down a quantum condition related with the ¢ coordinate. 


Next, substitution from Eq. (23°45) in (23°44) makes @ appear 
only in the second and third terms of that equation. If Eq. (23°44) is 
to hold for all r values, the sum of these two terms must be a cons- 
tant independent of 8, So we write 


ee eo RE m? . 
To 0 )__™ _ Fr, WC (23°47 
S kg G (sin o 3) — gare =O (ay) +234) 
Mathematics tells us that this equation has no acceptable solutions 
except when 

Ca=--I(1+1), (lan integer> |m |) ...(23°48) 


This lays down another quantum condition related with the @ and ġ 
coordinates. 


Finally, substitution from (23.48) in Eq. (23°44) leads to 


thie or) i Se (_y)=0 _ ...(23'49) 
Rr? Or (" ar te 
i f¢ and 0, but 
Thus far we have assumed V to be independent o; , 
have eae how it exactly depends on ". keh a coal 
conditions regarding m and / are applicable to ail central tor t 
i f V onr. For 
ceed to specify the dependence 0! , Fo 
eee roid hydrogenlike cases, the coulombian earn 
V=- Ze|r. Substituting in Eq. (23°49) and ee OTS ; 
us that acceptable solutions are available in only z 
(t) for positive value of W, all values lead to an acceptable 
solution. 


(ii) for negative value © 
solutions of Eq. (23°49) are ava 


f W (i.e. bound states), acceptable 
ilable if, and only if, 


he 
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2n?uet Z? 


de park 


(n=integer>/+1) ++.(23'50) 


This lays down the third quantum condition related with the r, 6 and 
¢ coordinates. 


Result (23°50) is the same as eq. (20°11) obtained from Bohtr’s 
theory. If we pay attention to the eigenvalues of energy alone, the 
Schrodinger equation tells nothing more than Bohr’s theory. But 
notice that two other quantum numbers / and m appear naturally in 
Schrodinger’s theory. (We referred to these in § 20'6). Further wor- 
king tells us that / gives us the angular momentum L through the 
relation* 


2 
L=KI+-1) E se (2350) 


and m gives us the component of angular momentum along a specified 
direction in space : 


Seo. ...(23°52) 
2r 


Eq. (23°51) really means that Bohr’s value L=nh/2n is not valid ; 
now for n=3 (for example), / can have values 0, 1, 2 and accordingly 
L? can be 0, 2 or 6 times (4/2)? for same n=3. It is found that in 
explaining the spectra, the properties of atoms, the periodic table, ete. 
this extension is of great value. 


In$ 20°6 we had mentioned quantum numbers /, m, s, and ms. The 
first two are the same as designated by/ and m here. Electron-spin does not 
come out asa solution of eq. (23°42) and one has to introduce relativistic 
considerations to take account of it. 


f The eigenfunctions of eq. (23°49) for different n, l, m combina- 
tions give us some more information. Just as one example we show 
the radial function R for the 2s state (n=2, I=0) in Fig. 23°10. Now, 
a volume element between radii r and r-+dr is 4nr*dr. Therefore, 47? 
(RR*) dr=Ddr gives the probability for finding the electron between 
distances r and r+-dr from the nucleus. D is called the radial density 
distribution function. In Fig. (23°10) this is also given for the 2s state. 
The curve shows that in this state D is maximum at r~5°5 Bohr 
radii, but there is a hump at r~] Bohr radius too. The radial dis- 
tribution curve for the 2p state (n=2,1=1) does not show this extra 
hump. These differences are of great help in understanding the 


X In $ 20°6 (a) we had written L=/h/2m. Wave machanics shows two 
differences, We get the eigenvalues of L? not of L. (Which means no 
experiment would measure L). Also vV L2 comes to ViTFihl2n, not th/2n. 
Experiment agrees with the wave mechanical value, 
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atomic structure and interactions, but we shall not elaborate, further. 


Fig. 23.10. 
Plot of radial function R and density 
distribution function D=4nr* RR* 
for the 2s state 


A significant point is that unlike Bohr’s definite’ orbits now we 
talk of only probability distributions. Just as Fig. 423°10 refers to 


distribution relative to r, one could also show distribution relative to 


0 or ¢. This is not the distribution of the electron, but the distribu- 
tion of the probability of existence of the electron in space defined by 


r, 0 and ¢. 

One may get a feeling that we gave up classical law s of physics in favour 
of quantum laws of Planck, Einstein aod Bohr, and now probably these latter 
jaws are also being questioned. That is only partly true. What Planck, Einstein 
and Bohr introduced were empirical postulates which explained limited experi- 


mental facts to a limited extent. A proper theory, applicable in all situations 
(including the macroscopic ones), Was required and quantum mechanics, as de- 
hers fulfils that requirement. 


veloped by Schrodinger, Heisenberg, Born an ot alfils | 
In the range of large dimensions and large masses it gives the Newtonian 
mechanics as the valid approximation, while in the range of atomic dimensions 
and masses this theory with all its details (and imp! ications) has been found 
mea successful in explaining the experimental facts and in predicting new 
things. 


PROBLEMS 


231. For any harmonic oscillator the graph between displace- 


ment x and momentum P (or between angular displacement ¢ an 
ipse. Prove this. Show that in 


angular momentum Pd) will be an elli 
for which the area of p vs. ¥ 


passing from one ellipse to another, 
> = A 


v a 
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ellipse changes by A, the energy change would be hv, where y is fre- 
quency of the oscillator. [Planck used this logic in establishing that 
energy of an oscillator may change in steps of hv]. 


23.2. A series of small bullets of mass 10g each are fired with 
speed 2X10* cm/sec through an aperture 8 cm wide. Using de 
Broglie’s concept compute the angular spread of the bullets in passing 
through the slit. Comment on the validity of the calculation. 


23°3. In H. Ducker’s experiment to get biprism type fringes 
with electron-beams, the following changes may be made, one ata 
time : (a) electron-gun-vottage V reduced 100-fold, (b) potential of 
‘biprism’ bridge wire W reduced 10 fold, Deduce the resultant changes 
in each case in (i) A of the electron beam, (ii) separation of the 
virtual sources F, F}, and (iii) the fringe-width. 


23'4. Prove that if waves are associated as guiding the motion 
of the particles, then explanation of their deflection would require 
the phase velocity u of these waves to be inversely proportional to 
the particle speed. 


23'S. Deduce de Broglie’s relation, explaining the significance 
of the assumptions involved. 


_23°6. In writing eq. (23°1) de Broglie had actually used the 
relativistic energy expression (see chapter 24), which for v&c reduces 
to a ia Would this change disturb the logic leading to 
eq. (23°8) ? 


23°7. Use the Bohr condition mVnrn=nh/2n and stationary wave 


Shar 2nr,=nh, to deduce the expression for de Broglie wave- 
ength. 


23°8. An organic long chain molecule shows absorption lines 
at A=210u, 9'Op, 4°9p, 3°04 (u=10-%m). Show that these can be 
explained by an energy level diagram with E=n*xa constant, and 
iA ERP Mi Air Tf this is attributed to electrons free to move along the 
length of the molecule, deduce the length of the molecule. 


239. Discuss the distinction between these two statements : 
(1) light consists of waves, (2) light consists of quanta whose arrival 
at any part of space is guided by phase-waves, with the postulate that 
probability is Proportional to square of the wave amplitude. Take 
any one experimental situation for the discussion. 


23°10, What are the distinguishing features between phase- 
waves associated with quanta of electromagnetic radiation and phase- 
Waves. associated with material particles ? 


2311. Newtonian mechanics breaks down in the realm of 
atomic phenomena. Comment on this statement. Ifa new mecha- 
nics is developed for atomic phenomena, it should reduce to New- 
tonian mechanics for bodies of Practical sizes. Examine how wave 
mechanics fits in with this requirement. 


o TO num a = 
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23'12. State Heis b i 
5 y enberg’s uncert inci Di i 
Impact on the concept of asai, PO ee TAI e 


Eq. A Prove Eq. (23°13) using a procedure similar to that for 


23'14. Comment on the following statements — 


(i) A wave-train of infinite extensions in time i 
f in timeisa concept, but 
not a physical reality. ae 


wavelet ofa peye pee of length Z involving 
ength Ag will have maximum F(A) at A= d d AA 
of the order of Ao/L. a EUAN 


(iii) A slit of width a means transmission 1 over —4/2 <y <4/2, 
and 0 outside this range. Fourier transform of this is the sinc 
function (§ 9°3) 

_ 23°15. Consider a 2 slit interference arrangement, in which a 
series of photo electric receivers are placed in the plane of obeerva- 
tion. These are capable of recording the arrival of individual photons. 
Discuss what you may observe working with light of extremely low 
intensity. How are the results interpretted? Suppose one places 
some device to find out from which of the two slits a given photon 
came out. How will be observations be affected ? 


23'16. From eq. (23°20) write down those mathematical opera- 
tors which, acting on wave function ý, give us (i) the energy of the 
system, (ii) the linear momentum of the system. 


23°17. If is a normalized function, write down expressions 
for (i) probability of finding the particle is a certain volume range, 
and (ii) the expectation value of ¥ component of angular momentum. 

2318. Examine Eq. (23°32). What. would you conclude if 
Ri is found to be zero for q=* and finite for q=y (z being the 
direction of observation) ? 

23°19. Compare the probability distribu 
the expectations from classical theory. 


tion of Fig. 23°9 with 


23:20. Comment on the ‘separation of variables’ method used 
in solving the Schrodinger equation for H-atom. Could this PEET 
in cartesian or any other coordinate, system ? Upto 4. ( : 
nothing is said about V, except that it is not a foncnion of ¢ orb. 
Does it mean that the solution thus far has wider validity 


24 
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If the same event is observed by two observers who are in 
relative motion, then their measurements would differ. In Galileo’s 
idea if x’, y’, z', t' are the measurements by observer S‘, who has 
velocity V relative to observer S, then the measurerements XyVy Zab 
as made by S (Fig. 24°1) are given by 


x=x'+Vt' x'=x— Vt 7 
Ting or 
1p J =t aj 


where axes x, y, Z and x’, y’, z' are taken parallel, the motion of S’ 
is along the x’ axis, and the origin 0’ crosses 0 at time t’/=t=0. The 
set of Eq. (24'1) is called the Galilean transformation of coordinates 
between observers in uniform relative motion, 


(241) 


/ 


Y y 
i 
i 


Fig.24'1. 
Two frames S, S' in relative motion 
along x-axis 


Newtonian mechanics accepted Galilean transformation, which 


leads to 
Ax=Ax' 


Ay=Ay' | : 
Az=f2' | +0(24 2) 


At=At' J 


= mauu 
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and also to 


dx _ dx’ 
Ki dae ae (243) 


Eqs. (24'2) give the Galilean transformatio i 
J n for intervals of 
ced Cengmenaae time and Eq. (24°3) is the law of addition of 


Eq. (24°3) leads to 


d*x _ d*x' 
Ta Tae .. (244) 


which is independent of V. The newtonian mechanics will apply 
identically* in the measurements made by Sor S’. For this reason 
Eqs. (24°1) to (24°4) are said to represent newtonian relativity. Mea- 
surements x and dx/dt differ from x’ and dx'|dt’ respectively, but 
intervals Ax and At and acceleration d?x/dt® are identical with Ay’; 
At’, and d?x/dt® repectively. 

But careful experiments show that Galilean transformation is 
only an approximation ; it is not the complete truth. This chapter 
deals with the experimental evidence, and the theory which gave the 
new transformation : Einsteins Specialt Theory of Relativity, As you 
will see newtonian relativity is good enough for V< <c (speed of 
light) ; but when V/c is not insignificant we find Ax'# Ax, AtA At 
and dx'dt#dx'|dt'+-V. Philosophers were quite upset by such 
predictions. But in science the theory explained many discrepancies 
and predicted many new things. Among the most sepectacular 


predictions is the equation AE=c?Am regarding mass and energy 


interconversion. 

241. Relativity and the Propagation of Light. If. ether is 
accepted as the medium for the propagation of waves of light, then 
the waves have a speed c relative to ether. Now consider 4 telescope 
on earth viewing a star (Fig. 
24°2). The telescope moves with 
earth’s orbital speed V, which 
is about 10-4c. If we ignore 
the image will be formed at P, 
the true focus. But if we take 
the telescope moving towards 


the star, then by the time the Fig. 242. 
wave travels idhath L to P, we Effect of aon ofa apen 
will find P at P’, where PP: through the e: 
=(V/c)PL. 
* ee 

If we also assume Mm=M , n General” Theory a 


+ The word ‘specie ie toon the pen have non-zero accelerations 


ivi i lied w i i à 
Reo pier teeory deals with uniform relative motions only. 
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If the telescope is moving away from the star, the shift of P will be 
away from L by the same amount, so that by observations in two 
situations the difference should be observed. This effect was looked 
for by Arago long ago, but was not observed. Bradley looked for a 
similar angular deflection when V was perpendicular to the lineof ` 
sight. Many such results, involving differences of the first order in 

Vie were expected, but were not observed. 


Did it mean that each observer (like the telescope) carried ether 
along with itself? Fresnel in 1818 produced arguments showing that 
a material medium moving with speed V dragged ether with itself to 
the extent of V(1 ~—n™), where n is its refractive index. ‘This is called 
the ether drag. Fizeau in 1851* showed by direct experiment that 
a column of water does drag the waves of light to this extent. In 
1895 Lorentz deduced Fresnel’s formula for ether drag, using the 
electromagnetic theory. Ether drag would mean that relative to the 
moving water, for example, ether would have speed Vn-*, This will 
be the ether wind. 


Michelson examined the possibility of using interference fringes 
to measure the ether wind. He found that any device used would 
only measure effects Proportional to (V/c)*, i.e., the second order 
effect. Since earth’s orbital Speed is ~10‘c, the effect in (say) 1m 
length will amount to ~10-8 m, which is ~A/50 for visible light. Yet, 
he devised his famous interferometer (§ 12°6) for just this experiment. 
In 1887 he performed the crucial experiment along with Morley in 
which this effect, if present, could have been measured. 


; 24'2. The Michelson and Morley Experiment. The Michelson 
Interferometer has a significant feature that a beam of light 


A 
Mtl 
8 
s £ Ja 
Ẹ 
eg gi 
VELOCITY OF Lag WiTH KECOCITY OF eee 
SPECT T SPECT TO 
| (ETHER, 1O SPACE (ETHER) 
v $ 
(a) (b) 
Fig. 24°3. (a) Fig. 24°3 (b) 
Michelson interferometer Michelson interferometer with 
with OA parallel to V OB parallel to V 


* Just 3 years after the first terrestrial method fo i d of light 
was developed by Fixeau himself. r measuring the spee g 


À 
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splits into two parts, which travel along mutually perpendicular 
directions, and then return to form interference PA Michelson 
and Morley mounted the interferometer on a rock floated on mercury, 
and keeping one arm QA (Fig. 243 a) parallel to earth’s orbital 


velocity V, they got the interference fringes. 


Then the rock was 


turned by 90°, making arm OA perpendicular to V (Fig. 24°3 b), and 
a close watch was kept on the fringes. No shift of the fringes was 


observed. 


The theory, based on Galilean v 


a change equal to pat 


elocity addition, indicated that 
h change (0A+OB)V2/c* should have occur- 


red. Making each distance ~10m, they expected a shift of n fringes, 


where with (A=5 X 1077 m) 
sii 2x10m 
5x 107m 


n 


But Michelson and Morley state that the observ 
art of the computed shift and possibly less 


onably, this was within the error 
a null result, i.e., there is no ether 


less than one-twentieth pi 


than one-fortieth part”. Quite reas 


of the observations. So it was 
wind at all. 


x (10742204 


ed shift was “certainly 


iment, In Fig. 24°3 the pulse 


Theory of the Michelson-Morley Exper 
s c—V, and the return pulse 


travelling from O to A a roaches Aat a 
‘ h Y at a ‘speed ‚c+ V, according to Galilean transfor- 


from A to O approac' 
mation. So the two-way time is 


DA. OA 204 E 
rs 


tam ay tet¥ 


DIRECTION OF TRAVEL 
OF LIGHT IN ‘ETHER’ 
C FRAME 


DIRECTION OF TRAVEL 
OF LIGHT IN LAB FRAME - 


A 


—_> 
VELOCITY V WITH RESPECT 
TO ‘ETHER’ FRAME 


(a) 


Fig. 244.@) 
Pulse from O reaching B 


Jing towards B we no 
For the pulse travelling sparen non 


will move to B’, where magni 


B approaching 0. 


OB OB __+—~— 
Baye EF e 


that by the time 
S) 0B'= Ye. Thus the pulse appoi 


a (Vy The same speed applie 
See LORI § So for this path the re 


where a=. 


8 


DIRECTION OF TRAVEL 
OF LIGHT IN ‘ETHER’ FRAME 


DIRECTION OF TRAVEL 
OF LIGHT IN LAB FRAME 


O -V -e 
VELOCITY V WITH RESPECT 
TO ‘ETHER’ FRAME 


{b}: 


Fig. 24'4. (b) 
Pulse from B reaching O" 


it travels there!B 


s for the return pules fro 


turn time is 
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The time difference is thus given by 
20A 1 205 1 
ce 1—p2 c 4/i—p3 


Now comes the crucial step. Turning the two paths by 90° leads to the new 
time difference 


ta—tB= 


204 1 20B 1 


= t= ————— os 
i elt ee tf ar palace ear 


because OB is now Parallel to V and OA is perpendicular to V. Thus the 
Tesult of 90° turning is to change the time difference by 


1 1 
N A mend Pr -— 5p] 


=94+OB a 
e 
using binomial expansion since B<<1, The equivalent change in path 
difference is 
Ax=c At=(04+0B) B® .-.(24°5) 


The Michelson-Morley experiment and other variations of it 
have been Tepeated under many different circumstances, and the null 
result has been established fairly firmly. We therefore conclude that 
the concept of a fixed frame of reference (like ‘ether’ filling all space) 
cannot be checked by experiment and must therefore be discarded. 

SO, we conclude that the speed of light in vacuum is the same in all 
Srames of reference which are in uniform relative motion, 


24'3. The Lorentz Transformation. Lorentz searched for that 
transformation which may replace the Galilean one (Eq. 24`1) to keep 
Maxwell’s equations of the electromagnetic field (§ 8'3) invariant, 
Speed of light in vacuum is one of the results of e.m. theory, and we 
will deduce lorentz transformation from the consideration that speed 
of light be the same in all directions for a moving observer. 


Consider a refe 


ia S rence frame S in which a pulse generated at the 
origin at time t=0 g 


rows into a sphere given by 
x1 y2472_ c20 ...(24'6) 


If the pulse is observed from a frame S’, moving relative to S along 


the x-axis with speed V, then Galilean transformation (24°1) would 
Elve the pulse for an observe in S’ as 


(IV + y't-.2/3— eao 
or X2x Vt 4 Virat y'94 7/8 erag 
This is not a sphere. The terms in y’ and 2’ ar 


to give us a Sphere, but the x’ and 1’ terms are 
term 2x’ Vt’ | 


eof the proper form 


| not. To get rid of the 
et us change the time transformation from t=1’ to 


tary ...(24°7) 


> a 
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Substitution of this in Eq. (24°6) now gives us 
x'249x" Vt'+V2t'2+ y!2 4-2z'9— ci? —2x'Vt' — 0 
c 


, ya 3 
or x (1- a) + a4a't—on's( 1- a )=0 


Now we find that a common factor (1—V#/c*) occurs with both x’ 
and t’? terms. Hence the transformation for x as well as ¢ needs a 
further factor (1—V2/c*)/*. Thus set of Eq. (24°1) is replaced by 


ay Te rt ays à 
X = rja e +Vt') | 
y=y' | 
z=7' 4 ..(24°8) 
hint Vea 
t bias (r i ey 
t= = — 
v1-V3/c8 ; c J 


wher y=1/VI=@ Thisis called the Lorentz transformation for 
space and time coordinates for frames in uniform relative motion. 
Substitution of these into Eq. (24:6) gives us 

xay!2+t 7'8— et = 
which is a sphere, as desired. In other words, the pulse, as observed 
from frame S’, also grows into a sphere at the rate c if the measure- 
ments are related by eq. (24°8) and not by eq. (24'1). 
t about eqs. (24.8) is that the space transfor- 
mation involves time and the time transformation involves the space 
coordinate. Thus the transformation is not a “space and time” tians- 
formation but “space-time” transformation. 


Invariance of Maxwell’s Equations of the Electromagnetic Field. 
Transformation (248) has significance beyond just keeping the 


velocity of light invariant with the observer’s motion. All Maxwell's 
8'3) remain invariant under this 


equations of the e.m. field (see § i 
transformation (we shall not prove it here). Under Galilean trans- 
formation these equations varied with the observer (though Newtonis 
law of mechanics did not vary), ie., the laws of electrodynamic 
varied. Therefore, between two observers A and B in uniform A 
motion, one could decide not only the relative velocity Vas, a : vA 
the absolute velocities Va and Vs with reference to some abso be 
reference frame. Lorentz transformation means that all frames F 
uniform relative motion show the same laws of oe Fs only 
that no experiment on electrodynamics can measure f A an ; 

Vas is measurable. 


24'4. The Special Theory of Rel 


sriment 
i t what cannot be measured by an exp? 
funda ae Hence the concept of an absolute 


has no meaning in science. c i ding 
reference frame in space is meaningless, and only relative motion 


One notable poin 


ativity. Einstein took the 
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are measurable and hence meaningful. Thus the concept of ether or 
any other ‘fixed’ frame of reference was discarded by him altogether. 


The null result of the Michelson-Morley experiment on electro- 
magnetic waves was extended by Einstein to include all conceivable 
experiments, including those in mechanics, and given the status of 
a fundamental postulate. In 1905 he put forth the following postu- 
lates of what is now called the Special Theory of Relativity : 


1. The laws of electrodynamics (including the propagation of 
light with a speed c in free space) and the laws of mechanics 
are exactly the same in all frames in uniform relative 
motion. 


2. Itis impossible to devise an experiment which may detecta 
state of absolute motion, 


. The first postulate is equivalent to the null result of the 
Michelson-Morley experiment, but extends it to all conceivable 
experiments. The second says that not only the laws are identical, 
but also the physical constants like h, c, e, k would be the same for 
measurements in all frames in uniform relative motion. 

Sometimes the postulates are put in three parts as follows ; 

(A) For frames of reference in uniform relative motion, the speed of 
light i independent of the reference frame in which the measurement 
is made, 

(B) The space is isotropic and uniform. 


(C) The fundamental laws of physics are identical for any two observers. 
in uniform relative motion. 


The Operational View of Relativity. The theory of relativity is 
essentially a theory of measurement, Consider, for instance, a railway 


(a) The instruments in the two frames of reference cannot 
cemmunicate directly except when they coincide in 
position. 


(0) gic only other communication can be through pulses of 
ight. 


» = 
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If we proceed through this operational point of view we find 
that the transformation is not of the Galilean form, but of the 
Lorentz form. Thus the Lorentz transformation comes out as a con- 
sequence of the operational point of view about measurements of 
events in one reference frame from another frame in uniform relative 
motion. To emphasize this we shall use the operational procedure in 
one exemple (§ 24°6), although the equivalent results are more easily 
obtained from the Lorentz transformation. 

245. Length Contraction and Time Dilation. An event is 
expressed. by (x, y, Z, t) or (x’, y’, 2’, t’). Customarily, the reference 
frame relative to which the event has no motion is denoted by the 
primed letter S'. The velocity of S’ relative to reference frame S is 
denoted by V. In the railway-and-ground example, for a rod 
placed in the railway, S’ is the railway-reference frame, S is the 
ground based frame; for arod lying on the ground, the ground- 
based frame is S’ and railway-based frame is S. Uniform practice 
is important for the correct use of Eqs. (248). 


Consider two positions, like the two ends of a rod, in frame 
S' whose coordinates ata given time t'as measured by an observer 
in the same frame S’ areas %1'y;'z1' and X2' Ya z,’. Then the 
intervals defined by 
Ax'=x,'—%1' etc. 
are called the proper space intervals. Ifthe same two Position in S’ 
frame are measured from frame Sat the same time t (not t') the 


intervals defined by 
Ax=X_—; etc. 
are called the non-proper space intervals. Thus the length of a stick 
placed in a moving railway as measured by a person in the railway 
itself is a proper length, while the length of the same stick measured 
by an observer standing on the earth is non-proper . j $ 
Similarly, if two events occur at the same place in frame S’, 


the time interval 

A f= 4! An tit r 
is called the proper time interval, Ifthe same pair of eveni. ne 
frame are observed fram a frame S and are found to KR al 
same place x’, y’, z’ (not x, Y, Z) at times fı and fz , then the 


At=t—h 
is called the corresponding non-proper time ome HD Ope 
to establish the relationship between the proper int e ube 
Az’, At’ and the corresponding non-proper intervals LX, AV, O% 


At. à 
For space intervals, the proper intervals a ered ae auton 
the first three Lorentz equations (24'8) for same t. 


in (24°8) gives 
nt x 
Lapel 
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So that the equation for x in (24'8) becomes 


hy ny Vt... V3x! lana eas fy! Vt 
Ono bie a +t ...(24°9). 


“This expresses x in terms of x! and ¢ (not t’). Writting out for xı and 
X, and taking the difference we at once get 


A + r 
Armanae = 


or Ax=Ax' VI -Vie (24°10) 


Thus the non-proper length Ax in the direction of relative motion is- 


shorter than the proper length Ax’ by a factor v i— V2/c*, This is 
called length contraction in special relativity. 


The lengths in directions perpendicular to that of relative 
motion are equal in both frames. That is, Ay=Ay’ and Az= A7’. 


For time intervals the last equation in (24.8) gives, for the same 


Position x’, 


Vx’ oe E 
h=y (w ) n=y(i R 
whence we get 
At=4-h=y -h =yar 


or le te — AY + (24°11) 


MEJA 


Thus the non-proper time interval At is larger than the proper time 


interval by a factor 1/V I—vi/ct. This is called time dilation in 
Special relativity, 


Notice that for non-proper measurement of length the measurements 
are made at the same time z. Hence we needed the conversion from the first 
€quation of (24°8) to eq, (24'9). In the non-proper measurement of time the 
measurements f1 and ty are for same Position x’, y’ z’ (not x, y, z), hence the 
last equation in (24°8) could be directly used. 


m Example 241. A reference frame S’ moves along the x-axis with velocity 
20 m/sce relative toa frame S’, their origins coinciding at s=;’—0, If an 
event cccurring at y'= 10m, y=5 m, 2’=5m,t/=5 sec, is observed from frame 
S deduce x, y, z, r, 


Solution. The data give 


Vi’ =1500 m; Vx'=3000 mês- ; v-[ i (3R)T*“ 4 10-2 


x 108 
De A 


a 
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Substitution in Eq. (24°8) yields 
x=(x'+ Ve!}y=1510y m ; y=y!=5 m; 2=2'=2 m 


BE NA) Vx' 10°" 
t (1+ 4) y= (5+ Jrs 
[Thus x and x’ differ by large amounts, y and z do not differ at all from y’ and 


1 5 $ 
z' respectively, while ¢ and 1’ differ but by negligible amounts.) 


Example 24:2, Repeat Ex, 24-1 with x'=10"8 m. rest f th rema 
the same. (Star distances are of this aaa: a pel ches = 


Solution, x=(x! +Vt') y=(10% +1500) y m5 ya tS 


t= + Vx'|c3=(5+333)Y $ 
[In this case due to large x’ we find ¢ to be seve | ti r i 
still quite close to adiis Ne gitar es mart” 
Example 243. A rod placed along the length in a railway train measures 
2 metres for an observer standing on the ground. How much would it measur e 
for an observer in the train itself? Speed of the train in 30 m/sec. 
e non-proper length to be designated 


Solution, The given length is th 
x’ we use eq. (24°10) 


by Ax. To deduce the proper length A 


Ax = SSS - Te 
Vi- Pya y1—107™ 
[The change is negligable, but the point is that A’x’ is greater than A x]. 
Example 244. _A laboratory observation shows that a length 2 metre is 
crossed by a beam of radioactive particles in time 10x10 polomil snd fairer 
-iife o! 


process half the particles disintegrate. Deduce the proper hal 
particles. 


Solution, The event (of disintegration) o 
speed in the laboratory is, from the given data. V=2x108 m/s. 


The half-life as measured in the lab is 1'0x 10-8 second. This is the non- 
proper measurement, to be designated Ar, The proper half-life At’ is there- 


fore given by eq. (24°11): 
at=Aty/{—v¥et=10-*V 1—2/3* 


=0°78 x 10-8 s. 
Example 24:5. In Example 244 deduce the traversed length as seen by 
an observer fixed relative to the particle. Use it to deduce the half-life. 
Solution. The path in the lab as measured by a lab observer is 2 
metres. So this is tthe proper length Ax’, The length of this as seen by the 
moving observer would be the non-proper length Ax. Hence, using eq. 


curs in the particles, whose 


(24°10). 
Ax=200/i=(2/3)?=1'56 m 
The half-life, as measured by anobserver in the particle frame, is Ax/V, and 


this is the proper half-life, to be designated by At’: Hence 
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24°6. The Operational View of Time Dilation. Fig. 24:5 shows 
a ‘reference frame S’ moving relative to another frame S with speed 
V along x’ axis. A pair of events at the same place in S' occurs at 
time interval A?’, and we have to see the operation how an observer 


N 


Fig. 24°5. 
The Operational View of Time Dilation 


in frame S will measure this time interval. Recall rules. (a) and (b) 
laid down by Einstein (§ 24°4) that a communication to S can occur 
paly when the instruments coincide in position, or through pulses of 
ight. 


, _ 50 we consider a pair of events involving pulses of light. Frame 
S' contains a clock at O' anda mirror M at transverse distance y. 
Frame S contains a chain of clocks along the x-axis 3 these will start 
when a pulse of light reaches there, and stop when the next pulse 
teaches there. The pulse of light is created just as O’ coincides with 


Now, for frame S’, the mirror M is all the time along perpendi- 


cular to x’ axis at O’. The Pulse starting from O’ and returning to 
it after reflection from M takes time 


ate «..(24'12) 
For frame the pulse starts from O, and as it grows on, the mirror 

fixed in S frame) moves along the x-axis at speed V. So the pulse 
contacts M at a position like M’ and the reflected pulse reaches a 


Particular clock P to stop it. (The S” frame has its MO’ at position 
Just at this instant.) 


What interval Aż does the observer in S frame record ? The 


event started at O and ended at P in this frame. The ‘start’ signal 
h N 
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came to S frame by method (a), i.e., clock O' coinci i i 
to S fra e. coinciding with O. 
a stop’ signal came to S frame by method (b), i.e.. = pulse of 
ight. Clock P also is started by the direct pulse, which reached 
there at time OP/c later than the start of the event. We presume that 
pee dey ae a ra by synchronising the clocks in the chain 
ropriately. With this understandi the ti ti y 
APO ee ing the time Af 1s measured by 


By Einstein’s postulate of constancy of the speed of li 
' 3 À ght, 
ye A M At. Simple geometry gives now the relation between 


amizom—ow=eat-aY AeA 1e) 
But Eq. (24°12) gives $ cAt'=y=AM'. Hence 
Geary=aeao (1-a) 


At’ 
t=- 
+ v 1—V3/c? 


This is the same as Eq- (24°11), deduced from Lorentz equations. 


: 247. Experimental Verification of Time Dilation. Time dila- 
‘tion is best verified in experiments on decay half-life of fast moving 
nuclear particles. nt meson is one such which can travel in the 
laboratory at quite high speeds, close to c, and which decays with 


time. 
Now, we measure the time of travel Af of a nt meson beam 


across length L in the laboratory. We also determine the * flux at 
th, and from this we get the half-life 71/2 


show that the 71/2 thus measured varies 


the greater is the measured 71/2- 
characteristic constant. So how do we un 
Eq. (24°11) gives the answer. Convert 71/2 
half-life) using- 


j Pay pera 
r'a = Tua VVC 


Then you find that for all the varying 71/2 for nt mesons the Tins value 

comes out the same 1°8x 1078s, 
As one example, a nt meson beam produced with speed 0'990¢ 

travelling a 30m distance decreased to 58% of the original flux. 

Using 

3- At|ri=058 
0s. But T'ia comes to 18x 1078s. 
tion of Velocities. Let 


48. The Relativistic Transforma! ; 
’ h ts of velocities of & particle as measured 


vy’, Vy’, Vs" be the componen 


gives 742=12'8 x1 


linear momentum p is defin 


body and is treated constant for a 
speed. 
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m speed V along the x-axis of a 
ity components v,, Y, Vz of that 
s assumed that the x, y, Z axes 
axes, respectively. 


Since v, is defined as dx/dt we have to get dx and dt from the 
Lorentz transformation* (24°8) in terms of dx’ and dt’, 


dx=ydx'+yVdt' ; d=, ydx' 


, , Wt os -1 
ie (tr) [i+ Jik ...(24'134) 
A tire dx’ 


Similarly, we may deduce 


, -1 v,/V =i 
many’ [v(i ZA nata x (14 2 )] 
...(24'13b) 


Derivation of the inverse transformation is left to the reader. Note 
at vy, v: also are affected by V, unlike x and y. 


i 0.9¢ 
Example 24.6, In the laboratory one particle 4 moves with speed +0, 
along the x-axis, while another particle B moves with speed—0'8c along the 
x-axis. Deduce the velocity of 4 relative to B. 


Solution, Consider a 


frame moving with Particle B, Relative to this 
B-frame the labo; 


ratory frame moves with Speed 0°8c Then we have 
¥x'=0'9c and V= 0°8e, 
Substitution in €q. (24°13 a) gives 


O9+0°8)e 1:7 ý 
Yo™ rer ee c=0 988c. 
1+ a 
A special feature of Eq. (24°13a) is that if v= 
be just c, whatever the value of V may be. This, in fact, was the result of 
ichelson-Morley experiment. In effect this equation means that in no 
city exeed c ; the velocity of light in Yekan 
is nature's upper limit to velocities, extreme, let vy’=c an 
i Thus Substracting c from c leads to ¢ 
measurable even when it approaches 
c and is opposite to cin direction, 


249, Variation of Mass with Velo 


c comes than vx out to 


city. In newtonian mechanics 
ed by p=m, V, where m, is mass of the 


given, body, irrespective of its 


Now conservation of momentum is a fundamental law of 
Mechanics and accordi 


% 


must hold in Lorentz t 
ti 


on of momentum ha 


* One may be tempted to 
two x’ mea e: 


use Eqs. (24'10) and Q411). But these refer to 
suremi 
place, tespective] 


nts at the same time, and two ¢ measurements at the same 
ly. The velocity Froblem refers to change in x’ with 7’. 
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tthe Ll rda 
ava = M (24°14) 
m, is called the ‘rest mass’ or pro 
rest } per mass of th i i 
ara tbe relativistic mass, which is the effective nin Pepper s 
rame of reference relative to which the body has speed y. j 


Proof of eq. (2414) is as follows. Consi 

: . Consider th isi 

Pa A, z ef a ean bigs: is syiiotinolodl an S 
ae S’, hown in fig. ‘6a. By ‘symmetrical’ i 

m intins velocity components are Oe hi for A, Gay ae. na vai 

or B. After the collision the velocity components alon; x-axis do 

not change, while those for y'-axis reverse in sign for both A and B. 


d 


(a) 


Fig. 24°6 (a) Fig. 24°6 (b) 
Collison of A and B in frame Collision of fig. 24°6 (a) in frame 
S where (vx)a is zero 


S', where it is symmetrica 
If the rest masses of A and B are Mo each, then their masses Ma 
’ respectively could be different 


and ms under velocities 2.’ and —v= Te i 
try considerations require that =p, be 


from one another. But symme 
neither positive nor negative, and that settles ma", though they 
Dependence of mon | vx’ | is yet to be 


need not be equal to Mo: 


obtained. 
Now consider the same collision in a reference frame S moving 
with velocity v,’ relative to ‘This means V=—?x and leads to 
f velocities as follows : 


x-components 0 
Initial o (A0 bon Sg ra 
OTENE { TENE | o oA) 


iali PaA OA es B=- j 
In this reference frame Ma=M, because there is no x-motion for 
particle A. But mpm, because particle B has a velocity |o |= 
Zw, (1+0. But conservation of px is unable to give the depen: 
dence of ms on V- 
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So we proceed to y-components of velocities in the S frame. 
We get from (24'13 b), 


R ede a2," serena stn.) 
_ Initial v,(A)= 2 10,76 dy (B) r The’ 2/6 | (24°16) 

+ ree 1 vy = vy” 1 

Final vy vance mor vy (B) y 1+0,/¢ J 


Conservation of p, leads to 


1l ~22y! 1 Ree Senin 
Mey Tae Fs Foa? 


where we have put ma=m, and ma=my in view of the velocities of 
A and B respectively in frame S. That leads to 


n l+? x 
mM, TUTETE s (24 17) 

The right side of (24°17) may be expressed in terms of v, which 
is vx (B), thus— 


1~o,'%/c%)? do,'Mfet E 
+0, Gp yep Se ...(24'18) 


Hence Eq. (24°17) gives 


1 7 
Mi=M, Qrey . (24 19) 
Se > a E na AT i 


We deduced eq. (24°19) to conserve momentum along the y-axis. 

But with the same changes of mass the x-component of momentum 

would still be conserved. Hence it is reasonable to introduce eq. 
24°19) in a general way for all uniform motion. 


Example 24:7, Deduce the velocity at which the mass of a particle 
becomes 10 times its rest mass, 


Solution, 
m 1 
m a- Viera 10 
1—V/c?=0'01 
or V/e=(1—"01)1/=(1—-005) 
wi V=0'995c, 


© 
24°10. Relativistic Force and Kinetic Energy. Force is defined 
by the rate of change of momentum of the body on which it acts. Also 
Kinetic energy is defined as the integral of force times distance from 
State v=0 to the given v. These definitions are retained in relativistic 


mechanics, and they do not violate the postulates of relativity. For 
linear motion 


ENG f 
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The appearance of the second term vdmjdt is to be noted. For this 
reason in relativistic mechanics we often prefer to attack problems in 
terms of momentum rather than acceleration. 

For kinetic energy T we write 


v 
d d: 
Ta F ds= fa (mo) d= -2 d(my) 
o 


Now ds/dt=the instantaneous velocity v. Alsom is gi 
o y om is given by eq. 


oa mar ta N v amre Er 
zs f n dq Zem Jem [lecta aya J” 
fb -PP+ee) g | __ modo 
=m, | vey? aie eso 
v=o 


=m,c* esau 


or TEMG |z! | 
/1=2/c? 

We may express the result in terms of the relativistic mass ™ 

defined by eq. (24°14). That gives 
T=(m—m,) 2 ...(2422) 

Thus the kinetic energy of a body equals c? times the increase of 
mass. 

Example 24:8. Deduce the speed of an electron accelerated to a poten- 
tial of 1 million volts. 

Solution, Non-relativistic equation T=1my? cannot be used here. Eq. 
(24°21), when rearranged, giv €s 


re" rot 


(24°21) 


«(24°23) 


We have 
a: 8:2x107* 5] Mer* 
moc®=9'1 x 10-* x (3°0* 108) joule= zone er 
With T=1'00 Mev (given), we have 
1 1°00 \? ; 
— = 100 Y = v=0'94e 
I-V" ( 1+ O51 T 
Example 24'9. Calculate the relative values of kinetic 
particle accelerated to a seed of 0°500c, 0'900c, and 0'980c, 


energies of & 


Solution. 


T comer | 


* This is called rest mass of the electron, expressed in Mey. 
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Since mgc*is common “for all three cases, the bracketted term alone 
determines the relative values of kinetic energies. The values of this term give 
T1: Ts: Ts=0'16 ; 1°27: 4°0 (check it) 
[Note that while the speed increased from 0°500c to 0°980c which is 
less than 2-fold, the kinetic energy increased 25-fold). 


Example 24:10. The temperature of a body of specific heat 0'2 is 
raised by 200°C. Calculate the fractional increase of its mass, 


Solution, 
AE=ms A9=mx (0'2 x 10° x 4:2) x 200=1'7x 10° m joule 


Am_AE_1:7x10'm g 
m ~ me Ox TOR m 0" 


Thus mass of a 1 tonne body will increase by 2 microgram, which is too 
small for all practical purposes. 


Example 24'11. A nucleus of mass 435'124 a, m. u. breaks into iwo 
nuclei of masses 97:936 and 135951 a.m, u. and a neutron of mass 1'009 


a.m. u. Calculate the energy released when 1 milligram of such nuclei distin- 
tegrate, 


Solution, Loss of mass per fission=0°228 a. m. u. (check) 


fractional loss of mass= 3 =1-0x 107° 


-". loss of mass in 1 mg=1'0x 10°? kg 
Energy released= A mc?=1'0 x 1079 x 9x 101°=9 x 107 joule © 


_24°11. Equivalence of mass and Energy. In Eq. (24°22) we may 
consider m,c? as an energy associated with mass mo. This is called 
the ‘rest energy’, and is in addition to all other earlier known forms 
of energy. The sum of rest energy and kinetic energy then becomes 


E=mc* ... (24°24) 


An alternative way of showing that such a hypothesis is a necessity is 
as follows. 


_.. Consider a ‘massless box’ containing a number of particles of 
different masses and momenta. A solid body fits this description if 
the geometrical form alone is taken as the massless box and the 
atoms and molecules in it are taken as the contained particles with 
yarious masses and momenta. In a reference frame fixed with the 
box’ the total momentum of the particles is zero. If the it particle 
has mass ™m, and kinetic energy T; we would say 


total mass m,==m, 
total kinetic energy T=5T, 
where the summation extends over all the particles, 


In the same frame of reference, we can have an alternative 


description of the same system W i : i 
Tiptic ; ‘ , e may consid h 
Particles’ (the solid as ch rample) as a collective whole 


in our example) as a collective whole. 


— 
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‘Now in this description the system has no Kenetic ener, i 

) 1 gy. Yet, if we 
take the total mass as just Em;, that is m,, there will be discrepancy 
about energy. Hence to keep the law of conservation of energy intact 
we must take the mass m, in the second description, such that 


m= m= a 
o cè 
ér c*(m—m,)=T=37, „..(2424a) 


The right hand side expresses the sum of kinetic energies of the 
separate particles in the first description. When we switch over to the 
collective description, this appears in the form of increase of mass 
Am=m—-m,=T/e*. 


However, energy can occur in various forms, the equivalence of 
which has been well established. Hence the statement may be genera- 
lised. We write Eq. (24°24) now as 

—=—met=m,c+-T+ 2,4 Esto ja 


where E1, Ey, etc. are energies in other forms like electrical energy, 
gravitational energy, etc., and E is the ‘total energy including MoC*. 
From this we put most generally 


ctAm=AT+AL +A Et: (2425) 


which means that a change of mass Am may appear in the form of 
energies of various kinds, whose total is c? Am, 


cular examples of mass-energy equivalence are 
i f electron and positron from y-rays an the 


annihilation of a particle and its anti-particle to produce a y-ray 

i i ted from 
oton. In the first case new material particles are general i 
a ic field, while in the second case a pair of 


energy of an electromagnetic e 
Bie particles is totally destroyed. and equivalent energy appears 


as a photon. 
i i i i h has mass 
tron and its anti-particle (the positron) each I 
9x joa eae me? value converted to electron-volts is 0 a1 ae 
Hence the minimum energy of a y-ray photon to produce an elec 
positron pair is 2x0°51=1°02 Mev. 


PROBLEMS 


241. If a reference fram s relative to another frame B 


with velocity Vat Vit”: 
formation for Xa, Ya» Zas 1, in terms of Xb, Yb, Zb» 
frame A. The axes in the two frames @ 


and the origins coincide at time ta=t=0. k f 
24'2. Show that for V/c<1, the Lorentz transformation reduces 
to the Newtonian (or Galilean) one. 
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243, If B=V/c and y=1/*/1—B3, obtain a plot of y against 
B. Also, if we define *=1—8 express y in terms of « for «<l. 
Deduce the values of «, 8 and V when y takes a value 10. 


24°4 Consider the four-dimensional volume element Ax Ay 
AzAt. Show that this remains invariant under Galilean transfor- 
mation as well as Lorentz transformation. 


24°5 Maxwells equations of the electromagnetic field are 
given in Chapter 8. Show that these are invariant in the Lorentz 
transformation but not in the Galilean one. 


246 A rod travels parallel to its length with a speed 2'5X10? 
m/sec in a frame S. If the length as measured by a person in frame: 
S is 25'0 cm, deduce the length as measured by a person riding on. 
the rod. 


247. Define proper and non-proper intervals of space and time, 
using the example of events on the ground and a jet plane in uniform 
motion. A carrom board measuring 1'00 mX 1'00 m when at rest on. 
the ground is placed in the jet plane. How would it appear to players 
in the plane when the plane has velocity 1 km/s ? 


248 In the theory of the Michelson-Morley experiment one 
does not need OA and OB to be equal. Examine why the difference 
of VA and OB must not be large. [Hint : See Chapter 21]. 


249. Examine the postulates A, B,C of §24°4. What is the 
meaning of postulate B, and why is it needed? Comment on the 


Statement that laws of physics are not the same in different frames of 
reference. 


24°10. Prove that any velocity added to c gives ¢ itself. Prove 
also that any velocity subtracted fromc also gives c itself. 


24°11. In a laboratory one particle A travels with velocity +2'5 
x 10° m/sec, another particle B travels with velocity —2'9 x 10° m/sec, 
both along x-axis. Deduce the velocity of A relativity to B. 


. 2412. A square frame 1°0 mX1'Om travels parallel to one of 
its sides with speed 2°8x10% m/sec. Deduce how the frame would 
appear to a lab observer. 


24°13. The half-life of a radioactive particle is 2'0X 10° sec. 
Deduce the fraction of such particles which can survive after travel- 
ling 2'0 m distance in the laboratory when their speed is (i) 20X10" 
m/sec, (ii) 20 x 108 m/sec, (iii) 2°96 X 10° m/sec. 


. ,.,2414. Asabeam of particles crosses 12:0 m Jength of a lab 
in 4°14 x 10-8 s, half of these particles decay, Deduce the proper half- 
life of the particles. What would an agency moving with the particle 
Bet as a measure for the length of the lab ? 


—_F— 
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24°15. Without relativistic transformations the measurements 
of e/m of fundamental particles and life-times of decaying particles 
would be ina mess. Explain. 

24:16. Deduce that kinetic energy T is given by (m—m,)c*, and 
that E2==m,%c*+ p*c*. 

2417. Compute the speed of an electron when it is accelerated 
to (i) 10° volt, (i) 20 X 10° volt, (iii) 8'0 x 108 volt. 

24:18. Deduce the momentum of a proton with kinetic energy 
2x 108 Mev. (proton rest mass=1'673 X 10°? kg). 

24:19. Show that at relativistic speed v, the force vs accelera- 
tion relation becomes F=m,a[(i-v/c)2. [Hint : See Eq. 24°20]. 

2410. Prove that total energy E and momentum p are related 
by E2=(pc)*-+(m,c?)*._ Show that for E>m,c? this reduces to P=£/¢, 
and for kinetic energy K<mc’ it leads to K=p*/2m,, 


25 


Visual Photometry 
(ue A JN ln 


‘Photometry’ in its general meaning involves the measurement of 
radiant energy. However, out of the total electromagnetic spectrum 
the human eye is sensitive to only a small region of wavelengths and 
even within this region the visual sensation for equal radiant energy 
is not uniform. For this reason photometry in terms of visual sensa- 
tion is very different from that based on measurement of radiant 
energy. In this Chapter we will be dealing with visual photometry 
only. The final measuring device is then the human eye. Therefore, 
we will also include a brief description of the eye and its functioning. 


25'1. Quantities Related with Visual Photometry 


Table 25'1 gives a list of the various quantities related with 
visual sensation. The basic measure of visual sensation created by 
the total radiation emanating from a source or incident on a receiver 
is called the luminous flux, expressed by the symbol ¢, and measured 
in a unit lumen (Im). We talk of a given area S of a source giving 
out luminous flux 4 Im in a specified solid angle Q. We also talk of 


a screen of area S receiving luminous flux ¢ Im from one or many 
sources. 


TABLE 25'1 
Quantities in Visual Photometry 


Quantity Definition Symbol Unit Dimensions* 


Luminous A measure of the total $ Lumen [im] 
ux visual sensation pro- (Im) 
duced by given radia- 
tion in any solid angle 
Q or surface S 


Luminous Luminous flux emitted Ty Candela [/mL,*L,-*] 
Intensity per unit solid angle : (ca) 

d$/d® (Applicable to 

a ‘point source’) 


> Although the fundamental unit is define 


f d for 7 (candela), we express the 
mensions in terms of lumen (Im), whic 
EN 


. h is more directly related to visual 
sensation, 
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Brightness Luminous flux emitted By cd/m? [Im L,2L,~*] 
per unit solid angle 
per unit area of the 
source transverse to 
the line of sight : 


dl/dS', where dS'=dS 
cos ð. {Applicable to a 
source of finite area) 


Luminance Total luminous flux Z lmm? [imL,-*] 
emitted per unit area 
of the source : 4¢/dS. 


Iluminance Total luminous flux Æ — /m/m* [im Ly] 
received per unit area (=lux, lx) 
of a screen : d¢/dS 


p 
Out of the quantities defined, brightness (B) and intensity (7) 
are direction dependent. In contrast, Luminance is the integrated 
effect of B summed up for all directions. Also, for a source of finite 
dimensions, / is the integrated effect of B over the entire area of the 
source. Finally ¢ is the integrated effect of Lover any given solid 
angle or any receiving area. 


It may be noted that if solid angle is taken to be dimensionless, 
then there can be considerable mix-up in units. For this reason, we 
take the dimensions of solid angle as (L,* L.~*), where L, and L, are 
lengths along and transverse to the ray, respectively. 


‘Candela, the Fundamental SI Unit of Intensity 


A ‘standard candle’ was used early to define intensity. But 
the latest fundamental unit is Candela defined as the /uminous flux 
emitted per unit solid angle along normal to the surface by one-sixtieth 
cm? of a blackbody radiator kept at the temperature of solidification of 
platinum (2,046 K). 

Thus 1 cm? of this blackbody surface at 2,046 K will have 
intensity 60 cos 6 cd in a direction 8 from the normal. The bright- 
ness of a blackbody is the same in all directions, and its value for the 


2,046 K surface would be 60X 10* cd/m. 
25'2. Some Theorems in Photometry 

In simple situations several inter-relati 
quantities defined above. We will see some O: 
widely. 
(a) Relation E=I|(r* cos 0) 

If the dimensions of the source are much smaller than the 


i is called a ‘point source’. 
distance of the observer, then the source 1s ca j a 
In such cases, the solid angle AQ subtended by a given surface Os 


‘ons hold good between the 
f them which are used 
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area A'S at the source is defineable: We have AQ=AS cos 6/r*, 
where @ is the angle between the ray and the normal to the surface 
(Fig. 25°1). If the source has intensity Z cd in the concerned direction, 
the flux received is JdQ Im, and illumination is 


EE E T a 


xS dn 


Fig. 25°1. 
Illumination by a point source, 


This is one of the Lambert relations. It combines the inverse square 
law with cos 0 dependence. But it is useful only if the source can be 
treated as a point source. 

(b) Relation L=nB 


. Fora surface of uniform brightness B, the luminance Liis 
given by xB. The elementary solid angle for the hollow cone between 
6 and 6+d6 from the normal to a surface is 2mrs ind. rdé—r® 
=2n sin 0 dð. The brightness is defined by 

SeA, 
~ AS cos 0 
Hence the luminous flux in the hollow cone due to area AS is BAS 


Cos 0. 2m sin 0 dø. Integrating this over the whole available solid. 
angle gives L.A S. Thus 


n!/2 
LAS=JBAS cos 0 2x sin 6 dd 
0 


If B is taken as independent of 0, we get the result 
L=nB (253) 
This is another Lambert relation. One consequence of this is that 


luminosity of the blackbod fi i la is 
TSE le y jm. (checker y surface used for defining the Candela 


* A dimensional examination is of interest. 
[E}==[1] [r-*]=[Im LL] [Lm L] 
This tallies with Table 25-1. With equal validity we could put 
[E]=[cd] [£] 
` But this is not the same as the dimension of B, which is [ed] [L72] 


~ 


or 
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(c) Bright is i 
ightness of a surface is independent of the distance of the viewer 


This i See 
angle sunta the illuminance falls as 1/7 2, and the solid 
Ar Hence the fh e eye by a given area of the surface also falls as 
Of cource kah ux received per unit solid angle remains unchanged. 

> ssumes that there is no attenuation in the medium. 


(d) Relation E=zL 


The illuminance at the 

j à centre of a flat surfe i 

herical j coy of uniform luminance L is ha pm a mar 

p ary ming on the hemisphere defined by 8 and 6+48 has area 

par ae hence intensity L.2mr* sin 0 dé. {ts contribution 

That gives e at the centre is cos 8/r? times this (see Eq. 25.1). 

dE=L.2n sin 8 cos 0 dð 

Integration from 0=0 to 6=n/2 gives ...(25.4)* 
E=nrL 

The result is independent of r. 


' The illuminance over the surface due to a parallel infinite 
a ‘ace of luminance L is also =. The proof of this we will leave 
or the reader. The result is independent of the distance between the 
two surfaces. 


(e) Relation I=B.A 

_ Fora surface of uniform brightness B, the intensity for a 
distant observer is B.A, where A is the area of the source projecte 
on a plane transverse to the line of slight. This follows directly 
from Eq. (25°2) 

dI=B dS cos 0=Bds' 
I=BfdS'=B.A. 

Be has special interest in the viewing of st 
(f) No image can have brightness greater than that of the source 
with areas S, 


ss (25:5) 
ars (see example 


j Fig. 25°2 shows the geometry in image formation, 
S' and solid angles Q, Q’ shown, besides 4 and v. 


Fig. 25'2. 
To discuss brightness of images 


* It is of interest that ™ in this equation is dimensionless, 
(25'3) has the dimensions (Ly* Li). The reader may follow the steps of 
derivation to see this difference. 


where as Nin Eq. 
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Then we have from geometry 
ub ide , u? 
DaS: =gh 


: If we consider a source of uniform brightness B, then the lumin- 
ous flux collected by the lens is B.S.Q and this spreads over area S’, 
so that illuminance E on the image plane is 


S pA A 25'6) 
PT a ees: a 
where A is the area of the lens. Thus E can be increased by having 
larger lens area and smaller focal length (to give lower v) 


But consider brightness B’ of the image. The flux collected by 
the lens emerges in a solid angle 2’. Hence the flux per unit area of 
the image per unit solid angle (which is B’) comes to 


fens BSQ ia S Q ome u? Di a 25'7) 
Bass (Glas ae 


Thus the best we can get is B’=B ; in practice losses due to various 
effects give B’<B. 


ESB 


Example 25-1, A Source of light has intensity depending on 0 according 


to I=1, cos (6/2) Deduce the total flux emitted by it, and tie averaged intensity 
as a point source, 


Solution. The solid angle between 0 and 0 +d0 is 2m sin 0 d0. 
Hence d¢=J 2" sin 6 d0— I, 27 sin 6 cos $6 d0 


Integrating from 0=0 to 9—a ‘point source) 


s=2m |+ cos? + "= I, 
° 


$2 
Tay= aes © 


Example 25-2, A source P and an observer Q are placed at angles 30° 
and 60° respectivety from the normal to a surface. The source has intensity 


Solution, The illuminance is 


—Jcos® _1400xcos 30 A 
E= 7 =~) Im|m 


With 80% efficiency, the luminance must be 0'8 E. Also, for an ideal diffuse 
scatterer, B is the same in al] directions, with the relation L= 8 (Eq. 25°3). 


That gives 
L 08E 08x 1400 x cos 30 
Bi m EET KOs 30a, 
= = n25)" cd/m 
(Notice that angle €0° is irrelevant for an ideal diffuse scatterer), © 


Ae 
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eae barra Salon The angular diameter of a star is negligibly small com- 
paren a ra spread d/a due to viewing with an instrument of aperture 
ground pii in il E ETA n Ak ren peer mary the ack 
p l eye, what will the relation be 

through a telescope of 200 times the diameter of the pupil of the eye A ia 


Solution. We will use subscri 

£ > ripts s and ofor the sta - 
arouse oe and primes’ and” for viewing with the cye mer poke 
pectively. We have the general relations. x 


J=BA=B'A' =B" A" 
and A=rQ 
where Bis the brightness, A is the transverse area, ris the distance, and (Q the 
solid angle. For the star, Q arises due primarily to diffraction, so that 

Q =n a’)? ; Q," =r (AJa")? 

Substitutions Icad to 

B;" =B, (a" ja’ 
In the case of the sky, the intrinsic Q, far exceeds the contributions due to 
diffraction, and hence Q= =R.. That means 

Bo" pa p 
Hence (B,"[Bot)=(Bs| Bo) (a" la") 

=(10~4) (200)°=4 

Thus, in the telescope the star brightness is 4 times the sky brightness 


(Note: Itis incorrect to take the effect as due to larger light gathering 
by a telescope lens. That effect is common for the star and the background light. 
i ) 


The effect is because of smaller diffraction spread in star image as a increases 


Example 25°4. A typical coiled-coil filament lamp of 100 cd intensity has 
a filament of apparent length 2'5 cm and diameter 0°30 cm. Deduce the total flux 
emission, luminosity and brightness, assuming isotropic character of emission, 
Solution 

1.4n=400r Im 


Total flux= 1Q= 
5 x 0°30 x 10-4m*=7°5 X 107° m* 


Area of cross-section=2° 


Luminosity (Laverage) 


4007 Im 
a Ai ae 06 2 
5 75x10 m 53r X 10° Imm 
Brightness (By, rage) 
nbs 400 ci 5'3% x 108 cd}m® 
= S = 75x10" 53% 10 cd} 
(Note : L here is ~9 times that for the surface defining the candela. 
This is not because of higher temperature—T is of same order—but Is because of 


coiled coil. The actual coil is much longer than that given as apparent length 
here). 


25°3. Some Typical I 
For comfortable work in differen 


recommended are as follows : 
Home, libraries, office, etc. £ 100-300 Ix 
H 500-1000 1x 


sewing and finer work : 
operation theatre table :  §090-8000 Ix 


ntensity and Jiluminance Values Ayt 
t situations the illuminations 
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The accomodation provided by nature in the eye is able to take 
care if there is excess illumination ; but in poor illumination one has 
less than the optimum efficiency of work. 


A typical 100 W bulb of incandescent filament type has intensity 
~200 cd in the forward direction, so that the illuminance 2m below 
it would be ~50 Ix due to direct light. Multiple scattering from 
walls of the room raise this to 2 to 5-fold, depending on the wall 
colour and room size. 


Sunlight at mid-day produces an illuminance about 10° Ix. In 
full-moon at mid-night it is about 0°25 1x. That we can at least see, 
if not read, under such a large range of illuminations is remarkable. 


j A sodium vapour lamp has much larger intensity than an 
incandescent filament lamp ; but the filament could be much brighter 


than the sodium vapour lamp, because the area is very much smaller 
the second case, 


Any illuminated surface acts as a secondary source of luminous 
flux, defined by brightness B and luminance L, just as fora primary 
source. Typically, a matt surface coated with MgO will have 
luminance L-about 95% of the illuminance E, and also have B equal 
in all directions. A mirror reflector, on the other hand, will have B 
zero in all directions except the range of specular reflection and L 


en 80-98% of E, depending on the quality of the reflecting 
polish. 


ag Example 25:5, A lamp of I=400 cd hangs 1:5 m above the centre of a 
al e of dimensions 2:0 mx 2'0 m, Deduce the illumination at a diagonal end 
of the tahle, If a paper placed there gives diffuse scattering with 60%, efficiency, 
deduce the iuminance of the paper and also the brightness, 


« Solution, For the diagonal end, 
P=[(1'S+(1?+1)]=4'25 m?; 
cos = 
r 
Icos@ _ 400x1°5 
ro pzs =70 lx 

Luminance L=0'60x E =42 Im/m? 

Brightness B=L/t =14 cd/n,3 © 


Illuminance Z= 


25'4, Luminosity and Luminous Efficiency of a Source 


e source. ot unoften, the distincti kyi 
, omitted and one writes ` A EOR T is 
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= Luminous flux (Im) 
A f Power concerned (W) (258) 
here y is used for both luminosity and luminous efficiency. 
a T 
ari he vang of y defined as $lx", depends on the spectral distribu- 
visible range (4000 S N pis te sires men. 
Withi a TA Ò A), then g=0 and hence a 
ita eve ranas A ae 
À both ways. This maximum value is airin ia 


hmaz =683 Im|W at A=5550 A 


The number 683 comes from the wa: i ig. 25 
1 y 1 candela is defined. Fig. 253 
shows the relative spectral sensitivity, Kj, of the human eye. 


AN 


0 


Fig. 25.3. 
Relative spectral sensitivity of the human eye. 
at if a source emits all its radiation at 
4=55504, it will have n=683 ImjW. If the spectral distribution 
(intensitywise) matches the curve of Fig. 25°3, then = 683 x averaged 


Ky==200 Im/W. For a general case it would be 


It will be seen th 


[K PAĀÀ 


where P is the radiated power at A. This is for% defined by $/X’- 
The realistic 4 is defned by $/X and it will be lower, depending 
upon the power (X-X") consumed otherwise by the concerned system. 

Sunlight happens to have its radiant energy maximum close to 
5550A°, and it appears that nature has adapted the human eye to 
match its sensitivity curve to secure the best from sunlight. For 


other sources the typical » values are as follows : 


incandescent lamp 14 Im|W 
fluorescent lamp 43 Im) W 
58 Im|W 


Halogen lamp 
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The values mean that a 100 W incandescent lamp would emit 
~1400 Im flux. Considered isotropic, its intensity would be 
1400/4120 cd. With a ‘shade’, the J value in the front direction 


may reach~400 cd ; from a 2m distance it would create illuminance 
of ~100 Jx. 


Example 25:6. A 100 W lamp may be treated as emitting radiations at 
different wavelengths as listed below ; 


2/1000 A=4'8 52 56 60 64 68 72 
P,/Watt=0'4 08 12 416 20 28 30 
The rest of the power is spent otherwise. Using the sensitivity curve of the 
human eye (Fig. 25:3), and given Nmax 983 Im/W, deduce the » of the lamp. 
Solution. We list the corresponding Ky values and hence P} Ky 
? K, = 0'20 0'71 0'95 0°60 0°16 0°04 000 
P) K, = 0'08 0°57 114 096 0°32 0'11 0'00 
That gives > P, K} =3'2 W. Hence 
___3°2 Wx 6°83 Im/W 
i 100 W 
25'5. Photometers 


=22 Im|W © 


In general a photometer compares the luminous intensities of 

two sources by matching the brightness produced by them on a 

surface. The steps involved are (a) illumination produced=I cos 0/r”; 

(b) luminance=/. I cos 6/r*, (c) brightness=ff’ cos 6/(r? cos 6’). Here 

and f’ are appropriate fractions, and @ and 6’ are angles of incidence 

and viewing. If 0 is kept zero and J. f’, 0 are identical for the two 
cases, then equality of brightness means 


h h A -=(= i 25°9 
Tt ry > Ts = ( ) 


An assumption involved is that the concerned sources are ‘point 


sources’, which means that r values are much greater than the size of 
either source. 


Different photometers use different methods of matching the 
brightness. We describe some of them. 


(a) Bunsen’s Grease-Spot Photometer. It uses a mat-white paper 
(like a filter paper) with a central greased spot. The ungreased part 
gives diffuse scattering of light falling on the same face, while the 
greased part gives diffuse Scattering of light falling on the opposite 
face. Fig. 25.4 shows the arrangement. If the distances of the 
sources are adjusted to make the grease spot vanish in the background 
of the ungreased part, Eq. (25.9) gives l/l}. If we assume that the 
ungreased part scatters a fraction a, and the greased part scatters 
fraction b and c of the light falling on the same and the opposite face, 
respectively, then the brightness of face 1 is 


(la/ry*) a for the ungreased part 


| (h/ns*) b+(h/r,) ¢ for the greased part (2510) 


Visual Photometry 443 


as Liat 7 

Mn mins Srey mate = ae te Ba tae rae Pel ea ae 

Si hi 142 Py s 
G FILTER 

PAPER 

Yo- GREASE 
eye SPOT 
Fig. 25°4. 


The grease-spot photometer 


Equality of brightness will still lead to Eq. 25.9 if b+c=a (i.e., there 
is no loss by absorption). In practice, the grease spot never fully 
vanishes in the background, and what one has to adjust is the ‘identi- 
cal view’ of the two faces of the detector paper. 

(b) Lummer-Brodhun Photometer. In this also the two sides of 
a matt white surface (a thick one, this time) are illuminated by 
light from the two sources under study (Fig. 25°5), but comparison of 
brightness of the two faces is made with the help of a ‘photometer 
cube’ C. In this ‘cube’ an air space separates the hypotenuse faces of 
two prisms, but a central portion is sealed with canada balsam, which 
is transparent, like glass. Thus an observer views face | through the 
central portion of C and face 2 through the outer portion of C. In 
effect, this is like setting b=0 and c=a in relations 25°10. Because 
total internal reflection gives 100% reflection, these conditions hold 
well, assuming that the faces of all the right-angled prisms are kept 


very clean. 


Fig. 25°5. 


Lummer-Brodhun photometer, using total reflection prisms Pı and Pa 


Brodhun ‘cube’ C. Inset shows how the rays from 


and the Lummer- pass through the central and outer parts of C. 


sources 1 & 2 
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(c) Flicker Photometers. If the sources under comparison give 
out light of different colours, then the aforesaid methods fail. A 
flicker photometer is then used. In principle, the two surfaces, illumi- 
nated separately by the two sources, are kept in the same line of 
sight, but an arrangement is made that these two are seen alternately 
at a fairly large frequency. The result is that what one sees is neither 
colour of source 1 nor that of source 2, but a mix. What is impor- 
tant is that if the visual sensations of the two are equal, then no flicker 
is observed. A crucial fact is that at low frequency of the alternating 
view, the colour mixing (in the sensation at the eye) does not take 
place, and at very high frequency of alternating view the flicker is 
not observable even when brightnesses are unequal (due to persistence 
of vision). So a careful balance is needed. One starts from low rate 
and goes on to higher ones to see if the colour distinction becomes 
absent; and then one adjusts the distances till the flicker is eliminated. 

Fig. 25.6 shows the schematic of Guild’s flicker photometer. 
Surface A is illuminated with source 1 and seen at 45° from its normal. 
Surface Bisa sector disc illuminated with source 2 and seen again 
at 45° from the normal. As the sector disc is rotated, the eye alter- 
nately views A and B. If both the surfaces have identical diffuse 


-coating (say, of MgO), which is neutral for colours, then absence of 
flicker means J,/r,2=J,/r,2. 


' he B 
S rapenak e E) 
ee 2 k "9 2 
NW 


B 


Fig. 256. 
Guild’s Flicker Photometer 


The sectoral disc B is rotated so that alternately surfaces 4 
and B are seen by the eye. The viewing chamber has a diaphragm 
D painted white and kept illuminated to serve asa comfortable 
background against which 4/B is seen (rı=a +b). 

(d) Ulbright’s Integral Photometer, The luminous intensity of 
a source is often direction-dependent. One may therefore measure 
Tin different orientations and then find the averaged J over the total 
solid angle. But Ulbright’s photometer does the integration in another 
way. Fig. 25.7 shows the source S placed inside a hollow sphere, 
whose inside walls are perfectly diffusing, mat painted typically with 
MgO. Due te multiple reflections within, the radiation inside becomes 
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isotropic. Ifa window W is 
1 placed on the wall, th 
is equal to the total flux emitted by the ions ater oe 


matt white 
painted interior 


Fig. 25°7. 

Ulbright’s integral photometer G. is gate for introducing the source 
S; P is a sheild to prevent direct light from reacting W. 

this window with that produced 


brightness of an opal glass placed at 
gives the desired result. 


by a standard source from a measured distance 


25.6. The Human Eye 

rae sketch of the human eye is shown in Fig. 25.8. The different 
optical parts are as follows : 
1, a thin transparent front opening. 


Cornea. 
2, a watery fluid between 


Aqueous Humour. 


crystalline lens. 
Pupil. 3, the central opening of the crystalline lens front. 


Tris. 4,a pigmented muscular ring which can expand or con- 
tract to control the size of the pupil and hence the amount of light 


entering the eye. 
Crystalline 
Ciliary Muscle. 6, which can stretch or slacken to vary the 
focal power of the crystalline lens. 
Vitreous humour. 7, a kind of transparent jelly. 
mages are formed. 


Retina. 8, the sensory layer oD which i 
The system made up of the cornea, the aqueous humour, the 


the cornea and the 


lens. 5, the image forming lens. 


up to an effective focal 


crystalline lens, and the vitreous humour add J 
the ciliary muscle can change it by a small margin. 


Jength 17 mm; 

The major mechanical parts of the eye are : 

Scalera. 9, which encloses the eyeball, protects the inside, and 
gives it the needed stiffness. 


Vascular layer. 10, which 


support the rods and cones behind the 


retina. 
Finally, the parts which convert the physical image into the 
jons of intensity and colour. e retina, the shape of 


ysulal sensat 
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a hemisphere, contains light receptors, called rods and cones. These 
are light-sensitive cells. In the human eye there are ~ 125 million 
rods and’§6.5 million cones. The cones are responsible for colour 


Fig. 25°8. 
The Human Eye. 


vision and are concentrated at the depression in the retina, called 
fovea centralis, 11, which falls on the optic axis. The remaining areas 
are occupied mainly by the rods, with the exception of the junction of 
cells of the retina with the optic nerve, 12; there are no rods or cones 
here, so that this junction forms the blind spot. 


Inrods the light causes the rhodosin [a compound of a form of 
vitamin A (retinen) and the protein of the retina (opsin)] to change 
from the cis— to trans— isomer. Thereby each rod generates a nerve 
impulse, which is conveyed by the optic nerve to the brain. In the 
process, the energy is drawn from that stored already by the recep- 
tors; the light only triggers the reaction. That is the reason why each 
rod is capable of responding to a photon. 


Rods do not perceive colour. That is the function of the cones. 
Hence colours are preceived only if the image falls into the central 
area of the retina. Probably there are at least three kinds of cones, 
perceiving green, red and blue. Intermediate colours are seen depen- 
ding on the relative stimulation. The brain perceives the colours on 
the basis of different trains of pulses from the cones. However, 


there are many unexplained features and a consistent theory of colour 
vision is still lacking. 


PROBLEMS 


25.1. A 60W lamp has intensity 100 cd and is isotropic. 
Deduce (a) the luminous efficiency, (b) illuminance on a surface 


-placed 4.0 m away with inclination 9=30°. If the surface is a diffuse 


—— 


scatterer with 60% efficiency, deduce its luminance, and brightness. 
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25.2 A 100 W lam i i 

: A np has uniform intensit 250 cd i 

par te pe intensity outside. Dedna (@) the prea 
Wee cn ee ieee and (c) brightness of a perfect 
a ce placed 5m away normal to the incident 


25.3 Ina street lightin; 
g system, the poles are 12 m apart d 
me 5.0 m above the road. The lamps are aizea to cise 
orm intensity over a solid angle 1.57 sr and zero outside. If the 
pc intensity of the lamps is 600 cd each, deduce (a) the inten- 
re pia a wT Sr ih eee cone, (b) the illuminance at the 

amp, and (c) the illumi id-poi 

ps ee Bh e illuminance at the mid-point between 


25.4, (a) Phot, isa unit for illuminance i a 
Deduce the relation between a phot and a ae Hy rt 


(b) lambert is a unit of brightness equal to 1 cd/em*. Deduce 
the relation between a lambert and 1 cd/m’. 


(c) metre-candle is a unit for illuminance. Deduce in metre- 
candles the illuminance for a surface placed 2 m from a source of 
intensity 100 cd and normal to the beam. 


25.5. (a) A chamber encloses diffuse radiations. If the flux 
across unit area anywhere, considered in all directions, is ¢, show that 
the flux component along one particular direction is (1/4)¢- 


(b) If the above chamber has a long cylindrical window of 
cross-sectional area S' and a source of average spherical intensity Z cd, 
deduce the value of ¢. How will the result change if a window of 
same area S’ is cut right on the chamber face ? 


25°6. A collimated beam is created by placing a source at the 


focus of a convergent lens of f=25 cm and aperture diameter 4'0 cm. 
If the source is taken as a sphere of diameter 3.0 mm, deduce the 
distances (i) 10 cm, (ti) 1.0 m, 


cross-sectional diameter of the beam at a 
(iii) 10 m from the lens, ignoring diffraction effect. if the source 
has intensity 60 cd in the concerned range, deduce the illuminance in 


the beam at the three given distances. 


25°7. Comment critically on the following : 
(a) The contrast of star brightness relative to the background 


sky brightness improves when telescopes of large apertures are used ; 
but this is not because of larger collection of luminous flux. 


(b) In a given image-forming system, the narrowing Of lens 
aperture does not affect brightness of the image. 

(c) A sodium vapour lamp has much larger intensity than a 
typical incandescent filament lamp, but in brightness the lattec could 


greater. 
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25°8. Two sources of light of intensities J and 6I are placed 
200 cm apart. At what place should a screen be placed on the 
line joining the sources, so that illumination due to the two sources. 
may be equal on the screen. 


259. A photometric balance is obtained between two sources 
P and Q when P is 580 cm from the photometer. When a plane 
glass plate is introduced in the beam from P, with its face normal to 
the beam, the balance is restored when P is shifted by 2'6 cm. 
Deduce the percentage loss of light by reflection at each face of the 
plate. What do you expect if the plate were inclined from the beam 
at an increasing angle ? 


25°10. The angular diameter of the moon, as seen from the 
earth is 0°008 radian, and the moon’s surface re-emits 20% of the 
light incident on it from the sun. Deduce the ratio of illumination 
on the earth in full moonlight to that in ful) sunlight. 


25°11. Deduce the luminance of the sun, given that its disc 
subtends an angle 30’ arc and the illuminance due to it at earth’s 
surface at mid-day is 10° lux. An image of the sun is formed 
by a lens of diameter 8cm and focal length 30 cm; deduce the 
illuminance of the image. 


25°12. For the human eye, consider the pupil diameter~3 mm, 
mean wavelength ~6000A, and focal length ~20 mm. Compute the 
area of the image of an ideal point source at infinity as determined by 
diffraction. If the areal density of the cones in the retina is designed 
by nature to use the optimum available resolution, estimate the areal 
density of the cones on the retina. 


Answers to Numerical Problems 
o i a ee 


22 Simi-angle 30’ 

23 (i) 35°9 cm, 33°1 cm ; (ii) —1°9 ; (iii) 3°6. 

274 Hat 51:0 cm, H’ at 18°8 cm. f=20°4 om, f’=—30°7 cm. 

25 Image sizes — 7'19, —7'24, — 7'63 mm for the three zones. 

3:5 f'=75,90, 12: 15'0, 22°5 cm. 

39 f'=—f=2'67 cm ; H and H' at centre of the sphere. 

3°10 Focal points F’ at 4'0 cm from curved face and F at 3'5 cm 
from flat face, both outside. H’ on the curved face, H at 1°7 
cm from the flat face, inside. 

3.11 o«’=—2'14 cm, 2=-+1'42 cm (both H, H’ inside the lens), 
f'=12°86 cm, =—12°86 cm. 

3°12 «= 42°35 cm, «=+3°53 cm (both H, H' outside the lens), 
f'=52°9 cm, f=—52'9 cm. 

3'13 o’=+40 cm, 2=+80 cm (both H, H’ outside the pair), 
f'=— 100 cm, f=+100 cm. 

3'14 m=- 0'58. 

3°15 f'ı=f'a=t=6 cm. 

3°17 f'=10°9 cm. 

42 (i) 1°64 cm, (ii) 3°28 cm. 

4'5 Crown f=13'12 cm, flint f’/=—19°52 cm. 
G=0'1469 cm~! and —0°0885 cm™ respectively. 

4'6 (i) G (Crown) =0°4046 cm, G(EDF)=—"01570 cm™. 
(ii) G=(Crown)="03452 em}, G(EDF)= — "01133 cem7}. 

4°7 For crown Jens i= —R,=+27:06 cm, 
for flint lens Ri= —27'06 cm, R=— 135:1 cm. 

410 (i) 1°18", Gi) 6°8’. 

4.11 Am=0°32. 

51 113 cm. 

5.2 0061. 

53 25:44:144. Same ratio for light. 

55 fı=10 cm, fa=10/3 cm, t=20/3 cm. 

ST Hea cm, 13°20 cm below the flat face. Areal magnification 

58 12cm. 

59 875X 
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5'1} Image plane concave towards the object, with radius of curva: 
ture~10 cm. 


61 03 rab ; 05 rad. 
67 fi’ =f =5'6 cm, t=3'73 cm, 
69 f'=4'9 om, Ja =5'6 cm, t=4'4 cm, LgE=0'8 cm, r=5'7. 
612 25x10cm. 
T2 (i) 60 Km, (ii) 4500 rev/min. 
73 4m spread. 
TT 182510? m s“}, 
83 -aseD32:2 Xi104 mst; 
S7 1 21074 6 X10-* and 1-105: 60. 
88 25x10? sm, 
89 TIXI Vm". 
8'11 E°=56 Vm; D°=5'0X10-" coul. m~*; H°=0'15 amp. m7; 
B°=1'9x 10-7 V m™ s. 
8'12 E°=2'5X10-* Vm; H°=6'6 X10- amp m™?. 
92 Ac=1°71, As=—4'70, w=1000 units; a=0°85+-2'35 i. 
(b) A=10 units, d=tan™ (3/4); Ao=8, As=—6 units. 
9'3 117 units, +0.92 rad, 1/5 units of time, 80. 
a=2'0 x 10-*V/m, °=3'0 x 10" s1, K=0'005 s7}, 
| E? | =40x 10-4 V2 m73; [=0°53X10-* Jm=2 s~. 
98 09144, 0°073a, 0'011a. 
3°0X 10-5 Vm=, 1°34 x 10" Hz, 2:24 1075 m, 3:0 108m s~. 
9°12 (i) 1°958X 108 m s71, (ii) 1°868 108 m s~}, 
(iii) —1°534 10° m s~}, (iv) 5°9. 
10'5 0°51; 0°39, 
10°6 = 1°875 x 108 m/s ; 3413 A°, 
10.7 56% loss. 
Ala=2, 1'932, 1°732, 1°414, 1°000, 0°518, 0°518, 1°000...... 
11'3 A/a=5°738, 3'863, 0, 1°414. 
11°4 0'820. 
11°9 0894r. 


11°10 20 cm. 

11°12 66°9, 83°8. 

11°13 0°246 cm, 0'164 mm. 

11°14 0°82 mm towards A. 

11°15 1°000379. 

11°16 491°5 (a minimum), 530°7, 596°1. 


: 11°17 sin™ 0°04n (n=1, 2,...... ); 20 sin 0 Km altitude. 
11°18 10 and 4 nearly. 
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12.3 (1'77Xn) micron, n=1, 2..... 

124 589X107 cm. 

127 0°94 mm. 

12'8 '0589 mm. 

129 1°02x107® per °C. 

12°10 16°6, 49°8, 83°0...... micron. 

12'12 0 764 cm, 0°935 cm, 5°05 X 107° cm. 

12°13 0°139 cm*. 

12°15 5°78 1075 cm. 

12°16 Fringes emerge out, visibility becoming minimum 5 times and 
maximum at 4 intervening positions. 

12°17 (i) 233X10- rad, (ii) 20°, (iii) 127. 

12°18 1°000289. 

12°19 *035, ‘018, ‘0080, *0016 part of fringe separation. 

13'2 First case : 4/2, 0, 4/2, 0. Second case : 
1'26a, 0°33a, 1°12a, 0°40a. 

13°3. 47x107% cm’. (i) 5°5X 107 cm. (ii) 67x107 cm. 

13°7 (1000/n) metre ; (10/7) metre ; n=l, 2, 3... 

13°8 (i) 35°7 cm ; (ii) 12°1, 6'6 cm ; (iii) 1/9, 1/25. 

13°9 77 cm ; 1°86 mm. 

13°10 250 cm, 0°76 mm, 2°36 mm. 

13°12 Maxima : 2'1, 3°63, 4°70 mm. Minima : 2°97, 4°20 mm. 

14:1 >09. : 

143 +sin72?, and +sin~? 4 from the normal atong length and 
breadth respectively. S é 

145 Initially, minima at + 14°30’, 30°, 48°30’ and 90°. At ee 0 os 
minima at +30° and 90°. At a=2'5 cm, minima at = gees 
a further decreases, the intensity spreads more from 0° towar 
+90°. 

14°6 due to slit: 10 rad ; due to diffraction : ~0°SX1 

147 0'5 cm. 


14°10 distribution defined by cones of semi-angle 6 with line of 
oscillators as the axis. Minima at 6=sin-1(n/10), with n=0, l, 


pie Seen 

14°13 (i) 3 orders, (ii) 3 orders, Gii) 7 orders. Second order of 7500A° 
and fourth order of 3750A°. 

14°14 41°7p. 

14°17 ~13°. 

14°18 5147°14°, 51581 A’. 

14°19 0'432 mm/A°. 

15'1 (i) 250,000 and 5,000 ; (ii) 0°80 cm™ and 0°02 cm™ 


0-* rad. 
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~20m;~0m. . 
24% 10" rad, 1°9X10"* rad. 
1/1000 rad. N-S ; 1/250 rad. E-W. 
1°25 = 10 rad/A® ; $0,000 ; 0'1 A* ; 0'4 cm™ 
Obsd. line becomes twice in width ; thrice in width. 
@ 53, Gi) 308x107 rad/a", Gii) TS2K10°* rad, 
(iv) 24 X10°8 A. 
O16 mm/A* ; 0083 A*; 0°33 om™. 
189 04) A 
1510 1°64". 
st diameters Of stars are less than ~10-* rad. 
15°12 3X 10" om ; $x 10" em 5 2°5.x 1074 cm. 
1514 Claim doubtful, since angle subtended is less than s» of the 
Vala AR clearly 
ones 
Isis ou separations not Tal wok horizontal det tone (i no 


1516 ~10', Fringes get too crowded to be viewed separately 
1517 «11/24 a*. 

15°18 2°27 radian 

15°19 204° 

163 61° ; 29°. 

16°S 102°, 282°; $3. 

167 95, For 2° and +2° obsd. ratio 0°78 and 1°23 respectively. 
1612 3'2 (n+ pa 532 (n£2d)p(n=0, 1, 2....0005.)s 

16°13 As QW plate ; slvajs (eiides Gió nosuenption stated): 

16°15 QW for 7384, 5743, 4699 A*, HW for 5169 A”. 


E 998996 


16°17 G) a and d, b and c, none ; (ii) none, b, and c; (iii) elliptical, 
ITL 72°S* per dm per gm/cc, ; 022°, 
173. +72. 


ws el. mht AeA, From the data Ac/e~0'01 and 
c= 0284. Range of error ~4-"003_ gm/cc. 

179 transmission 3%, contrast 4%. For 5°, 0°76% and 8%. 

1710 a=49°S° ; B= 15°8°. 

183 11°14 10- cm ; 0076 mm/A. 

185 50°40; 5097 A? : 12’, 

187 18 A*, 72cm". 
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18°10 5°56 cm~’, 14°8 cm™; ati |=3000, 1500. 

1811 0°39 cm™ ; 0'2 cm™. 

18°12 4119°1 A? ; 58891 A® 

i815 (i) 5x10 rad./A° (ii) 16x10% rad/A and 30X10" rad A® 
for the first orders on two si 

19.1 11 micron ; 8250 k.: 

19°3 energy ~7K10 J; quantum~ 10" J. 

194 t=2X 10? sec. 

197 (i) v> V Z times, (ii) no change, (iii) v changes: 

198 0°78 eV ; 0°28 micro amp. ; 

199 5°43X107* cm. 

19°10 1°96 eV ; (i) no, (iii) no. 

19°20 0°0363 A ; 0°054. 

1915 94X107 Nm™, 

19°16 678x10% em. 3°43X 10~* om ; 3°64 volt 

19°17 1098X 10" cm”? ; 3940 4 ' 

19°18 140, 73; S1, 0'6 volt; P41 X10", 1°87 x 10* cm. 

1919 167 10% erg, 3°92 10"* cm. y 

19°20 36000, 12000, 9000, 6000, 4000, 3600 A 

19°21 0°59 ; 0°34 ; 0°098. 


201 V=33X 108 volt 
E=3'3 Mev, 3°3 Mev, 66 Mev wie 
202 ~780 layers ; 1°S* 15" atmos/em* ; ~ 
j interest 4 <r x 10" <8 cm, one gets V= 144 
206 ieoi EN G) alone fits the model. 


207 -ON eV 

20°10 erie ee 

20°11 2254° ; s 2534° 

20°12 02634 ; 13°3 X10" Hs : 1°84x 10" ms’ 
20°13 OQ and 1; 1,0, -1 


20°23 0504° 

20°24 01844, 01604, 107A 

212 G) 6 em, (i) 005 4°. (iii) 10°, Gv) 10° 
21°5 log f=—"005 ; fri —"005) 


259 
25°10 
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~08% 

1°4X107* cm? ; 1°7 kw /cm* 

a=2°57A° 

a/4, 

(i) a=3°36A° ; (ii) 8 ; (iii) a V 3/2. 

4, 9=2'824°, y19=1'°99A° i 

a'=b'=c' =a] 2 ; a=90°, B=60°, y=120 

orders 1, 2 and 3 from planes of d=2'944° 

20 for dig9=37°18', 77°34’, 106°42’, 136°0' 

for d3;=68°38', 119°44’ ; for d,ı=911°0 - f 
relative (sin 6)3=1 : 0°71, 050 : 0'41 : 0 355 ; Ignoring I 
orders (underlined), highest d values bear ratio 1 : 0°71 : 0°41, 
characteristic of bcc lattic. 

1°672A° ; 0°167A° ; 1'°282.A° 

Neutron diffraction, For ordered, (100) reflections fof odd 
orders weaker than even by a factor fs. For disordered all 
orders have same intensity. For partial order, intermediate 
state. 

9+4°1 x 10-88 rad 


(a) (i) A increases 10 fold, (ii) F,F, increases 10 fold, (iii) 
wœ unchanged. (b) (1) A unchanged, (ii) F,F, decreases 10 fold, 


iii) w increases 10 fold. 
a=27A° 


i 005 - B=" o 
a= =005 ; B=0'995, V=0'4995c 


L’'=50°0 cm 

1'007 x 1°00m no change) 

2°990 X 10°m/s 

1'0mX 0359m, length || to motion appears shorter, 
Zero, 0772, 0°993 

1°07X10-*s ; 3'11 m 

0549c, 0°979c, 0°9982c. 

1°49 x 10738 kg. m/s 

(a) 207/3, (b) 2541/3/8 Ix, E=154/ 3/8 Ix, B=154/3/8n cd/m* 
(a) 250 x Im, (b) 2'5m, (c) 10/7 cd/m? 

(a) 1600 cd, (b) ~71 Ix, (c) ~38 Ix 

1 phot=10* Ix ; 1 lambert=10* cd/m? ; 2=25 m.cd 
(b) ¢i=16nl/S’ ; 6.=161/S’ 

d=4'1 cm, 5'2 cm, 16 cm, E=960 Ix, 568 Ix, 60 Ix 
58 cm from the weaker source between the sources 
oe from the weaker source, outside the sources 


32% 10-8 


2511 510° Im/m?, 9 x 10? Ix 
25°12 ~2X 10° cones/cm?. 


Index 


A 


Abbe’s sine condition 56, 75 
Abbe’s theory of resolution 236 
Abberrations, chromatic 37, 77 
—lateral 39 
—longitudinal 37 
Aberrations, monochromatic 45 
—astigmatic 46, 57 
—coma 46, 56, 74 
— curvature of field 47, 58 
—distortions 47, 59 
—of thin lens 50 
—reduction of, 55, 57, 58 
—speherical 45, 48, 131 
Absorption 288, 323, 343 
—inverted 343 
Achromatism of Lenses 68, 70 
— of size, not position 42 
Alpha scattering 316 
Angular momentum, orbital 321 410 
—operator for 405 
—spin 327 
Anisotropy, optical 97, 248 
Annihilation of mass 431 
Aplanatic points 10, 51, 55 
— lenses 51, 55, 75 
—surfaces 51, 54 
Aspherical lenses 56 
Astigmatism 46, 57, 67 
Atom, Bohr model of 321 
—electronic config, 329, 331 
—model for general 326 
—Rutherford model 320, 325 
—shell model 326, 
—Thomson model 316 
Atomic spectra 287, 293 
—series relations in 303 
Atomic structure factor 374 


Balmer series 305, 326 
Barrier penetration 408 
Basis 367 
Biprisn, Fresnel’s 146 

—expt. with electrons 389 
Biquartz device 275 
Blackbody radiation 293, 294 
Bohr’s theory 320, 410 

—and de Broglie eqn. 391 
Bohr radius 322 
Boltzmann Law 296, 324, 343 
Born’s interpretation 393, 402 
Bragg’s Law 376 
Bragg spectrometer 377 
Bravais lattices 365 
Brightness of images 435, 437, 439 
Brewster's Law 245 


Candela 434, 435 
Candle power 438 
Cardinal points 13, 17 68, 70 
— deviation method for 33 
— of eyepieces 68, 70 
—of lens combination 25, 32 
Cavity resonator 365 
Cerenkov radiation 132 
Characteristic impedance 96 
Chromatic aberration (see aberration) 
Coherence, spacial 341 
—temporal 340 
Coherence length 340 
—time 340 
(Coherent illumination 236 


456 


Coherent sources 140, 340 
Collisions, inelastic 308 
Colours of thin films 157 
Coma 46, 56, 74 
Complex amplitude 107 
—frequency 109 
—representation 116 
Complementarity 393 
Compton effect 300, 335 
—wavelength 302 
Concave grating 212 
mountings of 213, 215 
Conjugate relationships 15, 18 
Convention of signs 13 
Coordination number 367 
Core“electrons 330 
Cornu’s prism 283 
Cornu’s spiral 190 
Corpuscular theory 90 
Cotton-Mouton affect 276 
Coulomb’s Law, 93 
—in alpha scattering 319 
Crystal structure 363, 367 
—basis 367 
—CsCl 368 
—diamond, ZnS 370 
—hep, NaCl 369 
Crystal structure factor 375 
Crystals, positive and negative 250 
—seven systems of 364 
Curvature of the field 47, 58, 74 


D 


Davisson & Germer’s expt. 381 

De Broglie waves 236, 380, 386, 397 
— and Bohr condition 391 
—and particle in a box 391 
—Born’s interpret. of 392 

Diffraction (of light) 91, 176, 193 
—at a circular aperture 179, 200 
—at a single slit 194, 399 
——angular spread in 198 
——method of calculus 197 
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——phaser method 195 

—at N slits 203 

—at a straight edge 185 

—at two sl'ts 202 

—Fresnel and Fraunhofer 193 

—of X-rays 375, 383 

—ripple tank expt. 176 
Diffraction of electrons 380, 383, 390 

—Taylor’s expt. 394 
Diffraction of n, p, He 380, 381 
Diffraction grating 207 

—reflection type 210 

——blazed 210 

—tesolving power of 225,240 

—spectra, special features of 211 
Dipole radiation 98, 101 
Displacement current 93 
Dispersion 36, 208, 268 
Dispersive powers, table of 37 
Distortion in images 47, 59 
Division of amplitude 153 
Double image prisms 257 
Double refraction 248, 253 

— electromagnetic theory 251 

—Huygens theory of 249 
Duality (wave-particle) 386, 403 
Duane and Hunt limit 336 
Duker’s experiment 390 
Dulong & Petit’s Law 311 


E 


Eigenfunctions 403 
Eigenvalues 403 
Einstein’s A & B Coeffs, 343 
Einstein’s theory of photoelectric 
effect 297 
—of relativity 414 
—of specific heat of solids 311 
Electromagnetic theory 90, 93 
Electromagnetic waves 90 
—different regions of 279 
—emission of 97 
—energy density in 100 


— i 


Index 


—transverse nature of 95 
Electronic configuration 329, 331 
Electron microscope 76, 236 
Electrons, refraction of 388 
Electron spin 327 
Emission 287, 303, 321 

— stimulated 342 
Emissivity, spectral 294 
Energy density in waves 100 

—spectral 294 
Energy level diagram 306, 310, 323, 

325, 333, 334 

—of H atom 323 

—cf Hg, Cs, Na, H 310 

—of particle in a box 391 

—of Ruby 348 
Equivalence of m & E 430 
Ether, lumineferous 91 

Fiske of earth through 169, 


1 
iM Bie waves in 91 
Excitation potentials 324 
Extraordinary rays 249 
—refractive index 251 
Extremum path 7 
Eye, the Human 441, 445 
Eye lens 66 
Eyepieces 65 
—achromatism of 68, 70. 
—Gaussian 71 
—Huygens’ 66, 74 
— Kellner’s 72, 74 
—need of multiple lens 65 
—Ramsden’s 69, 74 
Expectation value 398, 405 
Exponent representation 112, 341 


F 


Fabry & Perot, interferometer 172 
—etalon 172, 228 

Faraday effect 276 

Fermat’s principle 1, 2, 6, 63 
—and aplanatic points 10 

Field lens 66 

Field of view 62, 69, 71 

Fluorescence 291 
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Focal length 16, 21, 26, 32 
Franck & Hertz expt. 307, 311,318 
Fourier series 110, 113, 200, 231 

—exponential repres, of 111 
Fourier transform 112, 341 

—spectroscopy 230 
Fraunhofer diffraction 193 

(see also diffraction) 
Fresnel’s hp zones 178, 185 
Fringes 143 

—achromatic 149 

—in parallel films 163 

—in wedge film 156 

—Jateral displ. of 148 

—of equal inclination 163 

—of equal thickness 155 

—zero order 168 


G 


Galilean transformation 414 

Gauss’s Theory 14 

Gaussian telescope 31 

Geometrical optics 1 

Grating (see also diffraction) 
—at oblique incidence 284 
— blazed 210 
—concave 212, 215, 284 
—dispersion in 208 
—overlapping orders in 211 
—plane 207, 211 
—resolving power of 212 
—wire 220 

Group velocity 120, 407 


H 


Haidinger’s fringes 163 
Half-period (hp) zones 178 
—on cylindrical w.f. 185 
Half-shade device 274 
Half-wave plate 258 
Hamiltonian operator 405 
Harmonic generation 358 
Harmenic oscillator 105, 107, 407 
—-Complex amplitude 106 
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—in quantum mechanics 407 
Heisenberg’s principle 396 
—¥ Tay microscope 399 


Helium, diffraction of 381 
—spectrum of ionized 324 
Helmholtz’s law 20, 24 


Holography 354 

Huygens’ principle 124, 250 
—limitations of 125, 177 

Hydrogen atom, 320, 391 
—radial distbn. fn. 410 
—Spectral series of 305 


Illuminance 435, 439 
Induced emission 342 
Infrared Spectrographs 284 
Intensity distribution 
(see Interference and Diffraction) 
Intensity in waves 100 
Interference 136, 153 
—in thin films 154, 157 
——colours due to 157 
—in space 139 
—in white light 147 
—of two sources 137, 142 
—of several waves 170 
—Newton’s Tings 159 
—Young's expt. on 144 
——an equivalent to 145 
Interferometer, F-P 172 
—Michelson 165 
—Twyman & Green 169 
Interferometry, multiple beam 170 
Ton microscope 236 
Tonization potential 324 


K 


Kerr cell method 86 
Kerr effect 277 


Kinetic energy, relativistic 428 


N 
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Lagrange’s law 20 
Lambert’s law 436 
Lasers 339, 348 
—coherence, of 341 
—directionality of 351 
—dye/semiconductor 349 
—gas/glass 349 
—monochromaticity 350 
—ruby 347 
— shaping of beam ia 345 
—uses of 352 
Lateral displacement 148 
Lattice, Bravais 365 
—planes 372, 375 
——spacings of 375 
Laue procedure 375, 378 
Length contraction 421 
Lens, bending of 55 
—combination 28, 30, 32: 
——achromatic 40 
——telephoto 30 
—telescopic 30 
—meniscus 27, 54 
—shape factor of 50, 55- 
—symm. doublet 60 
—thick 25, 
—thin 19 
Light, corpuscular theory 90 
—e.m, theory 90, 93 
—laws concerning 1 
—quantum theory 103, 306,. 
321 
—ether theory, 91 
Llyod’s mirror expt. 147 
Lorentz transformation 97, 418 i 
Lumen 434 | 
Luminescence spectra 291 ! 
Luminous flux 434 
Luminous Intensity 434 
Luminous sensitivity 440 
Lummer & Gehrcke plate 230 


Index 


Lux 434 
Lyman series 305, 323 


M 


Magnification 20, 21 
—and resolution 222 
—lateral 21 
—normal 75, 232, 235 
Malus, law of 245, 275 
Mass, variation of 426 
—energy equivalence 430 
Matrix mechanics 294, 403 
Matter waves (see De Broglie) 
Maxwell's equation 93 
—invariance of 97, 419 
Meniscus lens 27, 54 
Michelson’s echelon 231 
Michelson’s interferometer 165, 233, 
340, 351 
—comparison with F.P. 172 
Michelson’s method for c 85 
Michelson-Morley expts. 169, 416 
Microscope, compound 75, 77 
—coherent illumination 236 
—dark field jllumination 76 
—electron/ion 76, 236 
—high power objective 75 
—numerical aperture}75 
—oil immersion 11, 25, 53, 236 
—phase contrast 237 
—resolution in 234, 236 
—ultra 76 
—y-ray 398 
Miller indices 372 
Millikan’s expt. 299 
Monochromators 279, 281 
Moseley’s law 334 
Multiple beam int. 170 
Multiple reflection 153 


N 


Nearest neighbour 367 
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Negative temperature 344 
Neutron diffraction 382, 383 
Newton’s formula 16 
Newton’s rings 91, 159 
—in transmitted light 162 
Nicol’s prism 255 
Nodal points 17 
Nodal/antinodal planes 139 
Non-linear Optics 357 
—spectroscopy 359 
Non-proper measurements 421 
Non-reflective coatings 157 
Normalization of 407 
Nuclear size 318 
Numerical aperture 75, 235 


(0) 


Oil immersion objectives 11, 23, 53 
236 
Operational view 420 
Operators in QM 401 
—table of 403 
Optic axis 250, 252 
Optical activity 266 
—Fresnel’s expln. of 270 
—origin of 268 
—Table of 268 
Optical anisotropy 252 
Optical instruments 62 
—resolving power of 221 
Optical path 3, 131 
Optical pumping 344 
Optica! rotation (see{Optical activity) 
Optical systems 13 
Ordinary ray 249 
Overlapping spectra 211 


P 


Packing fraction 371 

Pair production 431 

Paraxial rays 45 

Particle in a box 391, 399, 407 
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Principal section 256 
Prism, constant deviation 281 


Pauli’s principle 329, 357 
Penetrating orbits 332 


Periodic Table 330 
Petzval combination 58, 59 
Phase 116, 120 


—change at reflection 133, 158 


—randomness of 118 
Phase contrast microscope 237 
Phase retardation plates 257 
Phase velocity 117, 120, 387 


Phase waves (sve De Broglie waves) 
Phaser diagram method 138, 190, 195 


Phosphorescence 291 
Phot 439 
Photoconductive cell 300 
Photoelectric cell 297 
Photoelectric effect 293, 297, 325 
— Einstein's theory 297 
—Millikan’s expt. 299 
Photometers 442 
—Bunssen’s 442 
—Lumer—Brathan 443 
—Flicker 444 
—Ulbright’s 445 
Photometry 434 
Photomultiplier 300 
Photon concept 298 
Photovoltaic cell 300 
Pile of plates 247 
Planck’s theory 294 
Polarimeters 273 
Polarization 96, 119, 245 
— analysis of 261 
—by double refraction 248 
—by reflection 245 
—by transmission 247 
—different kinds of 250, 265 
—— production of 260 
—rotatory (see opt. activity) 
Polorizer’ wire grid 243 
Polaroids 254 
Population inversion 344, 349 
Powder method (X-rays) 378 
Primitive cell 365 
—vectors 366 
Principal planes/points 16 


—Cornu’s 283 
—double image 257 
— materials 284 
—Nicol 255 
—resolving power of 226 
Probability interpretation 393, 402 
—waves (see De Bronglie) 
Proper measurements 421 
Pulse 114, 394 
Pumping, optical 344 
Pupil, entrance & exit 62, 66, 77 


Q 


Quality factor 108, 118, 340 

Quantum defect 331 

Quantum Mechanics 103, 293, 326, 
386, 403 


expectation value in 398, 405 


—of H atom 408 
—of harmonic oscillator 407 
—of particle in a box 406 
—postulatory basis of 404 
Quantum numbers n, 1, m, 327 
Quarter wave plate 258 
Quartz spectrograph 282 


R 


Radar, resolving limit of 283 
Radiation by atoms 117 
—blackbody 294 
—due to acc, charge 98 
—due to dipole osc, 98 
—due to osc, charge 98 
Raether’s expt, 390 
Raman spectroscopy 289, 353, 360 
Rational & irr. spectra 211 
Rayleigh criterion 223 
Rayleigh-Jeans law 295, 297 
Rayleigh refractometer 149 
Rays, ord, & extraord, 248 
—mutual indep. of 106 
—reversibility of 1 


Index 


Recoil electron 300 
Rectilinear prop. 1, 90, 184 
Reflection, 4 
—at a sph. surface 18 
—and Fermat’s law 5 
—Fresnel’s 132, 153 
—multiple 153 
—phase change at 133, 153 
Reflection of waves 127 
Refraction, and Fermat’s law 6 
—double 248, 251, 254 
Refraction of waves 128 
Refraction of electrons 388 
Refractive index, O & B 250, 254 
Relativity 414, 429 
—and length contraction 421 
—force and KE in 429 
—mass variation in 424 
—operational view of 487 
—time dilation in 421, 424 
—vyelocity addition in 426 
Relaxation time 108 : 
Resolving power/resolution 212, 221 
—and magnification 222 
—geomet. & spectral 221 
—of eye 232 
—cf F.P etalon 228 
—of grating 225, 239 
—of LG plate 230 
—of microscope 75, 234 
——Abbe’s theory of 236 
—of prism 226, 239 
—Rayleigh’s criterion for 223 
Resonance half-width 109 
Rest mass 427 
Retardation plates 257 
Retarded time 97 
Ripple tank 134, 176 
Ritz combination principle 304 
Rotation, specific 267 
(see also optical activity) 
Rowland grating 
(see concave grating) 
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Rutherford scattering 316 
Rydberg constant 304, 324 


S 


Sachharimeter 273 
Schmidt correction plate 56 
Schrodinger’s equation 400 
—applications of 405 
—for stationary states 403 
Secondary wavelets 125 
Shape factor 50 
Shell model 316, 326 
—and periodic table 330 
Shock waves 132 
Signs, convention of 13 
Sinc function 113, 198 
Snell’s law 7, 129 
Sonar 233 
Space lattice 363, 364 
Specific heat of solids 293, 311 
Specific rotation 267 
—Table of 258 
Spectra 279 
—absorption 286 _ 
—emission 287, 306 
—Juminescence 291 
—of alkali atoms 331 
—of Het 324 
—Raman 289 
—Rational & irr. 211 
—series relations in 304 
—xX-ray 333, 336 
Spectral lines, purity of 339, 351 
Spectral resolving power 
(see resolving power) 
Spectrographs 279 
—constant deviation 281 
—for infrated 284 
—for ultraviolet 283 
—Littrow 280 
—quartz 282 
—vacuum 283 
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—X-ray 377 
Spectrophotometer 287 
Spectroscopy (see spectra) 

Speed of light, methods for 80-88 
Spherical aberration (see Abberation) 
Spin-orbit coupling 328 
Spontaneous emission 342 
Standardization of metre 169 
Stellar Interferometer 233 
Stimulated emission 342 

Stokes treatment 134 

Stopping potential 299 

Stops 57 

Superposition principle 136 


` 


Taylor’s expt. 394 

Telephoto lens 30 

Telescope 30, 76 
—Gaussian 31 
—magnification in 77 
—resolving power 231, 240 
—Stars seeing through 441 

Thin films, colours of 154 

Third order theory 50 

Thomson’s expt. 382 

Time dilation 421 

Tourmaline plate 243 

Translational group 363 

Tunneling 408 

Twymann-Grren Int. 169 


U 


Ultramicroscope 76 

Ultraviolet catastrophe 295 

Uncertainty principle 395 
—and diffraction at a slit 399 
—and particle in a box 401 
—in Bohr orbits 401 
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Uniaxial crystal 252 
Unit cell/vector 363, 364 


N: 


Valence electrons 330 

Velocity of light (see speed) 

Velocity, group and wave 120 

Velocity, relativistic transformation, 
425 

Verdet’s constant 276 

Vibrations and waves 105 

Visibility in fringes 162 


Wave equation 115, 400 
Wave function 400 
—acceptability 404 
—meaning of 393, 402 
—normalization 405 
—time development of 407 
Wave front 116 
—in uniaxial crystals, 251 
Wave group 118, 396 
Wave mechanics (see QM) 
Wave normal 252 
Wave number, 289 
Wave packet 118 
—Fourier transform of 112 
Wave-particle quality, 386, 394 
Waves 115 
—from atoms and molecules 117 
Waves, reflection and refraction 126 
Wave trains 120 
Wave Velocity 120, 122 
Wave theory 105, 125, 130, 137 
Wein’s displacement law 295 
Wire gratings 210 
Wire grid polarizer 242 


Work function 297 


Index 
x 


X-ray, Bragg spectrometer 377 
—diffraction 375 
— structure factor in 375 
—Laue method 370 $ 
—powder method 378 
X-rays, origin of 333 
—Compton scattering of 300 
X-ray spectra 333 
—absorption 335 
—characteristic 333 
—continuous 336 
—Duane and Hunt limit 336 
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—determination of à 376 
—Moseley’s Law 334 


rg 


Young’s experiment 144 
—simple equivalent of 145 


Zz 


Zero-point energy 407 
Zone plate 182 
—multiple focii in 184 
—phase reversal 184 
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